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PREFACE. 


The methods of investigation adopted in this work are 
in accordance with what may be called the modern school 
of practical astronomy, or more distinctively the Ger- 
man school, at the head of which stands the unrivalled 
Bessel. In this school, the investigations both of the 
general problems of Spherical Astronomy and of the Theory 
of Astronomical Instruments are distinguished by the gene- 
rality of their form and their mathematical rigor. When 
approximative methods arc employed for convenience in 
practice, their degree of accuracy is carefully determined by 
means of exact formulas previously investigated ; the latter 
being developed in converging series, and only such terms 
of these series being neglected as can be shown to be insen- 
sible in the cases to which the formuhe are to be applied. 
And it is an essential condition of all the methods of com- 
putation from data furnished by observation, that, the errors 
ot the computation shall always be practically insensible in 
relation to the errors of observation : so that our results 
shall be purely the legitimate deductions from the observa- 
tions, and free from all avoidable error. 

It is another characteristic feature of modem spherical 
astronomy, that the final formuhe furnished to the practical 
computer are so presented as seldom to require accompany- 
ing veibal precepts to distinguish the species of the unknown 
angles and arcs ; and this results, in a groat measure, from 
the consideration of the general spherical triangle, or that in 
which the six parts of the triangle are not subjected to the 
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condition that they shall each he less than 180 , but may 
have any values less than 360°, all ambiguity as to their 
species being removed by determining them, when necessary, 
by two of their trigonometric functions, usually the sine and 
the cosine. This feature is mainly due to Gauss, and was 
prominently exhibited in his Theoria Motus Covporum G<r- 
lestium, published in 1809. The English and American 
astronomers have been slow to adopt this manifest improve- 
ment ; in evidence of which I may remark that the general 
spherical triangle was not treated of in any work in the 
English language, so far as I know, prior to the publication 
of my Treatise on Plane and Spherical Trigonometry , in the 
year 1850. In the present work, I assume the reader to be 
acquainted with this form of spherical trigonometry, and to 
accept its fundamental equations in their utmost generality. 

A third and eminently characteristic feature of modern 
astronomy, is the use which it makes, in all its departments, 
of the method of least squares, namely, that method 'of 
comb inin g observations which shall give the most probable 
results, or which shall be exposed to the least probable errors. 
This method is also due to Gauss, who (though anticipated 
in the publication of one of its practical rules by Legendre) 
was the first to give a philosophical exposition of its princi- 
ples. The direct effect of this improvement is not only that 
the most probable result in each case is obtained, but also 
that the relative degree of accuracy of that result is deter- 
mined, and thus the degree of confidence with which it may 
be received and the weight which it may be allowed to have 
in subsequent discussions. Judiciously employed, it serves 
to indicate when a particular process has reached the limit 
of accuracy which it can afford, thereby saves fruitless 
labor, directs inquiry into hew channels, and contributes 
greatly to accelerate the progress of the science. 

Whilst the science has been rapidly advancing in Europe, 
we have in this country not been idle. Two of the most 
important improvements in practical astronomy have had 
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their origin in the United States, — the method of finding 
differences of geographical longitude by the electric telegraph, 
and that of finding the geographical latitude by the zenith 
telescope. These are the direct offspring of our admirably 
conducted Coast Survey, which, with the aid of these 
methods, both of the greatest simplicity, has fixed the lati- 
tudes and relative longitudes of a series of points on our 
coast with a degree of accuracy wholly unapproached in any 
previous work of this kind. This extreme accuracy will be 
apparent to the reader who will refer to the examples here 
given, which have been selected (almost at random) from 
the records of the Survey. 

It is perhaps necessary to say a few words here respect- 
ing those portions of this treatise in which I have ventured 
to substitute my own methods for those heretofore employed. 
My method of reducing lunar distances, which was first 
published in the American Ephemeris for 1855, is here re- 
produced, together with the necessary tables for its applica- 
tion. But I have first, for the sake of completeness, given 
the usual rigorous solution, although this is confessedly too 
laborious for ordinary use, and especially for use at sea. The 
approximative methods heretofore proposed may be divided 
into two classes : first, those based upon sufficiently precise 
formulae, but such that the tables required in their applica- 
tion are adapted only to a mean state of the atmosphere ; 
and second, those based upon incomplete formulae. As to 
the first class, the trouble of correcting the tabular numbers 
for the barometer and thermometer would render the 
methods as laborious as the rigorous method, and it is 
therefore the usual practice, at sea, to disregard these correc- 
tions altogether, thus introducing a greater error than would 
follow from the use of the more incomplete formulas of the 
second class, if in the latter these corrections were taken 
into account. But, as to the methods of the second class (of 
which thei’e are several in common use), it will be found 
upon examination that the omitted terms of the formula* 
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are not so small as to be insensible even in relation to the 
rather large errors of observation which are unavoidable ip 
the use of the sextant. The defects of both classes are 
supposed to be avoided in my new method ; for, first, I have 
deduced a rigorous formula from which is derived an ap- 
proximate one, practically perfect, representing the true cor- 
rection of the lunar distance within one second of arc in 
every case that can occur in practice ; and, second, I have 
ananged this formula so that it not only requires extremely 
simple tables in its application, but also the tabular numbers 
require no correction for the barometer and thermometer, the 
corrections for the state of these instruments being intro- 
duced in a simple manner in forming the arguments of the 
tables. In applying this method with logarithms of only 
foiu decimal places, the true distance is usually obtained 
within less than two seconds of arc, a degree of accuracy far 
greater than is necessary in relation to our present means 
of observing the distance. It is, in fact, quite as accurate 
in practice as Bessel’s theoretically exact method when the 
lattei is also carried out with four-place logarithms. I 
think, theiefore, that I may justly prefer my own method 
not only to the imperfect approximative methods above 
referred to, but also to Bessel’s method, which requires an 
extended Ephemeris wholly different from that now in use, 
and is withal more laborious. 

The Gaussian method of reducing circummeridian alti- 
tudes of the sun by referring them to the instant of the 
sun’s maximum altitude, is in this work rigorously investi- 
gated, and a small term, overlooked or disregarded by Gauss, 
has been added to the formula. 

A new and brief approximative method of finding the 
latitude by two altitudes near the meridian when the 
time is not known, is given in Yol. I. Arts. 195 and 204, and 
another by three altitudes near the meridian, in Art. 205 
which will probably be found useful as nautical methods. ’ 

The subject of Eclipses will be found treated with more 
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than usual completeness. The fundamental formulae adopted 
are those of Bessel’s theory, but the solutions of the various 
problems relating to the prediction of solar eclipses lor the 
earth generally are mostly new. The rigorous solutions of 
these problems given by Bessel in his Aiudijna der Finstrr- 
nesse are not required for the usual purposes of prediction, 
however interesting they may be as specimens of relined 
and elegant analysis. On the other hand, the approximate 
solutions commonly given appear to be unnecessarily rude. 
Those that I have substituted will bo found to be very little 
if at all more laborious than the latter, while they are almost 
as precise as the former, and by a very little additional labor 
(that is, by repeating only some parts of the computation 
for a second or third approximation) may be rendered quite 
exact. 

So far as I can find, no one has heretofore treated distinct- 
ively of the occultations ol planet# by the moon, and these 
phenomena have been dismissed as simple cases of the 
general theory of eclipses, in which both the occulting and 
the occulted body are spherical. But in almost every oo- 
cultatiou of one of the principal planets, the planet will be 
either a spheroidal body fully or partially illuminated by 
the sun, or a spherical body partially illuminated : so that, 
in the general case, we have to consider the disc of the oc- 
culted body as bounded by an elhpse or by two diiterent 
semi-ellipses. I have discussed this general case at length, 
and have adapted the theory to each planet specially. Tim 
additional computations required to take into account the 
true figure of the planet’s disc are sulliciently brief and 
simple. The case of the occulta, tion of a cusp of Venus or 
Mercury is included in the discussion, and also the oeculta- 
tion of Saturn’s rings. 

The well known formula for predicting the transits of the 
inferior planets over the sun’s disc, first given by Lagrange, 
is here lendered more accurate by introducing a, considera- 
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txon of the compression of the earth ; and a new and simple 
demonstration of the formula is given. 

In the practical portions of the work, and especially in 
the second volume, I have endeavored to give every import- 
ant precept for the guidance of observers, deduced from the 
labors of others or suggested by my own experience. All 
the principal methods are illustrated by examples from 
actual observation. 

I have taken especial pains throughout the work to ex- 
hibit the mode of discussing the probable errors of the results 
obtained by observations, and have given numerous examples 
of the application of the method of least squares. This 
method is applicable in almost all the physical sciences 
where numerical results are to be deduced, and, therefore, 
does not necessarily form a part of a work on astronomy ; 
but, as I could not refer my reader to any work in the 
English language for a sufficient account of the method, I 
have prepared a concise treatise upon it, which forms the - 
Appendix. In this, I have confined myself chiefly to the 
parts of the theory required in practical astronomy, and have 
endeavored to present its principles in a simple yet rigorous 
manner (so far as -the subject allows), taking as a basis 
known theorems of the calculus of probabilities, and follow- 
ing principally the processes first proposed by Gauss. 

In this Appendix I have treated of Peirce’s Criterion for 
the rejection of doubtful observations, which is already well 
known to American astronomers, and is now constantly 
applied in the discussion of observations upon our Coast 
Survey. Objections have been made to the criterion, but 
none that would not apply equally well to the method of 
least squares itself. To those who have not been able to 
follow Peirce’s investigation, the simple approximate cri- 
terion which I have suggested at the end of the Appendix 
may prove acceptable. It is derived directly from the fun- 
damental formula of the method of least squares, and leads 
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to the rejection of nearly the same observations as that of 
Peirce. 

The plates at the end of the work exhibit in minute 
detail the instruments now chiefly employed by astronomers. 
To have given more, with the necessary explanations, would 
have led me too far into the mere history of the subject, and 
would have occupied space which I thought it preferable to 
fill with discussions relating to the leading instruments now 
in use. The scale of these plates is purposely made quite 
small; but the great precision with which they are executed 
will enable the reader to measure from them the dimensions 
of all the important parts of each of the principal instru- 
ments. I am greatly indebted for the perfection of these 
drawings to the engravers, the Messrs. Illman Brothers, of 
Philadelphia. 

Such auxiliary tables as seemed to be necessary to the 
reader in using these volumes have been given at the end 
of Vol. II. Some of these are new. Most of those which 
have been derived from other sources have been either re- 
computed or tested by differences and corrected. To insure 
their accuracy, they have also been tested by differences 
after being in type. 

For the very complete index to the whole work, I am 
indebted to my friend, Prof. J. D. Crehoke, of Washington 
University. 

In conclusion, I desire to express my obligations to those 
citizens of Saint Louis who, without solicitation, have gene- 
rously assumed a share of the risk of publication. Their 
liberal spirit has been met by a corresponding liberality on 
the part of my publishers, Avho have spared no expense in 
the typographical execution. I shall be content if their 
expectations are not wholly disappointed, and the work 
contributes in any degree to the advancement of the noblest 
of the physical sciences. 

Washington University, 

Saint Louis, January 1, 1863,. 
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SPHERICAL ASTRONOMY. 


CHAPTER I 

THE CELESTIAL SPHERE SPHERICAL AND RECTANGULAR 

CO-ORDINATES 

1 From whatever point of space an observei be supposed to 
view the heavenly bodies, they will appear to him as if situated 
upon the siufaee of a sphere of which his eye is the centie If, 
without changing his position, he dnects Ins eye successively to 
the several bodies, he may leain their lelative dnections, but 
cannot determine either then distances fiom lumselt 01 lrom 
each other 

The position of an obseivei on the suiface of the earth is, 
however, constantly changing, m consequence, 1st, of the dim 
nal motion, or the lotation of the earth on its axis, 2d, ot the 
annual motion, 01 the motion of the earth m its oibit around 
the sun 

The changes pioduced by the diui nal motion, in the appa- 
rent relative positions or dnections of the heavenly bodies, aie 
different foi obseivois on different paits of the eaith’s suiface, 
and can be subjected to computation only by intioducmg the 
elements of the observei’s position, such as his latitude and 
longitude 

But the changes lesulting fiom the annual motion of the 
eaitli, as well as fiom the piopei motions of the celestial bodies 
themselves, may be sopaiately consideied, and the directions 
of all the known celestial bodies, as they would bo seen fiom 
the centre of the eaitli at any given time, may be computed 

Vol 1—2 w 
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aecouhng to the laws which lia\e been found to govern the 
motions of these bodies, fiom data furnished bj long senes of 
obseivations The complete investigation of these changes and 
then laws belongs to Physical Atfyonomy, and lequiies the consi- 
deration of the distances and magnitudes as well as of the direc- 
tions of the bodies composing the system 

Spherical Astronomy tieats specially of the directions of the 
heavenly bodies, and in this branch, theiefore, these bodies are 
at any given instant legal ded as situated upon the surface of a 
sphere of an indefinite ladius described about an assumed 
centre It embiaces, therefoie, not only the pi oblems which arise 
from the diurnal motion, but also such as arise fiom the annual 
motion so fai as this affects the appaient positions of the hea- 
venly bodies upon the celestial spheie, 01 then directions from 
the assumed centre. 


SPHERICAL CO-ORDINATES 

2 The direction of a point maj be expressed by the angles 
which a line drawn to it fiom the centre of the sphere, 01 point 
of obseivation, makes with certain fixed lines of refeience But, 
since such angles aie clnectlj measuiecl by arcs on the surface 
of the sphere, the simplest method is to assign the position m 
which the point appears when pi ejected upon the surface of the 
spheie Foi this puipose, a great encle of the spheie, supposed 
to be given in position, is assumed as a primitue circle of lefei- 
ence, and all points of the surface aie lefeired to this encle b) a 
system of secondaries 01 gieat aides peipendiculai to the pnmi- 
tive and, consequently, passing through its poles The position 
of a point on the suiface will then be expressed by tv r o spherical 
co-ordinates namely, 1 st, the distance of the point fiom the pri- 
mitive aide, measuied on a secondaiv, 2 d, the distance inter- 
cepted on the primitive between this secondaiy and some given 
point ot the primitive assumed as the ongm of co-oidmates 

We shall have different systems of co-oidmates, according to 
the encle adopted as a primitive encle and the point assumed as 
the origin 

3 First system of co-ordinates — Altitude and azimuth —In tins 
system, the primitive circle is the horizon , which is that gieat 
encle of the sphere vdiose plane touches the surface of the 
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eaith at the obseivei * The plane of the honzon may be con- 
ceived as that which sensiblj coincides with the suiface of a 
fluid at lest 

The id heal hue is a stiaight line peipendiculai to the plane 
of the honzon at the obsenei It coincides vith the dnection 
of the plumb line, 01 the simple pendulum at lest The two 
points m which this line, infinitely piodueed, meets the spheie, 
me the zenith and nadir , the fiist above, the second below r the 
honzon 

The zemth and nadir aie the poles of the honzon 

Secondanes to the honzon aie vertical aides They all pass 
tlnough the zenith and nadir, and then planes, which are called 
xeitical planes, intersect m the veitical line 

Small circles parallel to the horizon aie called almueantars , 01 
parallels of altitude 

The celestial mendian is that veitical cnele v hose plane passes 
tlnough the axis of the eaith and, consequently, coincides with 
the plane of the tenestnal mendian The mtei section of this 
plane with the plane of the honzon is the mendian line , and the 
points in which this line meets the spheie aie the no) th and south 
points of the honzon, being respectively noitli and south of the 
plane of the equator 

Th e pnme leitical is the veitical cucle which is peipendiculai 
to the mendian The line in which its plane intei sects the 
plane of the horizon is the east and west line , and the points m 
which this line meets the spheie me the east and west points oi 
the honzon 

The 1101th and south points of the honzon aie the poles of the 
pnme vertical, and the east and w r est points are the poles of the 
meridian 


* In this definition of the horizon we considei the plane tangent to the earths 
suiface as sensibly coinciding with a paiallel plane passed tlnough the centie , that 
is, we considei the radius of the celestial spheie to be infinite, and the xadius of the 
earth to be 1 elatively zero In general, any numbei of paiallcl planes at jmi/e dis- 
tances must be regarded as max king out upon the infinite sphere the same great circle 
Indeed, since m the celestial spheie we considei only dnection, absti acted fiom dis 
tance, all lines or planes having the same direction — that is, all paiallel lines 01 
planes — must be regarded as intei sectmg the surface of the spheie in the same 
point or the same great circle The point of the surface of the sphere in which a 
numbei of parallel lines aie conceived to meet is called the vanishing point of those 
lines, and, in like mannei, the gieat cncle in which a numbei of paiallel planes aie 
conceived to meet may be called the vaimhmg circle of those planes 
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The altitudi of a point of the celestial spheie is its distance 
fiom the honzon measured on a veitieal cncle, and its azimuth is 
the aie of the honzon mteieepted between this veitieal cncle 
and any point ot the honzon assumed as an ongm The ougin 
from which azimuths aie leekoned is aibitiai} , so also is the 
dn eetion m which they aie leekoned, but astionomeis usiutlh 
take the south point of the honzon as the ongm, and icekon 
towards the light hand, fiom 0° to 860°, that is, completely 
aiound the honzon in the dnection expiessed by wilting the 
cardinal points of the honzon m the oidci S W In' E We 
may, therefoie, also define azimuth as the angle which the 
veitieal plane makes with the plane of the menchan 

Navigatois, howevei, usually leckon the azimuth from the 
noith oi south points, aceoidmg as they aie m noith oi south 
latitude, and towaids the east or w 7 est, aceoidmg a& the point 
of the sphere considered is east oi w r est of the meridian so that 
the azimuth never exceeds 180° Thus, an azimuth which is 
expiessed according to the fust method simply by 200''’ would 
be expressed by a navigator in noith latitude by ¥ 20° E , and 
by a navigator in south latitude by S 160° E , the letter piefixed 
denoting the ongm, and the letter affixed denoting the dnection 
m which the azimuth is reckoned, oi wdiethei the point eonsi- 
deied is east or w 7 est of the menchan 
When the point consideied is in the horizon, it is often 
referred to the east or w T est points, and its distance fiom the 
neaiest of these points is called its amplitude Thus, a point in 
the honzon whose azimuth is 110° is said to have an amplitude 
of W 20° hT 

Since by the diurnal motion the obseivei’s honzon is made 
to change its position m the heavens, the co-ordinates, altitude 
and azimuth, are continually changing Then values, theiefoie, 
will depend not only upon the observer’s position on the eaith, 
but upon the time leekoned at his meridian 
Instead of the altitude of a point, we frequently emploj its 
zenith distance , which is the aie of the vertical cncle betwuen the 
i’Oint and the zenith The altitude and zenith distance aie, 
theiefoie, complements of each otliei 

We shall lieieaftei denote altitude by h, zenith distance by 
azimuth by A We shall have then 


C = 90° — h 


h = 90° — c 
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The value of C for a point, below the horizon will be greater 
than 90°, and the corresponding value of A, found by the for- 
mula A — 90° — £, will be negative : so that a negative altitude 
will express the depression of a point below the horizon. Thus, 
a depression of 10° will be expressed by h= — 10°, or £ — 100°. 

4. Second system of co-ordinates. — Declination and hour angle . — In 
this system, the primitive circle is the celestial equator , or that 
great circle of the sphere whose plane is perpendicular to the 
axis of the earth and, consequently, coincides with the plane of 
the terrestrial equator. This circle is also sometimes called the 
equinoctial . 

The diurnal motion of the earth does not change the position 
of the plane of the equator. The axis of the earth produced to 
the celestial sphere is called the axis of the heavens: the points 
in which it meets the sphere are the north and south poles of 
the equator, or the poles of the heavens. 

. Secondaries to the equator are called circles of declination , and 
also hour circles . Since the plane of the celestial meridian 
passes through the axis of the equator, it is also a secondary to 
the equator, and therefore also a circle of declination. 

Parallels of declination are small circles parallel to the equator. 

The declination of a point of the sphere is its distance from the 
equator measured on a circle of declination, and its hour angle is 
the angle at either pole between this circle of declination and the 
meridian. The hour angle is measured by the arc of the equator 
intercepted between the circle of declination and the meridian. 
As the meridian and equator intersect in two points, it is neces- 
sary to distinguish which of these points is taken as the origin 
of hour angles, and also to know in what direction the arc which 
measures the hour angle is reckoned. Astronomers reckon 
from that point of the equator which is on the meridian above 
the horizon, towards the west,— that, is, in the direction of the 
apparent diurnal motion of the celestial sphere, — and from 0° to 
360°, or from 0 /l to 24 7 \ allowing 15° to each hour. 

Of these co-ordinates, the declination is not changed by the 
diurnal motion, while the hour angle depends only on the time 
at the meridian of the observer, or (which is the same thing) on 
the position of his meridian in the celestial sphere. All the 
observers on the same meridian at the same instant will, for the 
same star, reckon the same declination and hour angle. ¥e have 
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thus mtioduced co-ordinates of which one is wholly independent 
of the observers position and the othei is independent of his 
latitude 

We shall denote decimation bv o, and noitli decimation will 
be distinguished by piefixmg to its liunieiical value the sign +, 
and south decimation by the sign — 

We shall sometimes make use of the polcu distance of a point, 
or its distance fiom one of the poles of the equatoi If we denote 
it by P, the noith polai distance will be found by the foimula 

P = 90° — d 

and the south polar distance by the formula 

P = 90° + d 

The hour angle will generally be denoted by t It is to be 
observed that as the houi angle of a celestial body is continually 
increasing m consequence of the diuinal motion, it may be con- 
ceived as having values gi eater than 360°, 01 24 7i , 01 gi eater than 
any given multiple of 360° Such an houi angle may be io- 
gaided as expressing the time elapsed since some given passage 
of the body over the mendian But it is usual, when values 
gieatei than 360° lesult fiom any calculation, to deduct 360° 
Again, since houi angles leckoned towaids the vest aie always 
positive, houi-angles leckoned towaids the east must have the 
negative sign so that an houi angle of 300°, oi 20*, may also be 
expressed by —60°, oi — 4* 

5 Third system of co-ordinates — Declination and right ascension 
In this system, the pumitive plane is still the equatoi, and the 
first co-oulmate is the same as m the second system, namely, the 
declination The second co-oidmate is also measuiecl on the 
equator, but from an origin which is not affected by the diuinal 
motion Any point of the celestial equatoi might be assumed 
as the origin, but that which is most natuially indicated is 
the vernal equinox, to define which some pielimmaiies aie 
necessaiy 

The ecliptic is the gieat cncle of the celestial spheie m which 
the sun appears to move m consequence of the earth’s motion m 
its orbit The position of the ecliptic is not absolutely fixed m 
space, but, accoidmg to the definition just given, its position at 
any instant coincides with that of the great aide in which the 
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sun appears to be moving at that instant. Its annual change is, 
however, very small, and its daily change altogether insensible. 

The obliquity of the ecliptic is the angle which it makes with 
the equator. 

The points where the ecliptic and equator intersect are called 
the equinoctial points, or the equinoxes ; and that diameter of the 
sphere in which their planes intersect is the line of equinoxes. 

The vernal equinox is the point through which the sun ascends 
from the southern to the northern side of the equator ; and the 
autumnal equinox is that through which the sun descends from the 
northern to the southern side of the equator. 

The solstitial points, or solstices, are the points of the ecliptic 
H0° from the equinoxes. They are distinguished as the north- 
ern and southern, or the summer and winter solstices. 

The equinoctial colure is the circle of declination which passes 
through the equinoxes. The solstitial colure is the circle of decli- 
nation which passes through the solstices. The equinoxes are 
the poles of the solstitial colure. 

By the annual motion of the earth, its axis is carried very 
nearly parallel to itself, so that the plane of the equator, which 
is always at right angles to the axis, is very nearly a fixed plane 
of the celestial sphere. The axis is, however, subject to small 
changes of direction, the effect of which is to change the 
position of the intersection of the equator and the ecliptic, and 
hence, also, the position of the equinoxes. In expressing the 
positions of stars, referred to the vernal equinox, at, any given 
instant, the actual position of the equinox at the instant is 
understood, unless otherwise stated. 

The right ascension of a point of the sphere is the arc of th® 
equator intercepted between its circle of declination and the 
vernal equinox, and is reckoned from the vernal equinox east- 
ward from 0° to 360°, or, in time, from 0 A to 24*. 

The point of observation being supposed at the centre of the 
earth, neither the declination nor the right ascension will be 
affected by the diurnal motion: so that these co-ordinates are 
wholly independent of the observer’s position on the surface of 
the earth. Their values, therefore, vary only with the time, 
and are given in the ephemerides as functions of the time 
reckoned at some assumed meridian. 

We shall generally denote right ascension by a. As its value 
reckoned towards the east is positive, a negative value resulting 
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from any calculation would be mteipieted a, signifying an aie 
° t , 6 ®d uator reckoned from the vernal equinox towauls the 
west lkus, a point whose right ascension is 300°, oi 20 7 ' niav 
also be legarded as in light ascension —60°, or — 4 7t , but' such 
negative values are generally avoided by adding 360°, oi 24 7 ‘ 
gam, in continuing to leckon eastwaul we may amve at 
values of the right ascension gieatei than 24 7 ‘, oi gi eater than 
48 etc , but m such cases we have only to i eicct 24 7 ' 48* etc 
to obtain values which expiess the same thing 

6 Fourth system of co-ordinates —Celestial latitude and lonqi- 

f ,, 11 ls s J’ Stem die ec liptic is taken as the primitive cncle, 
and the secondaries by which points of the sphere aie refen ed 
o it aie called cades of latitude Paiallels of latitude aie small 
ciicies paiallel to the ecliptic 

The latitude of a point of the spheie is its distance fioin the 

-° n a ° ircle ° f lat,tnde ’ aud lts b» ffl tude is the 
T jj}] ech Ptic intercepted between this cncle of latitude and 

0° to 3fino e ^ 1 H’R° X ^ 0n ^ ltude 18 rec koned eastward fi on 1 

degrees ftr 6 0agltude ls sometimes expressed in signs, 
echptic’ & ’ a Slgn bemg eqUal t0 3 °°’ or 011 e-twelfth of the 

It ai l als ° 1 lndepen(lci it of the ‘limnal motion 

r leut ’„ h r evei ’ hat tlle S}htem of declination and light 
ascension will be generally more convenient, since it is mmo 

the ? ^ ed t0 ° Ur hrst aild second systems, which involve 

the observer’s position 

We shall denote celestial latitude by/3, longitude by ; Posi- 
tive values of fi belong to points on the same side of the ecliptic 
as the north pole negative values, to those on the opposite sfde 
In connection with this system we mayhem deS toeZL 
gesimal which is that point of the ecliptic which is at the neatest 
attitude above the horizon at any given time That vertical 
circle of the observer which is peipendiculai to the ecliptic meets 
>t m the nonagesimal , and, being a secondaiy to the 1 

5 al8 ° ' rt ° f latltUde * 18 the «ule whictpaies 
through the obseiver’s zenith and the pole of the ecliptic 

7 Co-ordinates of the obsener’s position —We have next to ex 
pi ess the position of the observe! on the smface of th! “ T 
according to the different systems of co-oi di nates This imh be 
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done by lcfeumg his zenith to the piimitive Glide m the same 
manner as m the case of any other point 

In the first system, the piimitive aide being the horizon, of 
which the zenith is the pole, the altitude of the zenith is always 
90°, and its azimuth is indeterminate 
In the second system, the decimation of the zenith is the same 
as the tenestnal latitude of the obseivei, and its lioui angle is 
zero The decimation of the zenith of a place is called the 
geographical latitude , oi simply the latitude, and will be hcieafter 
denoted by ip Noitli latitudes will ha\e the sign + , south 
latitudes, the sign — 

In the thud system, the declination of the zenith is, as before, 
the latitude of the obseivei, and its light ascension is the same 
as the horn angle of the vernal equinox 
In the fourth system, the celestial latitude of the zenith is the 
same as the zenith distance of the nonagesimal, and its celestial 
longitude is the longitude of the nonagesimal 
It is evident, fiom the definitions which have been given, that 
the pi obi cm of detei mining the latitude of a place by astio- 
nonncal obseivation is the same as that of detei mining the 
decimation of the zenith, and the problem of finding the lon- 
gitude may be icsolved into that of detei mining the light 
ascension of the mendian at a time when that of the pi tine 
mendian is also given, since the longitude is the arc of the 
equator intei cepted between the two mendians, and is, conse- 
quently, the difference of their light ascensions 


Fig 1 

N 


8 The preceding definitions aie exemplified m the following 
figures 

Fig 1 is a stereogiaphic pi ejection of 
the sphere upon the plane of the houzon, 
the piojectmg point being the nachi Since 
the planes of the equator and horizon aie 
both perpendicular to that of the meridian, 
then m tei section is also peipendiculai to 
it, and hence the ecpiatoi WQE passes 
through the east and west points of the 
horizon All vertical circles passing s 

through the projecting point will be projected mto straight 
lines, as the mendian NZR, the prime \ertical WZE, and the 
veitical aide ZQII diawn through any point 0 of the suifact 



P \ 


Z 




Q / 



26 

THE CELESTIAL SPHERE 

“n lie * W % We a “ 0,a "‘K to *1‘« dotation .do,, ted 

h the hrst system of eo-oi dmates, 

h = the altitude of the point 0 = OH , 

C = the zemtli distance “ — OZ, 

A = the azimuth * g# 01 

= the angle SZH 

J^e dMlm*™ CUd ° P0L b " d, ‘" v,1 > " « 1“' e, m tie .econd 
system of co-oi dilutes, 

8 = the declination ol 0= OB, 

P = the polai distance ‘ — PO, 
t — the houi angle ‘ - ZPB, 01 = QB 

JUmlten* ™'“' W> * l,e «'“ d ■*»*«» of 

^ = the decimation of 0 = OB, 
a = the light ascension VD, 01 
= the angle VPJD 

In this %uie is also diawn the sac h out cucle EPM\ 01 the 

“Xt TTp 8 ^ l ° Ugl1 ^ ea8t 1 “dweat points of the 
The angle ZP 11 , 0 i the ait Q IT, being 90° the hom 

r or e i; aPOmt 011 thlb Clrele lb eitliei + r,, ‘ or ~ 6 "> that is, eithoi 

Fig 2 is a repetition ot the pieeedmg hguie, with the add i 

'1 ‘ tlon ot the ecliptic and the cncles related 

to it C VT i epresents the ecliptic, P ' its 

pole, P'OL a cude of latitude Hence v e 
have, in oui thud sc stem ot eo-oi dmates, 

: the celestial latitude of 0 = OL, 
z k longitude 1 = yj Jf 

-- the angle YP'L 

coi,ue ’ p,pAB *>“ “iwhai 
eoluic, P ZGF the vertical cucle passing through P>, vhieh ,s 

therefoie peipendiculai to the ecliptic- at G The point G , b the 

nonagesimal ZG is its zenith distant e, VG its longitude 01 

Sdh U *“” de “ ,ld F<? ,lle looptude of the 

Finally, we have, m both Fig 1 and Fig 2, 

v = the geogiaphical latitude of the observer 
= ZQ — 90° — PZ = PN 



/S 
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Hence the latitude ot the observei is always equal to the alti- 
tude of the noi th pole Foi an obseivei m south latitude, the 
north pole is below the horizon, and its altitude is a negative 
quantity so that the definition of latitude as the altitude of the 
noith pole is perfectly geneial if we give south latitudes the 
negative sign The south latitude of an obseivei considered 
independently of its sign is equal to the altitude of the south 
pole above his honzon, the elevation of one pole being always 
equal to the depression of the other 

9 Numerical expression of hour angles — The equatoi, upon 
which houi angles are measuied, may be conceived to be divided 
into 24 equal paits, each of which is the measure of one houi, 
and is equivalent to 2 \ of 360°, oi to 15° The houi is divided 
sexagesimal^ into minutes and seconds of time , distinguished 
fiom minutes and seconds of me by the letteis m and ’ instead 
of the accents' and" We shall have, then, 

1* = 15° 1- = 15' I s = 15" 

To conveit an angle expiessed in time into its equivalent in 
aic, multiply by 15 and change the denominations h m * into 
° ' ", and to conveit aic into time, drwde b) 15 and change 0 ' " 
into h >>l " The expert computei will leadiiy find wavs to 
abudge these opeiations m piacticc It is well to observe, foi 
this purpose, that from the above equalities w r c also have, 

1° — i' 4 * 

and that we maytherefoie convert degiees and minutes of aic 
into time by multiplying by 4 and changing 0 ' into Wi , and 
lecipiocally 

TRANSFORMATION OF SPHERICAL CO-ORDINATES 

10 Given the altitude (h) and azimuth (yl) of a s tat ^ 0 ) of any point 
of the spheie , and the latitude (?) of the obseno , to find the declina- 
tion (3) and how angle (i) of the bka o) the pond In othei w r oids, 
to tiansfoim the co-oidmates of the first system into those of the 
second 

This problem is solved by a direct application of the foi mubie 
of Sphcneal Trigonometry to the triangle POZ , Fig 1, m which, 
0 being the gnen star or point, we have three paits gneu, 
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namely, ZO the zenith distance or complement of the given 
altitude, PZO the supplement of the given azimuth, and PZ the 
complement of the given latitude, from which we can find PO 
the polar distance or complement of the requhed decimation, 
and ZPO the required hour angle Eut, to avoid the tiouble of 
taking complements and supplements, the formulae aie adapted 
bo as to expiess the decimation and houi angle dnectly m teims 
of the altitude, azimuth, and latitude 

Fig 3 To show as cleaily as possible how the foimulae 
b of Sphencal Trigonometry are thus converted into 
/j foimulae of Spherical Astionomy, let us fiist con- 
y / sider a spherical triangle ABC, Fig 3, in which 
/ there are given the angle A, and the sides b and c, to 

find the angle B and the side a The general lela- 
Vv tions between these five quantities aie [Sph. Tug 
N Art 114]* 

cos a = cos c cos b + sin c sin. b cos A 

sin a cos B = sin c cos b — cos c sin b cos A 

sin a sin B = sin b sin A 

Now, comparing the triangle ABC with the tuangle PZO of 

Fig 1, we have 



A = PZO = 180° — A a== PO=90° — 3 

b= ZO = 90° — h B = ZPO — t 

c= PZ = 90° — <p [j N 

Substituting these values in the above equations, we obtain 

sm $ = sin <p sin h ■— cos <p cos h cos A (1) 

cos 3 cos t = cos (p sm h ~f~ sm <p cos h cos A (2) 

cos 3 sm t = cos h sm A (8) 

which are the lequired expressions of S and t m terms of h and A 
If the zenith distance (£) of the star is given, the equations 
will he 

sin S = sin <p cos C — cos <p sm C cos A (4) 

cos 3 cos t = cos <p cos C + sin <p sm C cos A (5) 

cos 3 sm t— sm y sm A (6) 

Since, m Spherical Astronomy, we consider arcs and angles 
whose values may exceed 180°, it becomes necessaiy, in general, 


* The lefeiences to Tiigonometi> ai e to t lie 5th edition of tlie author’s ‘‘Treatise 
on Plane and Splieiical Tngouomoti^ ” 
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to cleteimme such arcs and angles by both the sine and the 
cosine, in ordei to fix the quadrant m which then values ai e to 
be taken It has been shown in Spherical Trigonometiy that 
when we eonsidei the rjmnal tnangle, 01 that m which values 
aie admitted greatei than 180°, theie aie two solutions of the 
tnangle m every case, but that the ambiguity is amoved and 
one of these solutions excluded “ when, m addition to the other 
data, the sign of the sine oi cosine of one of the required paits is 
gi\ en ~A.it 118] In our piesent pioblcm the sign 

of eos 5 is giv en, since it is neeessanly positive, for § is always 
numerically less than 90°, that is, between the limits -+90° and 
—90° Hence cos t has the sign of the second member of (2) or 
(5), and sm i the sign of the second membei of (3) oi (6), and i 
is to be taken in the quadrant i equii eel by these two signs Since 
A. also falls between the limits +90° and -90°, oi £ between 0 C 
and 180°, cos h, oi sin £, is positive, and therefore by (8) oi (G) 
bm 1 has the bI S n of sin ^ , that is, when A < 180° we have i < 
180°, and when A > 180° we have <> 180°, —conditions which 
also follow dnectly fiom the natuie of om piohlem, since the 
stai is west oi east ot the meridian accenting as A <180° oi A 
>180° The fonnula (1) oi (4) fully determines o, which will 
always be taken less than 90°, positive or negative accoidine to 
the sign of its sine * 

do adapt the equations (4), (5), and (6) foi logarithmic compm 
ration, let m and M be assumed to satisfy the conditions ITl 
Tug Ait 174], L 


rn sin J/ = sm £ cos A 
in cos M = cos f 


the three equations may then be written as follows 


am 8 = m sin (tp — M) 
eos <5 cos t — m cos (<p — M) 
cos 8 sm t = sm f sm A 


(7) 




If we eliminate m fioin these equations, the solution takes the 
iollowmg convenient form 


* There are, however, special problems in which K ls convenient (o ,le„ait twm 
hmifter *° admt deelmatKm ’ neater W, as will be seen 
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tan M = tan C cos A 
tan A Bin JI 


tan t 
tan o 


cos (jp — JI) 

=. tan (<p — JI ) cos t 




m the use of which, we must ohseive to take / greatei 01 
than 180° aoeouling as A isgieatei oi less than 180°, since i:lxe 
hoai angle and the azimuth must fall on the same side of 
meridian. 

Example — In the latitude <p = 88° 58' 5S", theie are given f°r 
a certain stai £ — 69° 42' SO'', JL — 300° KK 30" , retimed d aix<l t* 
The computation h\ (9) may he airanged as follows A 


log tin i, 0 4320966 

(ji — 38° 58' bo r/ log cos A 9 7012595 log tan A nO 2 3£>f»(te£M 

J r= 53 39 41 98 log tan M 0 1333 561 log sin M 9 <Jl>t>08UB 

p — Jl= — 14 40 4898 log tan ($— 2T) *9 4182033 log sec (<j> — M ) 0 01 4 -A 1 4 1 

t= 304 53 26 49 log cos t 9 7577077 log t m t n() \&W i **K* 

r? = — 8 31 46 50 log tan 8 «9 1700810 

Converting the hom angle into time, w e have *=20" 19 m 41*- T <>*>. 


11. The angle POZ , Fig 1, between the \citieal circle and 
the decimation circle of a star, is frequently called the par all u < fa* 
angle , and will here be denoted by q To hnd its value fiom. tl le 
data A, and <p , we have the equations 


cos 8 cos q — sm f sin <p -f- cos £ cos <p cos A 
cos d sm q = cos <p sin A 

which may he solved in the following form 

f sin F— sin Z 
f cos F= cos f cos A 
cos 8 cos q =f cos ($> — F) 
cos 8 sin q = cos <p sm A 

or in the following 

g sm Gr= sm <p 
g cos Gr = cos <p COS A 
cos 8 cos q = g cos (C — 6r) 
cos d sm q = cos ^ sm ^4 

or again in the following 


( lO 


( H) 


C12) 


* In this "work the letter n pi efixed to a logantlim indicates that the numbcii (<> 

which it corresponds is to have the negative sign 
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tan G : 
tan q-~ 


= tan 9? see JL 
tan cos G 

" r*ns — a\ 


} 


CIS) 


and, in the use of the last foim, it is to he ohseived that q is to 
be taken greater or less than 180° aeeoulmg as A is greater oi 
less than 180°, as is evident lioni the piececlmg forms 


12 If, m a given latitude, the azimuth of a star of known 
declination is gi\en, its hour angle and zemtli distance may be 
found as follow s We have 

cos t sin <p — sin t eot A = cos <p tan 8 
cos Z sin y — sin C cos <p cos A = sin 8 
The solution of the fiist of these is effected hy the equations 

b sin B = sin cp 
b cos B = eot A 

sin 

and that of the second hy 

c sin 0= sin <p 
C 008 (7=008 <p cos A 

sin ((?—£) = 

c 

13 finally, if from the given altitude and azimuth wo wish to 
hnd the decimation, honi angle, and paiallactie angle at the 
same time, it will he convenient to use Gauss’s Equations, which 
for the tnangle ABO, Fig 3, aie 

cos i a sin i (B -j- 0 ) = cos ] (b — c) cos J A \ 

cos 4 a cos £ (B -f C ) = cos £ (b c) sin £ A / 

sin £ a sm £(B — C)==sin £ (b — c) cos} A 

sin i a cos£ (B — C)=sm 1 (b + c) sin } A ) 

which are to be solved m the usual manner [Sph Trig Ait 
116] aftei substituting the values A = 180° — A b -■ r a — 
90 ° <p t a = 90 ° —3, B~f, G = q 

14 Gnen the decimation (<?) and how angle ( / ) of a atm, and the 
latitude {<p), to find the zenith distance (£) and azimuth (A) of the s tm 
That is, to transfoini the eo-oulmatoh of the second system into 
those of the fiist 

We take the same gencial equations (S) of Spherical Trigo- 
nomctij winch hare been employed in the solution of the pie 
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i edmg pi obi cm, Ait 10, but we now suppose the letters A, B, 
C, in Pig 3, to represent respectively the pole, the zenith, and 
tlie stai, so that we substitute 

A = t a=r 

b = 90° — d B = 180 °—A 

c = 90° — <p 

and the equations become 


cos C = sm <p sin <5 + cos <p cos 5 cos t 
sin C cos A = — cos <p sm d -j- sm <p cos d cos t 
sm C sin A = cos £ sm f 

which express £ and A directly in teims of the data 
Adapting these tor logarithmic computation, we have 


(i4) f 

i 

v 

i 

f 


m sm M= sin (5 
m cos if = cos S cos t 
cos Z =m cos (^> — if) 
sin C cos it = -m sm — if) 
sin C sin /l = cos <5 sm t 



m vs Inch m is a positive number 

Eliminating m, we deduce the following simple and accurate 
foimuhe . 




i 


t 

r 


where A is to he taken gieatei or less than 180° according as t 0 
ih gieatei or less than 180° * 


Example 1. — In latitude <p = 38° 58' 53", tlieie aic given for \ 
a certain stai, d = ~ 8° 81' 46" 56, t= 20 h 19 wl 41 s 766; lequned j 
A and £ By (16) we have : ! 

i 

log tan. 8 ti0 1760310 I 

4>= 88° 58' 53" log cos / 9 7577677 log tan t nO 15590% J 

J/=— 14 40 48 98 log tan. V nO 41821,33 log cos il 9 9855850 • 

tf— J/= 53 39 41 98 log tan. (<p — M) 0 1333561 log cosec (0— Jf) 00989172 f 

4 — 300 10 30 log cos A 9 7012595 log tan A «0 2355026 

t = 69 42 30 log tin f 0 4320966 , 
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For verification we cau use the equation 

sin C sin A = cos S sin t 
log sin f 9 9721748 log cos 8 9 9951697 

log sin A 9 936762 1 log sin t 9 9137672 

9 9089369 9 9089369 


Fxample 2 — In latitude < p = — 48° 32', there are given for a 
star, d = 44° 6' 0", t — 17 A 25“ 4' , 1 equired A and £ 

We find A = 241° 53' 33" 2, £ = 126° 25' 6" 6, the star is 
below the horizon, and its negative altitude, or depression, is 
h = — 36° 25' 6" 6 

If the zenith distance of the same star is to be frequently com 
puted on the same night at a given place, it will be most leadily 
done by the following method In the first equation of (14) 
substitute 

cos t = 1 — 2 sin 1 } t 

then we have 

cos f = cos ($s> -r 8) — 2 cos <p cos 8 sin 2 £ t 


where <p^3 signifies eithei <p — d oi d — <p, and if d > <p the latter 
foim is to be used Subtracting both membeis from unity >ve 
obtain 


XT . 1 sin2 i C = sin 2 J or d) + cos <p cos d sin 2 J t 
Now let 


then we have 


m — V eos (p cos d 
n = sin $ (<p ^ d ) 


sin i C = t? \l l-L m 2 sm2 j t 
X n* 

and hence, by taking an auxiliaiy N such that 


we have 


tan J= - sin 1 ^ 


i ft 

sin i f = 

cos N 


771 

si n N 


sin J £ 


(17) 


The second foim for sm will be more precise than the first 
when sm N is greater than cos N 

The quantities m and n will be constant so long as the deck- 
nation does not vary 


15 If the paiallactic angle q (Art 11) and the zenith distance 

VOL i — J 
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aie requned from the data <p, 0 , and they may he found 
from the equations 

cos £ = Bin <p sin 5 -f- cos <p cos d cos t 
sin f cos 5 = sm <p cos d — cos <p sin d cos t 
sin f sin q = cos <p sm t 



which are adapted for logarithms as follows 

n sin N — cos <p cos t 
n cos 

cos C =n sm (£ -f N') 
sm £ cos q — n cos (d -f JV) 
sm C cos <p sm t 



or, eliminating ft, thus 


tan N= cot <p cos 

tan £ sm N 

tan C Bin q = — 

sm (d +iV) 

tan C cos q = cot (5 -f- 2V) 



When this last form is employed in the case of a star which 
has been observed above the honzon, tan £ is known to be posi 
tive, and there is no ambiguity in the determination of q . Tim 
form is, therefore, the most convenient m practice 

If £, _A, and q are all required fiom the data <5, /, and <p J w( 
have., by Gauss’s equations, 

sm i £ sm i (A + f)=sinU cos } O -+ 0 
sin i £ cos 1 (A -f* jr) = cos H sm 1 — <0 

cos } £ wn i (A — q) = sin \ t sin § (<p ~f $) 
cos } £ cos J- (A — y) == cos l t cos i (<p — $) 



16 


Fig 4 


When the altitude, azimuth, and parallactic angle of known 
stars aie to be frequently computed at th 
same place, the labor of computation i 
much diminished by an auxiliary table pic 
pared for the latitude of the place aeeoul 
mg to formulae pioposed by Gauss J 
specimen of such a table computed foi th 
latitude of the Altona Observatory will b 
found in “ Schumacher's Hulfstajeln , ne 
herausg v Warnstoiff” The reqiusit 
formulae are readily deduced as follows 
Let the decimation circle through the object 0, Fig 4, d 
produced to intersect the horizon in F By the cliui mil motio 
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the point F changes its position on the horizon with the time ; 
hut its position depends only on the time or the hour angle 
ZPO, and not upon the declination of 0. The elements of the 
position of F may therefore be previously computed for succes- 
sive values of t. 

We have in the triangle PFS, right-angled at S, FPS = (, 
PS = 180° — <f\ and if we put 

a = FS, B — PF — 90°, r = 180° - PFS. 

we find 

tan a — sin <p tan t, tan B = cot <p cos t, cot y — sin B tan t 

We have now in the triangle HOF, right-angled at II, 

B-\- 8 = OF, r = UFO, h = on, 
and if we put 

u — HF = US — FS = A — a, 

we find 

tan u = cos y tan {B -f 8) A = a -f « 

sin h = sin y sin (B S') or, tan h = tan y sin u. 

To find the parallactic angle q—POZ, we have in the triangle 
HOF 

tan q = cot y sec ( B -j- 8) 

In the G-aussian table for Altona as given in the “Ilulfstafeln'’ 
we find five columns, which give for the argument t, the quan- 
tities a, B, log cos y, log sin j, log cot y, the last three under 
the names log C, log D, and log E, respectively. With the aid 
of this table, then, the labor of finding any one of the quan- 
tities h, A, q is reduced to the addition of two logarithms, 
namely: 

tan v = 0 tan (B + 8 ) sin h=B sin (B -j- <5) 

A = E ■+ M tan q — E sec (B -|- 8) 

The formulfe for the inverse problem (of Art. 10) may also be 
found thus. Let G be the intersection of the equator and the 
vertical circle through 0, and put B = IIG, n — DG, SI = QG, 
y — ZGQ; then we readily find 

tan a = sin <p tan A, tan B = cot v cos A, cot r = sin B tan A 

which are of the same form as those given above, with the ex- 
change of A for t Hence the same table gives also the elements 
of the point (?, by entering with the argument “azimuth,” ex- 
pressed in time, instead of the hour angle. We then have l = 
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J)Q, <ind if we lieie put u = DG = & — t, we ha\e horn the 
tnangle GDO 

mii () = Bm { Bin (A — j5) tan w = cob y tan (A — B) 

01 , employing the notation of the table, 

tan u — C tan (A — B) Bin d = I) sin (/< — J5) 

f — H — u tan q = E see (h — B) 

17 To find the zenith distance and azimuth oj a din, uhui on the 
su how aide — Since m this case t~& -- 1)0°, the tnangle PZO f 
Tig 4, is light-angled at P, and gives immediately 

(os ZO~ cos PZ cos TO cot TZO = sin PZ cot TO 

oi, since PZO = 180° —A, and cot PZ0- — cot A, 

cos £ = sin (p sin d cot A = — cos <p ian <5 

But if the stai is on the six houi circle east of the meridian 
we must put ^=18*— 270° and PZ O^A — 180° , hence for this 
case 

cot A=-\- cos <p tan <5 

A more geneial solution, however, is obtained from the equa 
tions (14), by putting cos t = 0, sin t = zt 1, whence 

cos £ == sin <p sin d 
sin C cos A = — cos ^ sin d 
sm C sm A = ±; cos 

the lowei sign in the last equation being used when the stai is 
east of the meridian 

Example — Required the zenith distance and azimuth of Sinus , 
d = — 16° 31' 20", when on the six hour circle east of the meri- 
dian at the Cape of Good Hope, <p = — 33° 56' 3" We find 

log (— cos d) = log sm r sm A =n9 9816870 
log (—cos <p sm d) = log sm C cost! = 9 3728204 

A = " 283° 49' 34" 9 
log sm A = 9 9872302 
log sm C = 9 9944568 
log sm <p sm 5 = log cos C == 9 2007309 



C = 80° 51' 55" 
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COS t 


sin .4 = 


cos C = 


tan S 
cos <5 

COS <p 

sin <p 
sin B 


(23) 


Pig. 5. 


18. To find the hour angle, azimuth , and zenith distance of a gicm 
star at its greatest elongation . — In this case the vertical circle 
ZS , Pig. 5, is tangent to the diurnal circle, 

SAj of the star, and is, therefore, perpendicular 
to the declination circle PS. The right triangle 
PZS gives, therefore, 

tan <p 



If d and <p are nearly equal, each of the quantities cos t, sin A , 
and cos £ will he nearly equal to unity, and a more accurate 
solution for that case will then he as follows : 

Subtract the square of each from unity ; then we have 


sin 2 1 = 

tan 2 d — tan 2 <p 

sin 

(<J + <p) sin (B — 

ll 

tan 2 S 


cos 2 <p sin 2 S 


cos 2 A = 

COS 2 ip — cos 2 S 

sin 

(3 4- <p) sin (B — 

9) 

COS 2 (p 


cos 2 <p 


sin 2 f = 

sin 2 <5 — sin 2 <p 

sin 

(<$ + 9) sin (B — 

9} 

sin 8 5 


sin 2 B 



Hence if we put 

k = -j/fsin (6 -(- <f) sin (d — ^)] 

shall have 


sin t = 


k 

cos <p sin d 


cos A 


h 

COS ip 


sin C = 


k 

sill B 


(24) 


19. To find the hour angle, zenith distance, and parallactic angle of 
a given star on the prime vertical of a given place. 

In this case, the point 0 in Fig. 1 being in the circle WZE, 
the angle PZO is 90°, and the right triangle PZO gives 


cos t 


tan <5 
tan ip 


cosC = 


sin 3 
sin ip 


sin q 


COS (f 

wT* 


(25) 
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If 8 is but little less than <p y the star will be near the zenith, 
and, as in the preceding article, we shall obtain a more accurate 
solution as follows : 

Put 

k = ]/[sin (<p + 8) sin Qp — 8)~\ 

then 


sin t = 


k 

sin (p cos 8 


• * * 

sin C = — 

sin 9 ? 


cos# 


k 

cos 5 


(26) 


"We may also deduce the following convenient and accurate 
formulae for the case where the star’s declination is nearly equal 
to the latitude [see Sph. Trig. Arts. 60, 61, 62] : 

//sin (<p — d)\ 

= VUr<> +T)J 

tan i C — 

V \tan 4 O + <0/ 

tan (45° — 4 q) = -|/[tan 4 (?> -f 8) tan 4 (<p — <5)1 



If 5 > <p, these values become imaginary; that is, the star can- 
not cross the prime vertical. 

Example. — Required the hour angle and zenith distance of the 
star 12 Canum Vemticorum [8 = -f- 39° 5' 20") when on the prime 
vertical of Cincinnati (<p = + 39° 5' 54"). 


<p — d = 0° 0' 34" 

<P + 8 = 78 11 14 
log sin ( y — S') 6.21705 
log sin ( <p -f- S') 9.99070 
2 )6.22635 
log tan 4 t 8.11318 

4 £ = 0 ° 44 ' 36".6 
t = 1° 29' 13' , .2 
= 0 * 5 ™ 56*.88 


J(p— d)= 0° 0' 17" 

4 (<p — <5) == 39 5 37 
log tan 4 (<p — <5) 5.91602 
log tan 4 (> + <5) 9.90982 
2) 6.00620 
log tan 4 C 8.00310 

4 C = 0° 34' 37". 3 
C = 1° 9' 14". 6 


20. To find the amplitude and hour angle of a given star when in 
the horizon . — If the star is at H \ Pig. 1, we have in the triangle 
PHN, right-angled at N, PN = % HPN = 180° - PH = 
90° — <5 ; and if the amplitude WH is denoted by a, we liawe 
UN = 90° — a. This triangle gives, therefore, 

sin a == sec cp sin d 
cos t = — tan 9 tan 5 


( 28 ) 
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21 Given the horn angle (t) of a star, to find its i ight ascension (a) 
—Transformation from our second system of co-ordinates to the 
third 

There must evidently be given also the position of the meridian 
with reference to the origin of right ascensions Suppose then 
in Tig 1 we know the light ascension of the mendian, oi VQ 
= ©, then we have VD = VQ — DQ, that is, 

a= © —t 

Conversely, if a and 0 are known, we have 

t — © — a 

The methods of finding © at a given time will he considered 
hereafter 


22 Given the zenith distance of a known star at a given place , to 
find the star’s how angle, azimuth, and parallactic angle 

In this case there are given m the tnangle POZ, Fig 1, the 
three sides ZO = C, PO = 90° — 8 , PZ = 90° - <p, to find 
the angles ZPO = t, PZO = 180° - A, and POZ=q The 
formula for computing an angle B of a sphencal triangle ABC, 
whose sides aie a, h, c, is eithei 


or 


sin i B == 
cos £ B = 
tan £ B — 


V( 

>/( 

il( 


bin ( s — a) Bin (s — c) 
sin a sin c 
sin s sin ($ — b) \ 
sin a sm c ) 
sin (s — a) Bin (s — c ) 
sm s sm ( s — b ) 


) 

) 


in which s = J (a + b + c). Ve have then only to suppose B 
to represent one of the angles of our astronomical tnangle, and 
to substitute the above corresponding values of the sides, to ob- 
tain the requited solution 

This substitution will he earned out heieaftei m those cases 
wheie the problem is practically applied 


23 Gnen the declination (8) and the ught ascension (a) of a star, 
and the obliquity of the ecliptic (e), to find the latitude (/3) and the longi- 
tude (!) of the star — Transformation fiom the third system of co- 
rn dmates to the fourth 

The solution of this problem is similar to that of Art 10 
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Fig. 6. 


The analogy of the two will "be more apparent if we here repre- 
sent the sphere projected on the plane of 
the equator as in Fig. 6, where VB TJC is 
the equator, Pits pole; VA U the ecliptic, 
P' its pole, and consequently CP'PB the 
solstitial colure ; POD, P ’ OL, circles of 
r declination and latitude drawn through the 
star 0. Since the angle which two great 
circles make with each other is equal to 
the angular distance of their proles, we have 
PP' — £ ; and since the angle P'PO is 
measured hy CD and PP'O by AD, we have in tlic triangle 
PP'O 



P'PO, PP’O, P'0, PO, PP' 
90° + a, 90° — >1, 90° — fi, 90° — <S, e 


which, substituted respectively for 

A, B ct, b, 

in the general equations (&), Art. 10, give 

sin /? — cos £ sin d — sin £ cos 0 sin a 

cos (J sin A = sin e sin fl + cos £ cos 5 sin a 

cos /3 cos A = cos 5 cos a 


C, 


1 


(29) 


which are the required formulae of transformation. Adapting 
for logarithmic computation, we have 


m sin M — sin <S 
m cos M = cos o sin a 


sin ft =m sin (M — e) 
cos (5 sin A = m cos ( M — e) 
cos £ cos A = cos 5 cos a 



\i\ which m is a positive number. 

A. still more convenient form is obtained by substituting 


k 


m 

cos S 



hy which we find 
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k sin if — tan S 
k cos if = sm a 
k' sin > = cos (if — e) 
k' cos A - — cos if cot a 
tan ( 3 -=- sm A tan (if — e) 

cos /3 sin A cos (if — e) 
fb/ oenjiccition. ~ , sT^ — cos if 

Exaiiple —Given 0, a, ami e as below, to tuul /3 and / Com- 
putation by (31) 

5z=- 16° 22' 35" 45 
« = 6 33 29 80 

«= 23 27 31 72 

log tan i = log h sin if ?i9 4681562 
log sin cl — log h cos if 9 057 iOIH 
° if = — 68° 45' 41" 87 

jf _ s = _ 92 13 13 59 

log cos if 9 5590070 
log cot a 0 9394396 
log /c'cos A 0 4984466 
lotrcos (if — e) =log V sin A w8 5882080 
a = 359° 17' 43" 91 

Tables for facilitating the above transformation, based upon 
ll e same metbocl as that employed in Ait. 16, aie given m the 
A ■noncan Ephemera* and Berlin Jahibucli The tot mulre tliei e 
v ed may be obtained from Fig 6, in which the points F and O 
ire used precisely as in Fig 4 *f Art 16 

24 If we denote the angle at the star, or P' OP , by 90° — E, 
the solution of the pieeeding problem by Gauss’s Equations is 

cos (45° — l ,3) sin } (E+ A) = sin [45° — I(e — 3)] si n (45° + la) \ 
cos (45° — l /?) cos i(E+k) = cos [45° — i (e + <?)] cos (45° + i a) ( ^ 
sin (45° — }/9) sin l ( E — A) = sin (45° — 1 ( e 'b] co* 5 (45° \a) ( 

sm (45°—i/S) cos H-®—A)= goh[ 45° — i(e—a)j sin I 450 + & M ) ) 

25 If tlie angle at the star is required when the Gaussian 
Equations have not been employed, we have horn the tnanglo 
POP', Fig 6, putting P'OP— 4 ■- 99° — E, 


log sm ) ft 8 0897286 

log tan (M — e ) 14114658 
log tan ft w9 5011944 

p = — 17 ° 85 ' 87 " 51 

Verification 

log cos /3 sin A 0689234 
log cos <3 sm a 9 0397224 

log c0S C ¥ — 0 ;(9 0292010 
COb M 
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cos p cos rj = cos s cos d -j- sin e sin d sin a 
cos P sin 7) = sin e cos a 

or, adapted for logarithms, 

n sin N = sin s sin « ^ 

yi COS A = COS e I 

cos p COSY) = n cos (A — <$) ) 

cos ^ sin yj = sin e cos a J 

26. Given the latitude (/3) and longitude (A) of a star , a no? i(Ae 
obliquity of the ecliptic (e), to declination and right ascension 

of the star . 

By the process already employed, we derive from the triangle 
PP'O, Pig. 6, for this case, 

sin d = cos £ sin p -f sin e cos /? sin A 

cos £ sin a = — sin £ sin p -J- cos £ cos /3 sin 

cos 8 COS a = cos P COS ^ 



which, it will he observed, may be obtained from (29) by inter- 
changing a with A, and o with /?, and at the same time changing 
the sign of e, that is, putting — e for e, and, consequently, — sin e 
for sin e. 

For logarithmic computation, we have 


m sin ilf = sin p 
m cos M = cos p sin A 
sin d = m sin (. M -f- e ) 
cos 8 sin a — m cos (M -f- c) 

COS d COS a = COS P COS X 



or the following, analogous to (31) : 


k sin M = tan p 
k cos M = sin A 
k! sin a = cos (M + e) 
k r cos a — cos M cot A 
tan d = sin a tan ( M + e) 


For verification : 


cos d sin a cos (M -f «) 
cos p sin X cos M 



27. The angle at the star, FOP \ being denoted, as in Art-. 2-1, 
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]yy go 0 — E, the solution of tins pioblem by the Gaussian 
Equations is 

sin (45°— i 8) sm J (E •+ a) — sin [45°— • 1 (e + /?)] sin (45°+ l A) \ 
sin (45° — J $) coBi (E + a) = cos [45° — 1 0 — /?)] cos (45°+ 1 a) r 37 
C08 (45°— £ 5) sin i (2S — «) = sm [45°— ] (e — /?)] cos (45°-)- 1 A) f 
cos (45° — 1 5) cos i (E — a) = cos [45°— 1 (e + /?)] sin (45°+ i A) j 

28 But if the angle i; = 90° — E is lequned when the 
Gaussian Equations have not heen employed, we have duectly 

COS S COS 7) = COS £ COS ft — Sill £ Sill ft Sill A 

cos d sm 7) = sm e cos A 

or, adapted for logarithms, 

n sm N= sm e sm A 
n cos N= cos £ 
cos d cos 7} = n cos (JV + 0) 
cos <5 sm ^ = sm e cos A 

29 JFbr /As sun, we may, except when extreme piecision is 
desired, put /? = 0, and the preceding formulae then assume veiy 
simple foims Thus, if m (34) we put sm y9 == 0, cos B — 1, we 
find 

sin 5 = sm e sm A 
cos d sm a = cos £ sm A 
cos d cos a = cos A 

whence if any two of the foui quantities <J, a, A, e are given, we 
can deduce the othei two 

RECTANGULAR CO-ORDINATES 

30 By means of spherical co-oidmates we have expressed 
only a stai’s direction To define its position m space com- 
pletely, another element is necessmy, namely, its distance In 
Sphencal Astionomy we considei this element of distance only 
so fai as may be necessary m determining the changes of 
appaient dnection of a star lesultmg from a change m the point 
fiom which it is viewed For this purpose the rectangular co- 
ordinates of analytical geometry may be employed 

Three planes of lefeience aie taken at light angles to each 
othei, then common intersection, or origin, being the point of 
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observation, and tbe stabs distances fiom these planes are 
denoted by j, y, and z lespectively These co-oidinates aie 
respectively paiallel to the thiee axes (01 mutual mtci sections 
of the planes, taken two and two), and hence these axes aie 
called, i espectn elj , the axis of /, the axis of y, and the axis of z 
The planes aie distinguished by the axes they contain, as “the 
plane of xy, the “plane of rz the “plane of yz ” The co- 
ordinates may be conceived to be measuied on the axes to 
^ which they belong, fiom the oiigm, m two opposite dneetions, 
distinguished by the algebiaic signs of plus and minus, so that 
the nuniencal values of the co-oidmates of a stai, togcthei with 
their algebiaic signs, fully deteimme the position of the stai m 
space without ambiguity 

Of the eight solid angles foimed by the planes ot lefeience, 
that m v Inch a stai is placed will always be known by the signs 
of the tlnee co-ordinates, and m one only of these angles will 
the three signs all be pluk This angle is usually called the Just 
ungle To simplify the m\ estigations of a pioblem, we maj, if 
we choose, assume ail the points consideied to he m the hist 
angle, and then tieat the equations obtained foi this simplest 
case as entuely general, foi, by the principles of analytical 
geometry, negative values of the co-oidmates which satisfy such 
equations also satisfy a geometncal constiuction m which these 
'co-ordinates aie diawn in the negative chieetion 

The polar co-ouhnates of analytical geometiy (of thiee dimen- 
sions) when applied to astionomy aie nothing moie than the 
sjhencal co-oidmates we have already tieated of, combined 
vyith the element distance , and the foimuhe ot tiansfoimation 
fxmi rectangulai to polai co ouhnates aie nothing moie than 
the values of the lectangulai co-oidmates m teims of the dis- 
tance and the sphencal co-ordinates For the convenience of 
reference, we shall heie recapitulate these fonnuke, with special 
leference to om several systems of spherical co-ordinates 

31 We shall find it useful to piemise the following 

Lemmc The distance of a point in space fiom the plane of any 
great cade of the celestial sphu e is equal to its distance fiom the centre 
of the sphere multiplied by the cosine of ih angulai distance fiom the 
pole of that cade, and its distance fi om the axis of the cade is equal to 
its didam e fiom the tenhe of the spheie multiplied by the sine of ds 
angular distance ft <jtu the pole 
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For, let AJB, Fig. 7, be the given great circle orthographi- 
cally projected upon a plane passing through its axis OP and 
the given point C; P its pole. The dis- Fig. r. 

tanee of the point C from the plane of the. 
great circle is the perpendicular CD; CE 
is its distance from the axis; CO its dis- 
tance from the centre of the sphere ; and 
the angle COP the angular distance from 
the pole. The truth of the Lemma is, 
therefore, obvious from the figure. 

B 

32. The values of the rectangular co-ordinates in our several 
systems may he found as follows : 

First system. — Altitude and azimuth. — Let the primitive plane, 
or that of the horizon, he the plane of xy ; that of the meridian, 
the plane of xz; that of the prime vertical, the plane of yz. 
The meridian line is then the axis of x; the east and west line, 
the axis of y; and the vertical line, the axis of z. Positive x 
will be reckoned from the origin towards the south, positive y 
towards the west, and positive z towards the zenith. The fiM 
angle , or angle of positive values, is therefore the southwest 
quarter of the hemisphere above the plane of the horizon. Let 
Z, Fig. 8, be the zenith, S the south point, W the Fig. 8. 

west point of the horizon. These points are 
respectively the poles of the three great circles 
of reference ; if, then, A is the position of a 
star on the surface of the sphere as seen from 
the centre of the earth, and if we put 

h = altitude of the star = AH, 

A = azimuth “ = SH , 

A = its distance from the centre of the sphere 

we have immediately, by the preceding Lemma, 

x = A cos AS, y = A cos A W, z = A cos AZ, 

.which, by considering the right triangles AHS , AIIW , become 

x = A cos h cos A 

y = A cos h sin A > (39) 

z = A sin h J 

These equations determine the rectangular co-ordinates x, y,z, 
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whtni the polai co-oidmatcs J, /?, A aic given Comeisel}, if 
r ? 2/9 an< l ~ aie given, we may find A, h, and A, toi the first two 
equations give 

tan A = ~ 

% 

and then we have 


A sin h = z 


A cos h = - — y 

cos 2 sin A 


whence A and h Oi, by adding the squares of the first tvw> 
equations, we have 

A cos h — j/V -J- y* 

whence 


tan h = 


Vw + 7) 


and the sum of the equates of the thiee equations gives 


A = } /(z* + y 1 4 - z 1 ) 


Second system — Decimation and hour angle — Let the plane of 
the equator be the plane of xy, that of the meridian, the plane 
of xz, that of the six horn circle, the plane of yz In the pre- 
ceding figure, let Z now denote the 1101th pole, S that point of 
the equatoi which is on the mendian above the honzon and 
from which houi angles aie leckonecl, W the west point Posi- 
tive x will be 1 eckoned towards S r , positive y towai ds the west, 
positive z towai ds the north If then A is the place of a staa on 
the sphere as seen from the centie, and we put 


d = the stai’s decimation = AH \ 
t = “ houi angle = SH, 

A = u distance fiom the centre, 


and denote the rectangular co-01 dinates in this case b\ x' i/' z r 
we have ^ ’ 


X f ~ A COS d cos t 
y r = A cos d sin t 
Z r = J sm d 



Third system —Declination and right ascension —Let the plane 
of the equatoi he the plane of xy , that of the equinoctial colure, 
the plane of xz, that of the solstitial colure, the plane of yz. 
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The axis of r is the mtci aedion of the planes of (lie cquatoi 
and equinoctial coluie, positive to wauls the vernal equinox, the 
axis of y is the intei section of the planes of the equatoi and sol- 
stitial colure, positive toiva ids that point v hose light ascension 
is 4-90° , and the axis of z is the axis of the equator, positive 
towaids the 1101 th If then, m Fig 8, Z is the noith pole, IF 
the vernal equinox, A a star in the first angle, piojec ted upon 
the celestial sphere, and we put 

8 = decimation of the stai = AH, 
a = right ascension “ = WH, 

/) = distance fioni the centre, 

while x", y", z" denote the rectangular co-ordinates, we have 
x" = A cos A W. y” — A cos AS, = A cos AZ, 
which become 

x" = A cos <S cos a. 4 

y" — J cos <5 sm a V (41) 

z" — J sin d j 

Fourth system — Celestial latitude and longitude — Let the plane 
of the ecliptic be the plane of ry , the plane of the circle of 
latitude passing through the equinoctial points, the plane of xz ; 
the plane of the circle of latitude passing through the solstitial 
points, the plane of ijz The positive axis of x is here also the 
straight line from the centie towaids the vernal equinox, tlio 
positive avis of y is the stiaiglit line from the centie towards the 
noith solstitial point, or that whose longitude is -+90°, and the 
positive axis of r is the straight line fiom the centre towai ds 
the noi th pole of the ecliptic 

If then, in Fig 8, Z now denotes the noith pole of the ecliptic, 
IF the vernal equinox, A tlio stai’s place on the spheie, and 
we put 

1 3 = latitude of the stai = AH, 

X — longitude of the stai = WH, 

A — distance of the star fiom the centre, 

and x' n , y tn , z'" , denote the rectangular co-ordinates for this 
system, we have 

a'" = A cos jS cos X 
y'" — A cos P sin X 
d" = A sin fi 



( 42 ) 
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transformation of rectangular co-ordinates 

83 For the purposes of Sphencal Astronomy, only the most 
simple cases of the geneial tiansfoimations treated of in analy- 
tical geometi} aie necessan We mostly consider hut two cases 
Ftr^t Tt an formation of 7 ectangulai co-ordinates to a new origin, 
without changing the system of spherical co-ouhnates 

The geneial planes of reference which have been used in this 
chapter may be supposed to be cliawn thiough any point 111 space 
without changing their dn ections, and theiefore without changing 
the gieat cncles of the infinite celestial sphere which repre- 
sent them We thus repeat the same system of spherical co-01 di 
nates with various origins and different, S3 stems of rectangular 
co-01 dmates, the planes of reference, liowevei, remaining always 
paiallel to the planes ot the pumitive system 

The transformation fioni one system of lectangular eo-oirh- 
nates to a parallel system is evidently effected by the formulae 


= x 2 + a 
yi=y* + t> 

~1 = Z 2 + C 



m which x v y v z x aie the co-ordinates of a point m the primitive 
system, x 2 , y v z 2 the co-01 dmates of the same point in the new 
system, and a , b , c aie the co-01 dmates of the new origin taken 
m the fust system 


As we have shown how to express the values of x v y l7 z l anc 
of x 2 , y 2 , z 2 111 teims of the sphencal co-ordmates, we have onl] 
to substitute these values in the preceding formulae to obtain tin 
geneial relations between the spherical co-01 chnates coi respond 
mg to the two origins This is, indeed, the most general methoc 
of determining the effect of parallax , as will appear hereafter 

Second T7 ansformatton of 7 eetangidar co 
ordinates when the system of spherical co-ordi 
nates is changed but the ongw is unchanged 
This amounts to changing the directions ol 
the axes The cases which occur in practice 
^ are chiefly those in which the two system 
have one plane in common Suppose thu 
plane is that of xz, and let OX, OZ , Fig 9 , L< 
the axes of x and z 111 the fust system, 0 X 1 
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OZ u the axes of x t and z L in the new system. Let A be the 
projection of a point in space upon the common plane ; and 
let x =-■ AB, z = OB, aq = AB V z , =0B V The distance of the 
point from the common plane being unchanged, we have 

y— Vi- 

The axis of y may he regarded as an axis ol revolution about 
which the planes of yx and yz revolve in passing from the first to 
the second system ; and if u denotes the angular measure of this 
revolution, or u — X OX, = Z0Z l — BAB„ we readily derive 
from' the figure the equation 

x sec u = x\ — z t tan n 


or, multiplying by cos u, 

x = x t cos u — z x sin u 

and 

z = x tan u -f z x sec u 

or, substituting in this the preceding value of x, 
z = x t sin u + st i cos a 

Thus, to pass from the first to the second system, we have the 
formulae 

x — x t cos u — sin u j 

V = 2/i f ( 44 ) 

z = x t sin u + z t cos % ) 


And to pass from the second to the first, we obtain with the same 
ease, 

x t = tfcos'M + zsin^ 

y»= y 

z t = — x sin n + zcos % 




( 45 ) 


As an example, let us apply these to transforming from our 
second system of spherical co-ordinates to the first ; that is, from 
declination and hour angle to altitude and azimuth. The meri- 
dian is the common plane; the axis of z in the system of declina- 
tion and hour angle is the axis of the equator, and the axis of z l 
in the system of altitude and azimuth is the vertical line ; the 
angle between these axes is the complement of the latitude, or 
u — 90° ~<p. Substituting this value of u in (44), and also the 
values of z, y, 2 , x v y v z„ given by (39) and (40), we have, after 
omitting the common factor J, 

VOL. 1.-4 
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('Ob h COS A ~ Hill (f COS <) OOh t - COS <f Sin 0 

COfi )\ 8111 A =- COS d Bin t 

sni h = cos cr cos « cos f j. sin <p sm d 

which agiee with. (14) Y r e see that when the element of dis- 
tance is left out of mow (as it must liocessaiil^ be ‘when the 
oiigin is not changed), the transfoi illation h\ nieaiib ol lectangu- 
lai co-oidmates leads to the same tonus as the direct application 
of Spliencal Tugonomctij With legal d to the entnegeneiahty 
of these formulae m then application to angles ot all possible 
magnitudes, see Sph Ti lg Chap IY 


DIFFERENTIAL VARIATIONS OF CO-ORDINATES 

34 It is often necessaiy m piactical astronomy to determine 
what effect given vanations of the data will piocluce in the quan- 
tities computed from them AVlieie the foimulne of computa- 
tion aie denved directly from a spherical triangle, we can employ 
for tins pmposc the equations of finite (hjfnnwn > [Hph Tug 
Chap YI.] if we wish to obtain ngoiousl^ exact 1 elutions, or 
the simplei difieiential equations if the \anations considered 
are extremely small As the lattei case is ion fiequent, I shall 
deduce here the most useful diffeiential foimiihu, assami ng as 
well known the fundamental ones [Spli Tug Ait 153], 

da. — cos C db — cos B dc — sin b sm C cl A 1 

— cos C da db — cos A dc = sm c sin A tfB V (46) 

— cos B da — cos A db -f- dc — sm a sm B dC ) 

From these we obtain the following bv eliminating da 

sm C dh — cos a sm B dc — sm b co=*0 dA + sin a dB \ 

— cos a sin C db -f- sin B dc = sm c cos B dA -f sm a dC 1 

and by eliminating db fiom these: 

sm a sm B dc = cos b d A -f cos a dB -f dC (4K) 

If we eliminate dA from (47), we find 

cos b sm C db — cos c sin B dc == sm c cos B dB — sm b cos C c/O 

the terms of which being divided either by sm b sm (\ or by its 
equivalent sm c sm B, w e ohtam 

cot bdb — cot c dc = cot B dB — cot 0 dC (49 ) 
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35 As an example, take the spherical triangle formed by the 
zenith, the pole, and a star, Art 10, and put 

A — 180° — A a = 90° — 8 

B = t b = Z 

C = q e = 90° — 

then the first equations of (46) and (47) give 

di = — cos q dZ -f sin q sin C dA -f cos t dtp > 

cos S it = Sin j df + eos g sin C dA -f sin 8 sin t dtp ) 

which deteimme the enois do and dt m the values of 5 and t 
(omputed aecoidmg to the foimuke (4), (5), and (6), when £, A, 
and (p aie affected by the small enors d£, dA, and dtp lcspectively 
In a similar mannei we obtain 

dZ = — eos q dS -j- sin q eos S dt -f cos A tip j 

sin ; eL4 = sin q <U -f eos q eos 8 dt — eos Z sin A dp ) 

which deteimme the eirois d£ and dA m the values of £ and A 
computed by (14), when o, t, and <p are affected by the small 
on ins do, dt, and dtp lcspectively 


36 As a second example, take the triangle formed by the polo 
of the equatoi, the pole of the ecliptic, and a stai, Art 23 De- 
noting the angle at the star by /j, wo find 


d/J = eos i] dd — sin ■>; cos 8 da — sm A de 
cos 13 dA — sin 7] d8 cos y cos 8 da - \- sin IS cos A de 


} 


C52) 


and reciprocally, 

dd — coa 7j dp si n 77 cos p dX am a de } 

cos S da = — sin tj dp -f- cos y cos p dX — sin 8 COS ade j 


( 53 ) 
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CHAPTER II. 

TIME USE OF THE EPHEMERIS — INTERPOLATION — STAE 

CATALOGUES 

37 Transit — The instant when any point of the celestial 
sphere is on the menclian of an obseiver is designated as the 
hanstt of that point ovei the mendian, also the yneiuhan passage, 
and culmination In one complete revolution of the sphere 
about its axis, eveiy point of it is twice on the menclian, at 
points which are 180° distant m light ascension It is therefoie 
necessary to distinguish between the two tiansits. The men- 
dian is bisected at the poles of the eqnatoi the tiansit ovei that 
half of the meridian which contains the obseivei’s zenith is the 
upper transit, or culmination, that over the half of the meri- 
dian which contains the nadir is the lower tiansit, oi culmina- 
tion At the uppei tiansit of a point its horn angle is .zero, or 
0 a , at the lov-ei tiansit, its horn angle is 12 7 * 

38 The motion of the eaith about its axis is perfectly uni- 
form If, then, the axis of the earth pieseived pieusely the 
same direction m space, the appaient diurnal motion ot the 
celestial sphere would also he peifeetly unifoim, and the inter- 
vals between the successive transits of any assumed point of the 
splieie would he peifeetly equal The effect of changes in the 
position of the earth’s axis upon the tiansit of stars is most per- 
ceptible in the ease of stars near the vanishing points of the 
axis, that is, near the poles of the heavens We obtain a measure 
of time sensibly uniform by employing the successive transits of 
a point of the equatoi The point most naturally indicated ih 
the vernal equinox (also called the First point of Aries, and de- 
noted by the symbol for Aries, T) 

39 A sidereal day is the interval of time between two succes- 
sive (upper) tiansits of the tme vernal equinox over the sanu 
meridian 

The efiect ot pieecs^ion and nutation upon the time of traiisii 
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of the vernal equinox is so neail} the same at two successive 
tiansits, that sideieal days thus defined aie sensibly equal (See 
Chaptei XI Art. 411 ) 

The sukieal time at any instant is the lioui angle ot the vemai 
equinox at that instant, leckoned fiom the nieiidian xvestwaid 

f 1 0111 0* to 24^ 

When is on the meudian, the sideieal tunc is O'* 0"* O' , and 
this instant is sometimes called sidereal noon 

40 A solar day is the mteival ot time between two successive 
uppei transits of the sun ovei the same meudian 

The solar time at any instant is the lioui angle ot tlie sun at 

that instant 

In consequence of the eaitli’s motion about the sun trom west 
to east, the sun appeals to have a like motion among the stais, 
oi to be constantly increasing its light ascension, and lienee a 
solai day is longer thait a sideieal day 

41 Appai ent and mean solai tunc — If the sun changed its light 
ascension umfoimly, solar days, though not equal to sideieal dajs, 
would still be equal to each otliei _ But the sun’s motion m i ight 
ascension is not unifoim, and this toi two teasons 

1st The sun does not move m the equator, but m the ecliptic, 
bo that, exon xvere the sun’s motion m the ecliptic uniform, its 
equal changes of longitude would not pioduce equal changes ot 
light ascension, 2d The sun’s motion m the ecliptic is not uni- 
toim 

To obtain a uniform measure ot tune depending on the sun s 
motion, the folloxvmg method is adopted A fictitious sun, which 
xv e shall call the fiist mean sun, is supposed to move umfoimly at 
such a late as to letuin to the perigee at the same time xvitli the 
tiue sun Another fictitious sun, which xve shall call the second 
mean sun (and winch is often called simply the mean sun), is sup- 
posed to move umfoimly in the equatoi at the same late as the 
tust mean sun in the ecliptic, and to letuin to the venial equinox 
at the same time with it Then the time denoted by this second 
mean sun ispeifevtlv umtoini m its inci ease, and is called mean tune 
The time which is denoted by the true sun is called the true 
oi, more commonly, the apparent time 

The instant of transit of the tine sun is called apparent noon , and 
the instant ot tiaimit of the second mean sun is called mean noon , 
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The equation of time is the difference between appai ent and 
mean time, or, m other words, it is the difierence between the 
hour angles ot the tiue sun and the second mean sun The 
greatest difference is about 1G W 

The equation of time is also the difteience between the light 
ascensions of the tiue sun and the second mean sun The light 
ascension of the second mean sun is, according to the preceding 
definitions, equal to the longitude of the hist mean sun, oi, as it 
is commonly called, the sun's mean longitude To compute the 
equation ot time, therefoie, we must know how to find the longi- 
tude of the first mean sun , and this is deduced fiom a knowledge 
of the true sun’s apparent motion m the ecliptic, wlncli belongs 
to Physical Astronomy Heie it suffices us that its yalne is 
given foi each day of the yeai in the Ephemens, or Nautical 
Almanac 

42 Astronomical time — The solai day (apparent or mean) is 
conceived by astronomeis to commence at noon (appaient or 
mean), and is divided into twenty-fom horns, numbered succes- 
sively from 0 to 24 

Astronomical time (apparent or mean) is, then, the hom angle 
of the sun (apparent or mean), reckoned on the equator west- 
ward throughout its entire circumference fiom 0* to 24 A . 

43. Ciul time — For the common purposes of life, it is more 
convenient to begin the day at midnight, that is, when the sun 
is on the meridian at its lower transit 

The civil day is divided into two periods of twelve hours each, 
namely, from midnight to noon, maiked A M (Ante Mcndicm), 
and from noon to midnight, marked P M. (Post Meridiem) 

44 To comert cml into astronomical time — The civil day begins 
12 A before the astronomical day of the same date This remark 
is the only precept that need he given foi the conversion of one 
ot these kinds of time into the otliei 

Examples 

Ast T May 10 15*= Civ T May 11, 8* AM 
Ast T Jan 3, 7 h = Civ T Jan 3, PPM 
Ast T Aug 31, 20*= Civ T Sept 1,8* AM 
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45. Time at different meridians.- The hour angle ot the sun at 
any meridian is called the local (solar) time at that mondial. 

The hour angle of the sun at the Greenwich niendian a th - 
same instant is the corresponding Greenwich Urn ., bh is t 
shall have constant occasion to use, both eeni & & ; ‘ 

m this country and England are reckoned from the Green^h 
meridian, and because the American and Bntisli Nautical 
Almanacs are computed for Greenwich time. _ 

The difference between the local time at any meridian and! be 
Greenwich time is equal to the longitude of that meridian from 
Greenwich, expressed in time, observing that V — lo ■ 

The difference between the local times ot any two 
meridians is equal to the difference of longitude of 

those meridians. . 

In comparing the corresponding times at two dif- 
ferent meridians, the most easterly meridian may be 
distinguished as that at which the time is gi cutest, 

that is, latest. , , , , , 

If then PM, Fig. 10, is any meridian (referred to the celestial 

sphere), PG the Greenwich meridian, PS the decimation circlo 

through the sun, and if wo put 



S M 


T 

j. 0 

T 

L 


the Greenwich time — GPS, 

the local time “ 

the west longitude of the meridian PM — (r PM, 


we have 


L=T a -T 
T 0 =T + L 


} 


( 54 ) 


If the given meridian were east of Greenwich, as PM', we 
should have its east longitude = T— 7); but we prefer to use 
the general formula L= T 0 - T in all cases, observing that east 
longitudes are to be regarded as negative. 

In the formula (54), T tl and T are supposed to he reckoned 
always westward from tlieir respective meridians, and from 0* to 
24* ; that is, T 0 and Tare the astronomical times , which should, of 
course, he used in all astronomical computations. 

As in almost every computation ot practical astronomy we aie 
dependent for some ot the data upon the ephemeris, and these 


* What we have to say respecting the Greenwich time is, however, equally appli- 
cable to the time at any other meridian for which the ephemeris may be computed. 
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are commonly given for G-i eemvicli, — it is generally thefiist step 
in such a computation to deduce an exact oi, at least, an ap- 
proximate value of the Greenwich astronomical time It need 
baldly be added that the Greenwich time should nevei be othei- 
vise expiessed than astionoimcally 

Examples 

1 In longitude 76° 32' W the local time is 1856 April 1, 
9* 3“ IT A M ; what is the Gieenwich tune 9 

Local Ast T Mauli 31 21* 3“ 10- 

Longitude — j- 5 6 8 

Greenwich T April 1, 2 9 18 

2 In Long 105° 15' E the local tune is August 21, I'* 3”* P M ; 
what is the Greenwich time 

Local Ast T Aug 21, 4* 3”* 

Longitude — 7 1 

Greenwich T Aug 20, 21 2 

3 Long 175° 30' W. Loe. T Sept 30, 8'* 10'“ A.M — G T 
Sept 30, 7' 1 52’“. 

4 Long 165° 0' E. Loc T. Eeb 1, 7* 11"‘ PM = G T Jan 
31, 20* 11"* 

5 Long 64° 30' E Loe T June 1, 0 A M (Noon) = G M T 
May 31, 19* 42™. 

46 In nautical practice the obseivei is provided with a clno- 
nometei which is regulated to Greenwich time, Indore sailing, 
at a place whose longitude is well known. Its enor cm Giecn- 
wicli time is caiefully dcteimmed, as well as its daily gain or 
loss, that is, its i ate, so that at any subsequent time the Gieen- 
wich time may he kuowm from the indication of the chronometer 
coirected foi its erroi and the accumulated l ate since the date 
of sailing As, howeicr, the eluonometer has usually only 12'* 
marked on the dial, it is necessaiy to distinguish whether it 
indicates AM or PM at Gieenwich This is always readily 
done by means of the obsercei’s appojumle lopgitude and local 


k On tins account, chronometers intended for nautical and asti onomical purposes 
q)muld always he marked fiom 0 A to 21\ instead ot horn () h to 12 A m is now usual 
It is mui pi is mg that nnigatoib lm^enot moisted upon this point 
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time. As this is a daily operation at sea, it may be well to illus- 
trate it by a few examples. 

1. In the approximate longitude 5 h W. about 3 7i P.M. on Au- 
gust 3, the G reenwich Chronometer marks 8 7t ll m 7% and is fast 
on G. T. 6 WI 10 s ; what is the Greenwich astronomical time ? 

Approx. Local T. Aug. 8, 3* Gr. Chronom. 8* 11”* 7* 

“ Longitude, 4- 5 Correction, — 6 10 

Approx. G. T. Aug. 3, 8 Gr. Ast. T. Aug. 3, 8 4 57 

2. In Long. 10* E. about 1* A.M. on Dec. 7, the Greenwich 
Chronometer marks 3* 14™ 13 9 .5, and is fast 25 m 18*. 7 ; what is 
theG. T.? 

Approx. Local T. Dec. 6, 13* Gr. Chronom. 3* 14”* 13 s . 5 
< £ Long. — 10 Correction, — 25 18 .7 

Approx. G. T. Dec. 6, 3 G. A. T. Dec. 6, 2 48 54.8 

3. In Long. 9 7 ‘ 12 7n TV T . about 2* A.M. on Eeb. 13, the Gr. Chroa. 
marks 10 7t 27 wl 13*.3, and is slow 30 m 30*. 3; what is the G. T.? 

Approx. Local T. Feb. 12, 14* Gr. Chronom. 10* 37 m 13 s .3 
“ Long. 4-9 Correction, + 30 30.3 

Approx. G. T. Feb. 12, ~2sT G. A. T. Feb. 12, 23 7 4343 

The computation of the approximate Greenwich time may, of 
course, be performed mentally. 

47. The formula (54), L= !T 0 — - T, is true not only when T Q 
and T are solar times, but also when they are any kinds of time 
whatever, or, in general, when T 0 and T express the hour angles 
of any point whatever of the sphere at the two meridians whose 
difference of longitude is L. This is evident from Fig. 10, where 
S may be any point of the sphere. 

48. To convert the apparent time at a given meridian into the mean 
Hme , or the mean into the apparent time. 

If M = the mean time, 

A = the corresponding apparent time. 

E = the equation of time, 

we have 
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m which. JE is to be regarded as a positive quantity when it is 
additi te to apparent time The value of JE is to be taken from the 
Nautical Almanac for the Gieenwicli instant corresponding to 
the given local time If appaient time is given, find the Gr 
apparent time and take JE from page I of the month m the 
Nautical Almanac, if mean time is given, find the Gr mean 
time and take E from page II of the month 

Example 1 — In longitude 60° W , 1856 May 21, 5 h 12™ 10" 
P.M , appaient time , what is the mean time ? 

W e have first 

Local time May 21, 3 A 12- 10* 

Longitude, 4 0 0 

Gr app time May 24, 7 12 10 

We must, therefoie, find E for the Gi time, May 24, 7 h 12' 
10 ? , or 7 h 21 By the Nautical Almanac foi 1856, we have E at 
appaient Gieenwich noon May 24 = — 3 ,u 25*43, and the hovirh 
diffeience + O' 224 Hence at the given tune 

E = — 25-43 + 0-224 X 7 21 = — 3™ 23-81 

and the required mean time is 

M= 3* 12 m 10* — 3- 23* 81 = 3* 8 m 46- 19 


Example 2 — In longitude 60° W, 1856 May 24, 3* 8"4<i\W 
mean time; what is the apparent time 9 


Gr mean time, May 24, 7* 8 W1 46* 19 (= 7* 15) 

JE at mean noon May 24 = — 3 m 25* 41 Ilouily dxif = 0* 224 
Correction for 7 h 15 = + 1 60 7 1 5 

E-— 3 23 81 1 60 


and hence 


M=3 h 8-46*19 
— JE = + 3 23 81 
A= 3 12 10 00 


As the equation of time is not a uniformly van mg quantity , 4 
is not quite accurate to compute its conection as above, by mu' 
tiplyingthe given hourly difference hy the liumbei of hours i 
the Greenwich time, for that piocess assumes that this hourb 
difference is the same for each hour The sanations in th« 
hourly difference are, liowevei, so small that it is onk whm 
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extreme precision is required that recourse must be bad to the 
more exact method of interpolation which will be given here- 
after. 


49. To determine the relative length of the solar and sidereal units 

of time, . * 

According to Bessel, the length of the tropical year (which is 
the interval between two successive passages of the sun through 
the mean vernal equinox) is 865.24222 mean solar days;* and 
since in this time the mean sun has described the whole arc ot 
the equator included between the two positions of the equinox, 
it has made one transit less over any given meridian than the 
vernal equinox; so that we have 

366.24222 sidereal days = 365.24222 mean solar days 


whence we deduce 

1 Sid day = 365,24 — sol. day = 0.99726957 sol. day 
J 866.24222 


or 


Also, 


24* sid. time = 28* 56” 4 S .091 solar time 


1 sol day = sid. day = 1.00278791 sid. day 


or 


865.2422 

24* sol. time = 24* 8” 56*. 555 sid. time 


If we put 


366.24222 

365.24222 


1.00273791 


and denote by Jan interval of mean solar time, by I' the equiva- 
lent interval of sidereal time, we always have 


r = /.*/ = /+ o* - 1 ) 1 = J + -o 0273791 1 


i =- =/'- 


■C 1 -7 )pi 


: V— .00273043 T 


(55) 


Tables are given in the Nautical Almanacs to save the labor of 
computing these equations. In sonic of these tables, for each 
solar interval I there is given the equivalent sidereal interval 
r = fj, and reciprocally: in others there are given the correc- 
tion to be added to Jto find J' (i.e. the correction .00278791 1), 


* The length of the tropical year is not absolutely constant. The value given in 
the text is for the year 180(1. Its decrease in 100 years is about 0*.6 (Art. 407). 
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and the conection to l>e subtiacted from P to find I (? e the 
conection 00273043 P). The latter form is the most conve- 
nient, and is adopted m the AmencanEphcmens The coirection 
(fi — 1) I is frequently called tlie aealemUon of the fixed stars (re- 
latively to the sun) The daily aceeleiatiou is 3"' 56 s 555 

50 To convert the mean solar time at a given mendian into the 
corresponding sidereal time 

In Tig 1, page 25, if PQ is the given meridian, VQ the equatoi, 
D the mean sun, V the venial equinox:, and it we put 

T = DQ = the mean solar time, 

© — YQ = the sidereal time, 

= the right ascension of the meridian, 

Y -= the right ascension of the mean sun, 

we have 

e=T+T (56) 

The light ascension of the mean sun, or T r , is given m the 
American Epliemens, on page II of the month, foi each Gieen- 
ivich mean noon It is, howexei, tlieie called the u Ridei eal 
Time,” because at mean noon the second mean sun is on the 
mendian, and its right ascension is also the light ascension of 
the meridian, or the sideieal time Tut tins quantitx V is uni- 
formly mcieasing* at the late of 5G* 555 m 24 moan solar 
hours, or of 9 a 8565 in one mean horn To find its value at the 
given time T ' \\e may fust find the Cheemvich mean time 7] hv 
applying the longitude; then, if we put 

F 0 = the value of Y at G-i mean noon, 

= the “ sidereal time” in the epliemens foi the given date, 

we have 

Y= V 0 +- 9* 85b5 X T 0 

m which T 0 must he expressed m liouis and decimal parts I 
is easily seen that 9' 8565 is the accel eiation ot sidereal time <>t 
solai time m one bolaihoui, and theiofoie the term 9\85C5 > J 
ib the collection to add to to i educe it fiom a solai to a side 
leal inteival This teim m identical with (// — 1 )T 0 as given In 

* The sidereal time at mean noon is equal to the l me R A of the me m sun, or i 
is the R A of the mean sun referred to the tiue equinox, and theiefore invohes th 
nutation, so that its rate of increase is not, stnclly, umfoiin But it is budinoiitl) f« 
foi 24 horns to be so regarded m all practical computations See Chapter XI 
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the preceding article, if T 0 in the latter expression is expressed 
in seconds, since we have 

SK g 5 g 5 ^ 0 .00273791 = /m — 1 
3600* 

We may then write (56) in the following form, putting L = the 
west longitude of the given meridian, and r l\ — r T + L : 

Q=T+V 0 + (/^ — 1) (T+ L) (57) 

The term (/* — 1 ) (T + L) is given in the tables of the Amer- 
ican Ephemeris for converting “Mean into Sidereal Time,” and 
may be found by entering the table with the argument T A 
or by entering successively with the arguments T and L and 
adding the corrections found, observing to give the correction 
for the longitude the negative sign when the longitude is east. 
If no tables are at hand, the direct computation of this term will 
be more convenient under the form 9*. 85(35 X T r 


Example 1. — In Longitude 165° W. 1856 May 17, 4 A A.M.: 
wliat is the sidereal time ? 

The Greenwich time is May 17, 3 A ; and the computation may 
be arranged as follows : 


Local Ast. Time 
At Gr. Noon May 17, 
Correction of V 0 for 8 A j 
= 9*.8565 X 3 3 


T = 16 A O CK 
V 0 = 8 41 28 .82 

= 29 .57 

0= 19 41 57 .89 


Example 2. — In Longitude 25° 17' E. 1856 March 18, about 
9 A 30 w P.M., an observation is noted by a Greenwich chronometer 
which gives 7 A 51 m 12\3 and is slow 3 ?n 13*.4 ; what is the local 
sidereal time ? 


Gr. mean date, March 13, 7* 54 m 25*.7 ’ 

Longitude, 1 41 8 E. 

T == 9 35 33 .7 


March 13, F 0 =23 25 12 .20 
Tabular eorr. for 7 A 54™ 25*. 7 = 1 17 .94 

© = ~~9 2 3.90 



Example 3 —In Longitude 7* 25- 12' E 1856 March 13, 13* 15- 
mean local astronomical time , what is the suleieal time ’ 


Tabular con* foi 
Tab eon foi loiu 


T — 13* 15-47“ 3 
F 0 = 23 25 12 26 
13* 15“ 47* 3 = -j- 2 10 73 
- 7* 25”* 12 s — i 13 i4 

0= 12 41 57 15 


JLrJZTJlZTT sohr * me “ • ^ ™ ndmn m, ° "* 

A,f M the mo “ t,me by Art 48> a,,d tle " ,he ly 

J't’ZZ ZZ'ZZZZf ZT»T If " ,e mw 

h * no o ‘ , ^ 1 take -D as the tiue sun, we 

Fe the slST “ I! t,,Ue ’ K0 = RA of<mes,m, and 
* the faldeieal time, is the sum of these h\ o 

th^'sunf Lnml 1 ? 11 °l? 1 * *** SUU 18 ealled m the Ephemens 
anpaient noon it ascensiol h” and is theie given foi each 
t is not a umfoimly meieasing quantity hut 

.l“v ™~ SeS '* "' ,M f “ ufficl!,lll 'y accurate to consider the 

5,22^ rar,y dl48re ““ by 

Example -In Longitude 98° W 1856 June 3 4* ir P M 
sipp time, what is the sideieal time? ’ 

Gi- app date June 3, 10* 42- (= 10* 7) Local app t = 4* 10- 0* 

Hourly i 3 - ■ 4 4 ; “ J* 

Sidereal time =~8 58 11 94 

uZJzzx: tmt at ‘^ «» «. -» 

Time, and then we ha TO i kXT , Ieau ln ^° Sidereal 

’ 611 * e hav e > h i transposing equation (56), 

T= © _ v 



TIME. 


03 


Example. — I n Longitude 165° W., the Greenwich mean time 
being 1856 May 17, 3*, the local sidereal time 19" 41”* 57*.89, 
what is the local mean time ? 

r (i — 3* 41“ 2S'.32 

Corr. for 3* = + 29 .57 

r = 3 41 57 .89 
0 = 19 41 57 .89 
© _ V — T — 16 0 0 .00 

The longitude being 11" W., the local date is May 10. 

Second method . — When the Greenwich mean time is not given, 
wc can find T from (57), all the other quantities in that equation 
being known. We find 

T= e-v.+ _L_ L 

V- 

or, in a more convenient form for use, 

T = e - v 0 - (l - J) (© - V + L) ( 5! *) 

in which the term multiplied by 1 — — is the retardation ot mean 

! L 

time on sidereal in the interval 0 — V 0 and is given in the 
table “Sidereal into Mean Time. ” It is convenient to entei the 
table first with the argument 0 — F 0 and then with the argu- 
ment L, and to subtract the two corrections from 0 — F 0 , ob- 
serving that the correction for the longitude becomes additive 
if the longitude is east. 

Example. — I n Longitude 165° W. I860 May 1G, the sidereal 
time is 19" 41"* 57 s . 89; what is the mean local time? 

© == 19' 1 41"* 57*.89 
May 16, F„ == 3 37 31-76 
© — V„ = 16 4 26 .13 

Table, '‘Sidereal into f Corr. for 16" 4“ 26’. 13 = — 2 38 .00 

Mean Time” 1 “ “longitude 11" — — 1 48 .13 

T — 16 0 0 .00 

53. The following method of converting the sidereal into the 
mean time is preferred hy some. In the last column of page III 
of the month in the American Burnt. Aim. is given the “Mean 
Time of Sidereal Oh” This quantity, which we may denote hy 
V', is the number of hours the mean sun is west of the vernal 



equinox, and is merely the difference between 24* and the 
sun’s right ascension. The hour angle of the mean sun at nny 
instant is then the hour angle of the vernal equinox increased 
by the value of V f at that instant. To find this value of V % vre 
first reduce the Almanac value to the given meridian by <c ° r ~ 
recti ng it for the longitude by the table for converting sidereal 
into mean time; then reduce it to the given sidereal time O 
(which is the elapsed sidereal time since the transit of the vernal 
equinox over the given meridian) by further correcting it by tlic 
same table for this time ©. We then have the mean time T by 
the formula 

T= 0 + V 

It is necessary to observe, however, that if 0 + V* exceed 
24* it will increase our date by one day; and in that case I 
should he taken from the Almanac for a date one day less than 
the given date; that is, we must in every case take that value 
which belongs to the Greenwich transit of the vernal equinox 
immediately preceding that over the given meridian. 

Example. — Same as in Art. 52. 

0 = 19* 41 m 57*.89 
May 15, F ( / = 20 23 S .88 
Corr. for long. 11* W. = — 1 48 .13 

Corr. for 19* 41”* 58* = — 3 1 3 .64 

t = To o o.oo 

' 54. To find the hour angle of a star* at a given time at a, e/iren 
meridian . 

In Fig. 1, we have for the star at 0, DQ = VQ — YJD ; that 
is, if we put 

0 = the sidereal time, 
a = the right ascension of the star, 
t — the hour angle “ <£ “ 

then t = 0 — a (/>9 j 

If a exceeds ©, this formula will give a negative value of t 
which will express the hour angle east of the meridian; in that 
case, if we increase © by 24 7 * before subtracting a, we shsall find 


* We shall use 44 star,” for brevity, to denote any celestial body. 
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the value of t reckoned m the usual mannei, west of the men- 
dian 

According to this formula, then, we have first to conveit the 
given time into the sidereal time, from which we then subtract 
the right ascension of the star, increasing the sideieal tune by 
2-1' when necessary, the remainder is the required hour angle 
west of the meridian 

In the case of the sun, however, the apparent time is at once 
the required hour angle, and we only have to apply to the given 
mean time the equation of time 

Example — -In Longitude 165° W . 1856 May 16, 16* 0 m 0 s mean 
time, find the hour angles of the sun, the moon, Jupiter, and 
the star Fomalhant 

The Greenwich mean date is 1856 May 17, 3 ; “, and the local 
sidereal time is (see Example 1, Art. 50) © = 19 ; ‘ 41“ 57 s 89 
For the Greenwich date we find from the hTaut Aim the equa- 
tion of time E, and the right ascensions a of the moon, Jupiter, 
and Fomalhaut, as below 

rp __ o™ 0 ! 0 = 19* 41™ 57' 89 

— E = + 3 49 85 P’s c = 13 50 21 35 

0 ’st = 16 3 49 85 D’s t = 5 51 36 54 


© = 19* 41™ 57* 89 © = 19* 41™ 57' 89 

OPa Q — Q T 57 52 Fomalh a = 22 49 40 18 
r^’s t — 19 34 0 37 Fomalh t = 20 52 17 71 

If the sidereal time had been given at first, we should have 
found the hour angle of the sun by subtracting its apparent right 
ascension as in the case of any other body 


55 Given the hour angle of a star at a given met idian on a given 
day, to find ike local mean time. 

By transposing the formula (59), we have 

0 = t -f- a (60) 

so that, the right ascension of the star being given, we have only 
to add it to the given hour angle to obtain the local sideieal time, 
whence the mean time is found by Ait 52 When the sum t 4~ a 
exceeds 24*, we must, of couise, deduct 24*. If the body is the 
sun, howevei, the given hour angle is at once the apparent time, 
whence the mean time as before. But if the body is the moon 

Voi 1—5 
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oi a planet, its light ascension can he found horn the Epheuici' 1 ' 
only when we knew the Grecnw ich time If then the Green- 
ivieh tune is not given, w e must find an approximate value' ot 
the local time In foimnla (60), using foi a a c alue taken f«i a 
Gieenwicli tune as neatly estimated as possible, fiom this local 
time deduce a moie exact \alue ot the Gieenwicli time, with 
which a moie exact value of a may be found, and so 1 epeati ng as 
often as maybe neces&aiy to reach the lecpmed degieeof precision 

Example 1 — In Longitude 165° TV 1856 May 16, the hour migl e 
of Fomalhaut is 20" 52’" 17* 71 , what is the mean time ? 

t = 20" 52“ 17* 71 
May 16, Fomalh a = 22 40 40 18 
0 = 19 41 57 89 

■whence the mean time is found to he T— 16" 0“ 0' 

Example 2 — In Longitude 165° IV 1856 May 16, the moon s 
hour angle is 5" 51“ 86’ 54, and the Gieenwicli date is given May 
17, 8" , what is the mean time v 

t = 5" 51“ 36* 54 
For May 17, 8", a = 18 50 21 35 
e = 19 41 57 89 
“ May 17, 3", V= 3 41 57 89 
T = 16 0 0 00 

Example 3 — In Longitude 30° E 1856 August 10, the moon’s 
houi angle is 4" 10“ 53' 2, what is the mean time ' 

For afhst appioximation, we ohseive that the moon passes the 
mendian on August 10 at about 7" mean time (Am Epli. page 
IV of the month), and when it is west of the meridian 4" the 
moan time is about 4" latei, oi 11", from which subtract! ng the 
longitude 2" we have, as a tough value of the GreeirwicLh time 
Aug 10, 9" We then have 



t = 

4* 11“ 

For Aug 10, 9", 

a = 

16 29 


© = 

20 40 

“ Aug 10, 9", 

V — 

9 18 

1st approx value 

T — 

11 22 


Hence the more exact Greenwich date is Aug 10, 9" 22”* ; and 
with this we now repeat 



IIOUK ANGLES. 


07 


t = 4* 10"* 53'.2 

For Aug. 10, 9* 22* a = 16 29 26.8 

0 = 20 40 20.0 

« « 7= 9 18 8.1 

2d approx, value T — 11 22 11 .9 

A third approximation, setting out from this value of T \ gives 
us T= 11* 22 m 12*.32. 

56. The mean time of the meridian passage not only of the 
moon but of each of the planets is given in the Ephemeris. 
This quantity is nothing more than the arc of the equator in- 
tercepted between the mean sun and the moon’s or planet s 
declination circle. If we denote it by M y we may regard M as 
the equation between mean time and the lunar or planetary time, 
these terms being used instead of “hour angle of the moon or 
“hour angle of a planet,” just as we use “solar time to signify 
“hour angle of the sun.” This quantity M is given in the Ephe- 
meris for the instant when the lunar or planetary time is (F, and 
its variation in 1 /A of such time is also given in the adjacent 
column. If, then, when the moon’s or a planet’s hour angle at a 
given meridian = t , we take out from the Almanac the value of 
M for the corresponding Greenwich value of we shall find the 
mean time T by simply adding M to t ; that is, 

T=t+M (61) 

This is, in fact, the direct solution of the problem of the pre- 
ceding article, and neither requires a previous knowledge of the 
vireenwich mean time nor introduces the sidereal time. But 
the Almanac values of M are not given to seconds ; and there- 
fore we can use (61) only for making our first approximation to 
T, after which we proceed as in the last article. The Green- 
wich value of t with which we take out M is equal to t + A 
denoting by L the longitude of the given meridian (to be taken 
with the negative sign when east), and the required value of M is 
the Almanac value increased by the hourly diff‘. multiplied by 
(t + L) in hours. As the hourly diff. of M in the case of the moon 
is itself variable, we should use that value of it which corresponds 
to the middle of the interval t + L; that is, we should first correct 
the hourly diff. by the product of its hourly change into f (t + L) 
in hours. 
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Example — Same as Example 3, Art. 55 We hare 

f 4 L = 2* I0 m 53* 2 = 2 1 18 t= 4* 10“ 53* 2 

At Gr trans Hour Diff = 2 m 17 AtGi trans Aug 10 ,M= 7 6 30 
Variation of H D in 1» 5” = 01 2*" 18X2 18 = + 4 45 

Collected Houily Diff = 2 18 T — 11 22 8 2 

which agrees within 4 5 with the true value Taking it as a first 
approximation, and proceeding as m Ait. 55, a second approxima- 
tion gives T= IT 22 m 12' 19 

THE EPHEMEEIS, OR NAUTICAL ALMANAC 
5T We have already had occasion to refer to the Ephemens , 
hut we propose here to treat more paiticulailv of its anange- 
meat and use 

The Astronomical Ephemens expresses m numbeis the actual 
state of the celestial sphere at given instants ot time ; that is, 
it gives for such instants the numerical values of tlie co-ordi- 
nates of the principal celestial bodies, lcfeired to circles whose 
positions are independent of the diurnal motion of the earth, 
as declination and right ascension, latitude and longitude, 
together with the elements of position of the circles of 10- 
feience themselves It also gives tlie effects ot changes of posi- 
tion of the observer upon the co-ordinates, oi, lather, numbers 
fiom which such changes can he leadily computed (namely, 
the parallax, which will be fully consideied heieafter), the ap- 
parent angular magnitude of the sun, moon, and planets, and, 
in geneial, all those phenomena which depend on the time; that 
is, which may he legal ded simply as functions of the tone 

The American Ephemens is composed of two parts, the first 
computed for the meridian of Gi cenwich, m confoimity with the 
British Nautical Almanac, especially for the use of navigators , 
the second computed for the meiidian of Washington foi the 
convenience of American astronomers The French Ephemens, 
La Connaissanced.es Temps, is computed for tlie meiidian of Paris, 
the German, Berliner Asti onomisches Jahibuch, for the meridian 
of Berlin All these works are published annually several yeais 
in advance. 

58 In what follows, we assume the Ephemeiis to be computed 
foi the Greenwich meiidian, and, consequently, that it contains 
the right ascensions, decimations, equation of time, &e for given 
equidistant instants of Gieenwich time 
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Before we can find from it the values of any of these quanti- 
ties for a given local time, we must find the corresponding Gieen- 
w ieli time (Arts. 45, 46). 'When this time is exactly one of the 
instants for which the required quantity is put down in the Ephe- 
meris, nothing more is necessary than to transcribe the quantity 
as there put clown. But when, as is mostly the case, the time 
falls between two of the times in the Ephemeris, we must obtain 
the required quantity by interpolation. To facilitate this inter- 
polation, the Ephemeris contains the rate of change, or difference 
of each of the quantities in some unit of time. 

To use the difference columns with advantage, the Greenwich 
time should be expressed in that unit of time for which the 
difference is given: thus, when the difference is for one hour, 
our time must he expressed in hours and decimal parts ol an 
hour; when the difference is for one minute, the time should be 
expressed in minutes and decimal parts, &c. 

59. Simple interpolation.— In the greater number of eases in 
practice, it is sufficiently exact to obtain the required quantities 
by simple interpolation ; that is, by assuming that the differences 
of the quantities are proportional to the differences of the times, 
which is equivalent to assuming that the differences given in the 
Ephemeris are constant. This, however, is never the case; hut 
the error arising from the assumption will be smaller the less 
the interval between the times in the Ephemeris ; hence, those 
quantities which vary most irregularly, as the moon’s right 
ascension and decimation, are given for every hour of Green- 
wichtime; others, as the moon’s parallax and semidiameter, for 
every twelfth hour, or for noon and midnight ; others, as the 
sun’s right ascension, &c., for each noon; others, as the right 
ascensions and declinations of the fixed stars, for every tenth day 
of the year. Thus, for example, the greatest errors in the right 
ascensions and declinations found from the American Ephe- 
meris by simple interpolation are nearly as follows : — 


Sun 

Error in R. A. 

0*.l 

Error in Dec! 

3".5 

Moor 

0.1 

1 .5 

Jupiter 

0.1 

0 .6 

Mars 

0.4 

2 .4 

Yen us 

0,2 

5 .4 
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To lllustiate simple mteipolation when the Greenwich time is 
given, we add the following 


Examples 

For the Greenwich mean time 1856 Match 30, T7 h IV 1 12 1 , 
ft n cl the following quantities fiom the Anieiican Ephemeiis 
the Equation of time, the Right Ascension, Decimation, Hori- 
zontal Parallax, and Senudiametei of the Sun, the Moon, ami 
Jupitei . 

1 The Equation of time —The 6i T = March 30, 17* ll m 2 = Mai eh 
30, 17* 187 

(Page II) at mean noon = -j- ^ 27*11 -v D — = — 0*763 
Corr. for 17* 19 = — 13 11 17 

E = + 4 14 00 — 13 11 

jSfoTE — Observe to mark E always with, the sign which denotes how it is to be 
applied to apparent time If increasing , the H D (hourly difference) should ha\« 
the same sign as E , otherwise, the contrary sign 


2 Sun’s It A and Dec 


CP II ) a <it 0* = 

0* 36“ 40’ 78 

H D + 9'094 

Corr for 17* 187 = 

-|- 2 36 29 

17 187 

a — 

0 39 17 07 

156 29 

$ at 0* = 

+ 3° 57' 21" 9 

H D + 58" 15 

Corr for 17* 187 = 

+ 16 39 4 

17 187 

d = 

+ 4 14 18 

999 4 

3. Moon's JR A and Dec 



a at 17* = 

20* 18” 9* 80 

Diff 1” + 2*4975 

Coir foi 11”* 2 = 

-+ 27 97 

112 

a = 

20 18 37 77 

27 97 

S at 17* = 

— 25° 3' 10" 9 

Diff 1” + 8" 275 

Coir for 11™ 2 = 

-t- l 32 7 

112 

d = 

— 25 1 38 2 

92 68 

4 Moon's Ho ) Pa) (= n 

) and Senud (= 

S) 

* at 12* = 

58' 44" 1 

HD + 2" 17 

Corr for 5* 2 = 

+ 11 3 

52 

7T = 

= 58 55 4 

11 38 
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S at 12* = 16' 2".0 
Corr. for 5*.2 = + 3 .1 
S — 16 5 .1 

5. Jupiter's &. A. and Sec. 

a at 0* = 23* 29” 49-.95 
Corr. for 17'*. 187 = + j j 

a. = 23 36 27 .33 

S at O'* = — 4° 22' 45". 6 
Corr. for 17M87 = + 3 .56 .1 

3 = — 4 18 49 .5 


'.'jiff. in 12* = + 7".l 


H.D. +2-.175 
17 .187 
37.38 

H.D. + 13" .74 
17.187 
236.1 


6. Jupiter'* Hot. Par. and Scmid— At the bottom of page 231, we 
tirnl for the nearest date March 31, without interpolation : 


TZ = 1"5 


S = 15". 7 


Note -I t may be observed that we mark hourly differences of declination pUu, 
when the body is moving northward, and >»- vthen it is movmg southward. 

In the above we have carried the computation to the utmost 
degree of precision ever necessary in simple interpolation. 

( 30 . fo find the right ascension and declination of the sun. at the. tunc 
of Us transit over a given meridian , and also the equation, of tune at 

the same, instant. . . , n 

When the sun is on a meridian in west longitude, the Gieen- 

wich apparent time is precisely equal to the longitude that is 
the Qr App. T. id after the noon of tlie same date with the local 
iie by ,‘lte of equal to ike longMe. Wbcn .Ik: 

sail is on a meridian in east longitude, the Gr. App. • is efcn c 
the noon of the same date as the local date, by a number ot 
hours equal to the longitude. Hence, to obtain the sun’s right 
ascension and declination and the equation of time tor apparent 
noon at any meridian, take these quantities from the Ttphemens 
(pa<r e I of the month) for Greenwich Apparent Soon ot t ie 
same date as the local date, and apply a correction equal to the 
hourly difference multiplied by the number of hours m the lon- 
gitude, observing to add or subtract this correction, according as 
the numbers in the Epheiperis may indicate, for a tune before, or 
after noon. 
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Example 1 . — Longitude 167° 31' W. 1856 March 20 , JVpp. 
Noon, find O’s R. A., O’s Dec., and Eq. of T. 


Longitude = -f 11* 10** 4 s = 4 11M7 


a at App. 0 ft = 0 ft 0“ 20.94 

H..D. + 9‘.098 

Corr. for + 11\17 =+ 1 41 .62 

+ 11.17 

a= 0 2 2.56 

+ 101.62 

d at App. 0 a = 4- 0° 2'16".5 

H. D. + 59".21 

Corr. for 4 11M7 =4 H 1 .4 

+ 11.17 

S = -f 0 13 17 .9 

+ 661.4 

E at App. 0* = -(- 7 m Sl‘.57 

H. D. — 0.759 

Corr. for + IP. 17 = — 8.48 

+ 11.17 

E = + 7 23 .09 

— 8.48 


Example 2 . — Longitude 167° 31' E. 1856 March 20 , -App. 
Noon, find O’s R-A., O’s Dec., and Eq. of T. 


Longitude = — IP 10" 1 4*= — 11M7 


a at App. 0* : 

= 0 h 2CK94 

H.D. -f 9 S .098 

Corr. for — 11M7 = 

= — 1 41 .62 

— 11.17 

a 

= 23 58 39 .32 

— 101.62 

5 at App. 0* = 

+ 0° 2 ' 16".5 

H. D. + 59".21 

Corr. for — 11*17 = 

— 11 1 .4 

— 11.17 

* d = 

— 0 8 44 .9 

— 661.4 

E at App. 0* = 

+ 7“ 3P.57 

H. I). — 0.759 

Corr. for — 11*.17 = 

+ 8.48 

— 11.17 

E = 

+ 7 40.05 

-f 8.48 


51. To find the mean local time of the moon's or a planets transit 
over a given meridian. 

This is the same as the problem of Art. 55, in the special ease 
where the hour angle of the moon or planet at the given meri- 
dian is 0 7 \ We can, however, obtain the required time directly 
from the Ephemeris, with sufficient accuracy for many purposes, 

* In this example the sun crosses the equator "between the times of its tiransitjn 
wer the local and the Greenwich meridians. The case must he noted, as it is jit fre- 
quent occasion of error among navigators. The sarpe case can occur on Seyt ember 
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by simple interpolation. On page IV of the month (Am. Ephem. 
and British Naut. Aim.) we find the mean time of transit of the 
moon over the Greenwich meridian on each day. This mean 
time is nothing more than the hour angle of the mean sun at 
the instant, or the difference of the right ascensions of the moon 
and the mean sun; and if this difference did not change, the 
mean local time of moon’s transit would be the same foi all 
meridians; hut as the moon’s right ascension increases more 
rapidly than the sun’s, the moon is apparently retarded from 
transit to transit. The difference between two successive times 
of transit given in the Ephemeris is the retardation of the moon 
in passing over 2# of longitude , and the hourly difference given 
is the retardation in passing from the Greenwich meridian to 
the meridian 1'* from that of Greenwich. Hence, to find the 
local time of the moon’s transit on a given day, take the time of 
meridian passage from the Ephemeris for the same date (astio- 
nomical account) and apply a correction equal to the hourly 
difference multiplied by the longitude in hours ; adding the 
correction when the longitude is west, subtracting it when east. 
The same method applies to planets whose mean times ot tiansit 
are given in the Ephemeris as in the case of the moon. 

Example.— Longitude 130° 25' E. 1856 March 22 ; required 
local time of moon’s transit. 

Gr. Merid. Passage March 22, 13*. 2 m .7 II. D. l" 59 
Corr. for Long. — 8\7 = — 13-8 _JLl- 

Loeal M. T. of transit = 12 48.9 — 13.8 

62. To find the moon's or a planet's right ascension, declination, 
go., at the time of transit over a given meridian. 

Find the local time of transit by the preceding article, deduce 
the Greenwich time, and take out the required quantities from 
the Ephemeris for this time. This is the usual nautical method, 
and is accurate enough even for the moon, as meridian observa- 
tions of the moon at sea are not susceptible of great precision. 
Eor greater precision, find the local time by Art. 55 for t — 0\ 
and thence the Greenwich time. See also Moon Culminations, 
Chapter VII. 

63. Interpolation by second differences. — The differences 
between the successive values of the quantities given in the 
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Epliemeris as functions of the time, are called the first cliff 'er- 
erices ; the differences between these successive differencos are 
called the second differences ; the differences of the second cLi'fter- 
ences are called the third differences , &e. In simple interpolation 
we assume the function to vary uniformly ; that is, we regard 
the first difference as constant, neglecting the second difference, 
which is, consequently, assumed to he zero. In interpolation 
by second differences we take into account the variation ii* the 
first difference, but we assume its variations to be constant; 
that is, we assume the second differences to be constant axmcl the 
third differences to be zero. 

"When tlie American Ephemeris is employed, we can tal<e the 
second differences into account in a very simple manner. In 
this work, the difference given for a unit of time is always the 
difference belonging to the instant of Greenwich time against 
which it stands, and it expresses, therefore, the rate at which 
the function is changing at that instant This difference, which 
we may here call the first difference, varies with the Greet nwieh 
time, and (the second difference being constant) it varies uni- 
formly, so that its value for any intermediate time may be found 
by simple interpolation, using tlie second differences as first dif- 
ferences. Now, in computing a correction for a given interval 
of Greenwich time, we should employ the mean, or average 
value, of the first difference for the interval, and .this mean 
value, when we regard tlie second differences as constant, is 
that which belongs to the middle of the interval. Hence, to 
take into account the second differences, we have only to observe 
the very simple rule — employ that {interpolated) value of t/ie first 
difference which corresponds to the middle of the interred for iv/izch the 
correction is to be computed. 


Example. — Eor the Greenwich time 1856 March 2, 12* 529"* 
find the moon’s declination. 


March 2, 12 A (<5) =- 
Corr. for 29™ G 

<5 = " 


27° 10' 41". 8 
+ 2 23 .9 
-27 8 17 .9 


Diff. 1« = -1- 4". 814 2d Diff. 
Corr. for 2d diff. -f- .047 
4-4.861 
29.6 


O". 1B‘.I 
_ 0.2 r> 
+ ~ 0.047 


4- 148.89 


Here the “ diff. for 1"*” increases 0".189 in 1'*; the half of the 
interval for which the correction is to be computed is 14= " l 48* 
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0*.2o; we therefore find the value of the first difference at 12* 
14« 48» s by adding to its value taken for 12'' the quantity 0".189 
X 0.25, and then proceed as in simple interpolation. This exam- 
ple suffices to illustrate the method in all cases where the first 
difference is given in the Ephemeris for the time against winch 
it stands. In using' the [British Nautical .Almanac and othci 
works of the same kind, interpolation by second differences 
may he performed by the general interpolation formula here- 
after given. 

64. To find the Greenwich time corresponding to a given right ascen- 
sion of the moon on a. given dag. 

Let V — the Greenwich time corresponding to the given right 
ascension a!, 

T — the Greenwich hour preceding T' and corresponding to 
the right ascension a, 

Aa — — the cliff, of R. A. in 1”* at the time T, 

then we have, approximately, 

T'—T= - ~ 

A. a 

To correct for second differences, we have now only to find 

A 0 » = diff. of R.A. in 1“ for the middle instant 
of the interval T' — T, 

and then we have, accurately, 

r F — T = - f 

J 0 o. 

These formula give T' — T in minutes of time. 

65. To find the distance of the moon from a given object at a given 
Greenwich time. 

In the American Ephemeris and the British Nautical Alma- 
nac, the “ lunar distances” arc given at every 3d hour of Green- 
wich time, together with the proportional logarithms of the differ- 
ences between the successive distances. 

The proportional logarithm of an angle expressed in hours, 
&e. is the logarithm of the quotient of 3' 1 divided by the angle ; 
that of an angle expressed in degrees, &c. is the logarithm ot 
the quotient of 3° divided by the angle. Thus, if A is the angle, 
in hours, 
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P L A = log — = log3 ft — log A 
A 

or, if A is 111 degrees, 

P L A = log — — log 3° — log A 
A 

The angle is always supposed to be reduced to seconds , so that, 
whether A is m seconds of time or of aic, we have 

P L 4 = log 10800 — log A 

Tables of such logarithms are given in works on Navigation 
If now we wish to mteipolate a value of a lunar distance for a 
time T -f t which falls between the two times of the Ephemens 
T and jT-f 3 ; ‘, we are to compute the conection for the interval t 
and apply it to the distance given foi the time T, and if we put 

A = the difference of the distances in the Ephemens, 
J'rrrthe difference in the interval t, 

we shall have, hy simple interpolation, 

A' = A X- 

3* 

or, by logantlims, 

log A f = log t -j- log A — log 3* 
or, supposing J, and t all reduced to seconds, 

log A = log t — P L A (62) 

Subtracting both members of this from log 10800, we have 

P L ^PL t + P L J (63) 

which is computed by the tables above mentioned By (62), 
howevei, only the common logarithmic table is lequired. 

But the first differences of the lunai distance cannot be assumed 
as constant when the intervals of time aie as great as 3*. If 
we put 

PL A = Q 

we observe that Q is variable, and the value given m the Ephe- 
meiis is to he legal ded as its value at the middle instant of the 
interval to which it belongs If then 

Q =the value of Q for the middle of the interval t 9 
&Q = the increase of Q m 3 A (found from the successive values 
m the Ephemens), 
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we have 


in which t is in 


«'=«-(— — h« 

hours and decimal parts. 


regard to second differences, 

log J' =log < — Q' 


(64) 

We find then, with 


Example.— Find the distance cL of the moon’s centre from the 
star Fomalhaut at the Greenwich time 1856 March 30, 13'* 20"* 
24 *. 

Here T=12»,f = 1*20» 24* = 1*34; £5 zJ-* = 0.28j and from the 


Ephemeris : 

March 30, 12* (d) 36° 17 53" Q, -2993 

A' — 0 40 28 — -0011 

At IS* 20-“ 24* d = 35 37 25 Q', -2982 

log t, 3.6834 

log A', 3.3852 


a <2) “t - .0041 
.28 

+ .0011 


66. To Jind the Greenwich time corresponding to a. given lunar dis 
tance on a given dag. 

We find in the Ephemeris for the given day the two distances 
between which the given one falls ; and if A' = difference be- 
tween the first of these and the given one, A = difference of the 
distances in the Ephemeris, we find the interval t, to be added to 
the preceding Greenwich time, by simple interpolation, from the 
formula ( 

£ = 3'*x4 

A 


or 


log t = log A' P. L. A =log A' 4- Q 


(65) 


and, with regard to second differences, the true interval, t , hy 
the formula 


log t' = log A' + Q' 


( 66 ) 


where Q' has the value given in the preceding article. 

But to find q by (64) we must first find an approximate value 
of t. To avoid this double computation, it is usual to find t hy 
(65), and to give a correction to reduce it to f in a small table 
which is computed as follows. We have from. (64), (65), and (66) 
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lo S t’~\ogt=Q'-Q = -^ l l ±^ y Q 

By the theory of logarithms, we have, M being the modulus 
of the commou system, 


loga = i>/[(x — 1) — l(i- ly + &c] 

so that 


log t r logf_log-_Jfp— * + 

or, neglecting the square and higher powers of the small fraction 
i! — t 

t ’ 

log f — logf = J/| j 
This, substituted above, gives 


f' — f = 


f (1*5—10 

MX 3 * 




23/ X 3* 


a<3 


by which a table is readily computed giving the value of V — i 
[or the correction of t found by (65)], with the aiguments a Q and t 
In this formula t and i' — t aie supposed to be expiessed in houis ; 
and to obtain V — t in seconds we must multiply the second 
member by 8600 ; this will be effected if we multiply each of the 
factors t and S 4 — t by 60, that is, reduce them each to minutes, 
so that if we substitute the value of M= 434294 the foimula 
becomes 


f' — 1 = 


/(180 m — t ) 
2 60576 


a<j 


(67) 


m which t is expressed m minutes, and 1/ — t m seconds 


Example — 1856 March 30, the distance of the moon and 
h omalhaut is 85° 37' 25" , what is the G-i eenwich time 7 

March 80, 12* 0“ 0* (d)=36° 17' 53" $= 2993 a§ = -)-41 

t — 1 20 36 d =35 37 2 5 log 4' = 3 3852 
Ap Gh . time =13 20 86 A’ 40 28 log/ =3 6845 

By (67)*/—/= —12 

True Gr time =13 20 24 


* Or from the “ Table showing the correction required on account of the second, 
differences of the moon’s motion m finding the Greenwich time corresponding to a 
corrected lunar distance, ’ which is given in the American Ephemens, and is also 
included in the Tables for Correcting Lunar Distances given m /ol II of this woih 
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INTERPOLATION BY DIFFERENCES OF ANY ORDER. 

67. When the exact value of any quantity is requi red from t he 
Kphemeris, recourse must be had to the general interpohitioii 
formulae which are demonstrated in analytical works. hese 
enable us to determine intermediate values of a function trom 
tabulated values corresponding to equidistant values ol the 
variable on which they depend. In the Ephemeris the data aie 
in most eases to he regarded as functions of the time considered 
as the variable or argument. 

Let T 7 , T+u\ T+2w, T+bw, &e., express equidistant values 
of the variable ; F. \ F’, F'\ F f " , &c., corresponding values of 
the given function ; and let the differences of the first, second, 
and following orders he formed, as expressed in the following 
table : — 



The differences are to be found by subtracting downwards, that 
is, each number is subtracted from the number below it, and the 
proper algebraic sign must be prefixed. The differences of any 
order are formed from those of the preceding order in the same 
manner as the first differences are formed from the given func- 
tions. The even, differences (2d, 4th, &c.) fall in the same lines 
with the argument and function; the odd differences (1st, M, &e.) 
between the lines. 

Now, denoting the value of the function corresponding to a 
value of the argument 7 T ~f mo by F (n \ we have, from algebra, 


im = F+na+ n -J? =}± d J.&C. (08) 

1.2 1 . 2.8 1 . 2 . n . 4 


in which the coefficients are those of the n fh power of a binomial. 
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In this foimula the mteipolation sets out Irom the first of the 
given functions, and the difteiences used aie the first of thcii 
respective oideis If n be taken successively equal to 0, 1, 2, 3, 
&c ? vve shall obtain the functions F, F', F", F nr , &c , and m- 
teimediate v T alues aie found by using f motional values of n Wo 
usually apply the formula only to mteipolatmg between the 
function fiom which we set out and the next following one, in 
which case v is less than unity To find the pioper value of n 
in each case, let T+ t denote the value of the argument foi which 
v\e wish to mteipolate a value of the function then 

, t 

mo = t n — — 

w 

that is, n is the \ T alue of t reduced to a fi action of the interval w 

Example — Suppose the moon’s right ascension had been 
given in the Epliemeiis for every twelfth horn as follows 

JUA 1st Biff 2ilDiff 3tlDiff 4tliDift r >th Biff 

18156 March 5, 0 A 21* 58™ 28* 39 

-f 28™ 47* 04 

“ 5, 12 22 27 15 43 —SO* 97 

28 10 07 -+4*79 

“ 6, 0 22 55 25 50 32 18 -+ 1* 71 

27 37 89 6 53 —0*66 

« 6, 12 23 23 3 39 25 65 1 08 

27 12 24 7 61 

“ 7, 0 23 50 15 68 18 04 

26 54 20 

“ 7, 12 0 17 9 83 

Iteqmied the moon’s light ascension for March 5, 6 7t 

(V* 1 

Here T=Maich5, Cf, £=6*, w = 12 K w = — = -, and if vve 

denote the coefficients of c/, 6, c, d, e m (68) by A, B , 6 Y , J) y 
we have 

F== 21 h 58* 28* 39 

<2 = •+ 28 w 47 s 04, A=n = J, Aa = + 14 23 52 

b=— 36 97, B=A = — Bb = + 4 62 

4 79, ff = J ^ = + * Oc= + 0 30 

d = + 1.74, B = C = = - 0 07 

«= — 0 66 , E=D ++^ = + Ee = — 0 02 

t) 

D’s E A 1856 March 5, 6* 


F™ = 22 12 56 74 
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which agrees precisely with the value given in the American 
Ephemeris. 

68. The formula (68) may also be written as follows : 

FV=F+n^a+~-^b + + n ~^d+ n ~^e+ &c. jjjjj (fig*) 

Thus, in the preceding example, we should have 


n — 4 

5 — ~ 

TV: 

- t 7 5 X - (K06 

= + 0*46 

n — 3 




4 

§’ 

— § (+ 1*.74 + 0*.46) 

= - 1 .38 

n — 2 __ 

3 

b 

— 1 (+ 4*. 79 — 1*.S8) 

= — 1 .71 

n — 1 

2 

i 

4 > 

— \ (— 3G*.97 — 1*.71) 

= +9.67 

71 = 

1 

i (_|_ 28"*47'.04 + 9*.G7) 

= + 14“ 28*.35 


and adding this last quantity, 14” 28*.35, to 21 A 58“ 28 s .39, we 
obtain the same value as before, or 22' 1 12“ 50’. 74. 

69. A more convenient formula, for most purposes, may "be 
deduced from (68), if wo use not only values of the functions 
following that from which we sot out, but also preceding values ; 
that is, also values corresponding to the arguments' T — to, 
T— 2®, &c. We then form a table according to the following 
schedule: 


Argument, 

Function. 

1st Diff. 

2d Diff. 

3d Diff. 

4tli Diff. 

5th Diff. 

Ctli Biff. 

T— 3 m 

F 







T — iw 

F 

u 

<*u, 

K 





T— w 

F 

1 i 

a„ 


°n 






a, 

c, 


e . 


T 

p 


b 


d 

i 

/ 



a! 


c' 


e’ 

r+ » 

F f 

a” 

V 

c" 

d! 



r+ 2w 

F" 

a'" 

b" 





r+ 8u> 

F m 


i 






Vol. L— 6 
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Accoidmg to the fommla (68), if we set out fiom the function 
F, we employ the differences denoted m this table by a , , , 

&c , and hence foi the argument T + nw we find the value of 

F (jl) by the foimula 


F(n) = F+nct'+ ™ 

12 1- 


(n — 1) (n — 2) «(»— 1)(”— 2 )K l!lrf"4-&c 

— T1 + 12 3 4 


But we have 


V = b +c' 

c" = c' + d! = d + d + e' 
d"=d' + e" = d + d + e'+f'-- 
&c &c 


: d + 2e' + /' 


m which b>, c", &c are expressed in teims of the chfferenccs 
that he on each side of a horizontal line drawn m the tabic 
immediately under the function fiom which we set out 1 hese 
values substituted m the foimula give 


F<*> = F-\-na! + 

+ 


n (n 


1) , , (n + 1) (ft) (ft — 1) 


6 + 


12 1 12 3 

(n + 1) (w) (n — 1) (n —.2) d &c 
12 3 4 


(69) 


m which the law of the coefficients is that one new factor is 
introduced into the numeratoi alternately after and before the 
otliei factors, obseivmg always that the faetois decieasc by unit) 
fiom left to light The new factoi in the denominator, as in the 
onginal foimula (68), denotes the oidei of difteience 

The mtei polation by this formula is rendered somewhat more 
aceuiate by using, instead of the last diffeience, the mean of the 
two values that lie nearest the honzontal line diawn under the 
middle function thus, if we stop at the fourth difteience, we 
use a mean between d and d' instead of d We thus take into 
account a pait of the teim involving the fifth difference 

Example — Find the moon’s right ascension foi 1856 March 5, 
6 7 ‘, employing the values given in the Epliemens foi eveiy 
twelfth hour This is the same as the example undci Art 67, 
where it is worked by the pi motive formula (68) But here we 
take from the Epliemens tlnee values preceding that foi March 5, 
O' 1 , and tlnee values foUomng it, and foim our table as follows 
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1866 March 3, 12* 

“ 4, 0 

“ 4, 12 

“ 5, 0 

1 D’sK. A. 

1st Diff. 

2d Diff. 

3d Diff. 

4th Diff. 

6th Diff. 

20* 28 m 17'. 88 

20 58 57.08 

21 29 2.01 

21 58 28.39 

-f 30 w 39'.20 

30 4 .93 

29 26.38 

— 34*.27 

38.55 

39.34 

— 4*28 

— 0.79 

+ 3'. 49 

3.1G 

—O'. 315 

“ 5, 12 

“ 6, 0 

“ 6, 12 

22 27 15.43 

22 55 25.50 

23 23 3 .39 

28 47.04 

28 10.07 

27 37.89 

36.97 

32.18 

-f- 2 .37 

-f 4.79 

2.42 

i 

! 

7Tb. 74 


Drawing a horizontal line under the function from which we 
set out, the differences required in the formula (69) stand next 
to this line, alternately below and above it. 


a! = 4 - 

28” 47*. 04, 

A = n 

i 

— •»> 

F 

Aa' 

= 21* 58*“ 
= -f 14 

28<*.39 
23 .52 

b ~ 

39.34, 

B-A n ~ 1 

i 

Bb 

, 

4.92 


2 

— 

— T~ 

II 

+ 

2.37, 

G—B W + 1 


Gc! 


0 .15 

3 

— Iff? 


d = + 

3.16, 

9 

D = C. 

4 

= + T h, 

Dd 

= + 

0.07 

e' = — 

0.74, 

F = B. n + 2 

5 

= + 3Kff) 

m 

= — 

0.01 


D’s 

E. A. 1856 March 5, 6 * == 

F™ 

= 22 12 

56 .74 


69*. If in (69) we substitute the values 

o! a j — J— ■ b 
c j + d 


c = 
&c. 


we find 

F” = F+m,+ ( - ± 1)re b + C B -±lIWfo - *> 
-r y-r a 2 n- 1.2.3 

+ (» + 2) (n + 1) (n)(»-l) , , 

+ ttxi d + &c - 


(70) 


in which the law of the coefficients is that one now factor is 
introduced into the numerator alternately before and after the 
other factors, observing still that the factors decrease by unity 
from left to right. The differences employed are those which lie 
on each side of the horizontal line drawn immediately above 
the function from which we set out. 
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If m the pieoedmg foimulse we employ a negative value of 
n less than unity, we shall obtain a value of the function between 
F and F n and m that case (70) is more convergent than (69) In 
general, if we set out from that function which is neai est to the 
lequired one, we shall always have values of » numeiiealh less 
than 4, and we should prefer (69) foi values of n between 0 and 
+ -J-, and (70) for values of n between 0 and -1 


70 If we take the mean of the two foimulie (69) and (70), 
and denote the means of the odd differences that lie above and 
below the honzontal lines of the table, by letteis without ac- 
cents, that is, if we put 


1 ( 'a, -|- a'), c = 1 (c, + c') &c 

■ 2 h | (n+1) («)(»— 1) c | (71) 

"23 


we have 

_ ri~ , , i /!/— t— j- ) t n ] t u — xj , 

F^=F+na+-b+ K ^ ^ ~ c + 3 4 


The quantities a, c, &c may be mseited m the table, and nil 
thus complete the iow of diffeienees standing m the same me 
with the function fiom which we set out 

The law of the coefficients m (71) is that the coefficient of any 
odd difference is obtained fiom that of the preceding odd dif- 
feience by mtioducing two factors, one at the beginning and 
the othei at the end of the line of factois, observing as bofoio 
that these factois are respectively greatei and less by unit) than 
those next to which they aie placed, and the coefficients ot the 
even diffeienees aie obtained fiom the next picceding c\en 
differences in the same mannei The factois m the denominator 
follow the same law as m the other formulae 


Example — Emd the moon’s light ascension for 185G March 5, 
6\ from the values given m the Ephemens for noon and mid- 
night 

The table will be as below. 



INTEBPOLATION. 


85 


Mar. 3, 12" 

“ o 

“ 4, 12 

D’b r. a. 

1st Diff. 

2d Diff. 

[ 3d Diff. 

4th Diff. 

5th Diff. 

20*28“ 17'.88 

20 58 57 .08 

21 29 2 .01 

30 m 29*.20 

30 4.98 

29 26.38 

— 34*.27 

38.55 

— 4*.28 

— 0 .79 

+3*.49 

— (K38 

“ 5, 0 

21 58 28.89 

[+ 29 6 . 71 ] 

— 89 .84: 

[+0 . 79 ] 

+ 3.16 

[-0 . 54 ] 

“ 5, 12 

“ 6, 0 

“ 6, 12 

22 27 15 .43 

22 55 25 .50 

23 28 3 .89 

28 47.04 

28 10.07 

27 37.89 

36 .97 

32 .18 

■+ 2 .37 

-f 4 .79 

2.42 

—0.74 


Drawing two lines, one above and the other below the func- 
tion from which we set ont, and then filling the blanks by the 
means of the ocld differences above and below these lines (which 
means are here inserted in brackets), we have presented in the 
same line all the differences required in the formula (71); and 
we then have 


a = + 29 w 6'.71, A = 
b = — 39 .34, B = 

c = + 0 .79, 0 = 

d = + 3 .10, D = 

e zzz — 0 .54, JH = 





F = 

2D 58 w 

28*. 39 

n 

= 

i, 

Aa = 

+ 14 

33 .36 

n 2 

— + 

1 

b> 

Bb = 

— 

4.92 

A . 

n 2 — 1 

G 

Tt > ) 

Oc = 

— 

0.05 


7l 2 — 1 





B 

‘ 1F““ 

l 

72 SO 

J)d = 

— 

0.02 


ri l — 4 





C. 


:t 

TT . 

JUc = 

— 

0.01 


20 ~~ ' 

rV .1 l> > 








j?(K) 

22 12 

56 .75 


agreeing within 0 a .01 with the value found in the preceding 
article. Hansen has given a table for facilitating the use of this 
formula. (See liis Tables de la Lane ). 

71. Another form, considered by Bessel as more accurate than 
any of the preceding, is found by employing the odd differences 
that fall next below the horizontal line drawn below the function 
from which we set out, and the means of the even differences 
that fall next above and next below this line. Thus, if we put 

l>» - l (6 -h JO, <t 0 - i id + O, 
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and combine these with the expressions 

i d = i (b r — h) } i e r = K d f — d) 1 &c 

we deduce 

b = b 0 -ic f , d = d,~ ie', &o 


which substituted m (69) give 


F (n) =F-{-na r - 


n(n — 1) u , n(n — l)(n — l) , . ( n-\-l)n(n l)(n 2) ^ 

OfH 3 ^ ^ 6 -f- - o A ( 


1 2 


12 3 


1 2 S 4 


+ 


n (n — 1) (w — 2) (n — I) 


1 2 3 4 5 


&c 


(72) 


To facilitate the application of this foimnla, chaw a honzontal 
line under the function from which the interpolation sets out, 
and another over the next following function , these lines will 
embiace the odd differences a', c', &c It we then inscit in the 
blank spaces between these lines the means of the even diffei- 
ences that fall above and below them, we shall have presented 
in a low all the difteiences to be employed m the formula 

Example —Find the light ascension of the moon’s second 
limb at the instant of its transit ovei the mendian whose longi- 
tude is 4 ? ‘ 42’" 19 s west from Gieenwich, on May If), 1851 

The light ascensions of the moon’s bright limb at the instant 
of its uppei and lowei tiansits ovei the Gieenwich mendian, aic 
given in the Ephemens, under the head of “ Moon Culminations 
The aigument m this case is the longitude, and the intervals of 
the argument are 12'“ The value foi an} mendian is therefore 
to be obtained by mtei polation, taking for n the quotient obtained 
by dividing the given longitude (in hours) by 12* 

AVe take from the British Nautical Almanac the following 
values 



K A D ’s 2d limb 

1st Diff 

2d Diff 

3d Diff 

4th. Diff 

5th Diff 

May 14, U C 

15, h C 

“ 15, U C ■ 

15 k 12"* 39* 04 

15 41 3 41 

16 9 39 89 

4- 28™ 21' 37 

28 36 48 

-f 12* 11 

+ 9 49 

< — 2' 02 

— 1* 58 




28 45 97 

[+ 7 39] 

— 4 20 

[~1 42] 

+ 0* SJ3 

“ 16, L C 

‘ 16, TJ C 

17, L C 

16 38 25 86 

17 7 17 12 

, 17 36 8 22 

28 51 26 

28 5i 10 

4- 5 29 

— 0 16 

— 5 45 

— 1 25 
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I'd’ interpolation by formula (73) we draw a horizontal line 
below the function from which we set oat, and one above the 
next following function. These lines enclose the odd differences 
regularly occurring in the table. Inserting in the blanks in the 
colurousof even differences the means of the numbers above and 
below, all the differences to be employed in the formula stand in 
the same line, namely : 

a' — + 1725*.97, 6 0 = + 7‘.39, c'=— 4*.20, d n = — 1*.42, d = + 0\33 

As n is here not a simple fraction, the computation will be 
most conveniently performed by logarithms, as follows : 


4» 42 m 19* = 16939* log 4.2288878 

12 » =43200 log 4.635483 7 

log ,1 = log n = 9.5934041 


7t = 0.3921065 

9.59340 

9.5934 

9.5934 

1 = — 0.60789 

779.78383 

((9.7838 

7(9.7838 

2 = —0.10789 

2 =—1.6079 


((9.0830 

/(0.2063 

1 =+1.3921 



0.1437 

( >) 9.U98-97 

(1) 9.22181 

(,'+ 8.6198 

(A) 9.5934041 

(E)w9.07 620 

( C) 7.6320 

( D ) 8.3470 

(a') 3.2370332 

(i 0 ) 0.86864 

((+((0.6232 

(d 0 ) 7(0. 1528 

2.8304373 

■719.94484 

((8)2552 

(18.4993 


9.5934 

•w9.7838 

»9.0330 

7(0.2063 


0.1437 
( r i 0 )7.9208 
(£?)»■ 6. 0810 
((/) 9.5185 
j(.(U995 


,4a' = 11™ 1C*.764 

Bb 0 — — 0 .879 

Cc' = — 0 .018 

Dd 0 = — 0 .032 

Ee' — 0 .000 

Increase of It. A. — H 13 -835 

E. A. Greenwich Culm. = 16'* 9* 39^890 


R. A. on given meridian = 16 ft 20” f>5*.725 


The use of Bessel’s formula of interpolation is facilitated hj » 
table in which the values of the coefficients above denoted 1 y 
A, JB, O, A &o., and also their logarithms, are given with the 
argument n. 

72. Interpolation into the middle .. — When a val u e of the funotu n 
is sought corresponding to a value of the argument which is a 
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mean between two values foi which the function is given, that 
is, when n — \, we have by (72), since n — 1 = 0, 

= *-+ i a' - + T J S tf 0 - lt fc T f 0 + &c 

or, since 1 a' = | (7^+ -F'), 

jlM) = i (2? + F 1 ) - 1 [6 0 - T \ [rf 0 - * ( t„ - &c )]] (73) 

which is known as the foimula foi interpolating into the middle 
When the thud diffei ences aie constant, d Q , / 0 , &c aie zero, 
and the mle foi interpolating into the middle between two func- 
tions is simply From the mean of the two functions subtract one- 
eighth the mean of the second differences which stand against the func- 
tions Inteipolation by this mle is coirect to thud diffeiences 
inclusive 

The formula (73) is especially convenient m computing tables 
Values of the function to be tabulated aie directly computed foi 
values of the argument differing by 2 m w , then interpolating a 
value into the middle between each two of these, the aiguments 
now diffei by 2 m ~ l w , again interpolating into the middle between 
each two of the resulting senes, we obtain a senes with aigu- 
ments diffei mg by 2 m ~hv , and so on, until the internal of the 
argument is reduced to 2 m ~ m w oi w 

Example — Find the moon’s right ascension foi 1856 Maxell 
5, from the values of the Ephemens foi noon and midnight 
This is the same as the example of Ait 69, but, as G h is the 
middle instant between noon and midnight, the xesult will be 
obtained by the formula (73) m the following simple manner. 
We have fiom the table m Art 69 

b 0 = — 38 s 16 4(E+ F f ) = 22* 12* 51* 91 

d Q = + 2' 79, - ft d Q = - 0 52 ~38 68 X i = + 4 83 

— 38 68 JW= 22 12 56 74 

73 In case we have to interpolate between the last two values 
of a given series, we may consider the senes m inverse ordei, 
the arguments being T, T—w, T—2w, &c , T being the last 
aigument The signs of the odd differences will then be changed, 
and, taking the last differences m the several columns as a, 5, c, d, 
&c , the intei polation will be effected by (68) 
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74. The interpolation formula 3 arranged according to the powers of 
the fractional part of the argument. 

When several values of the function are to he inserted between 
two of the given series, it is often convenient to employ the 
formula arranged according to the powers of n. Performing the 
multiplications of the factors indicated in (68), and arranging the 
terms, we obtain 

= F -f n (a — | b + $ c — \d + £ e — &c.) 

+ ~ (P — c + H d — § e + &o-) 

1 . li 


+ 


+ 


1 . 2.8 

n* 


(c — | d + \ e — &c.) 
(ft — 2 e — j~ 4c.) 


1 . 2 . 3 . 4 

4 — (« — 4c.) 

' 1 . 2 . 8 . 4 . 5 ^ J 

+ &C 


( 74 ) 


where the differences are obtained according to the schedule in 
Art. 67. 

Transforming (71) in the same manner, we have 
F n) = F + n (a — l c + & e - &c.) 


1.2 


(P — jb & + & C *) 


7V 


1 . 2.3 
n* 

" 1 . 2.34 


(c - i e + &c.) 
(d — &c.) 


• (e — &c.) 


( 75 ) 


1 1 . 2 . 3 . 4. 5 

+ &c. 

where the differences a, c, are the mean interpolated odd dif- 
ferences in the line of the function F of the schedule Art. 69. 


75. Derivatives of a tabulated function . — When the analytical ex- 
pression of a function is given, its derivatives may be directly 
found by successive differentiation ; but when this expression is 
not known, or when it is very complicated, we may obtain values 
of the derivatives, for particular values of the variable, from the 
tabulated values of the functions by means of their differences. 

Denoting the argument by T + nw } its corresponding function 
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by f(l'+nw), the successive derivatives of this function cor- 
responding to the same value of the argument will he denoted 
by f'(T+nw), f"(T+nw), f’"{T + nw), &c., and 
f'(T), f"(T), &c., will denote the values of the function, mid 
its derivatives corresponding to the argument r J\ or when n = 0. 
Hence, if we regard nw as the variable, we shall have, by IVitae- 
laurin’s Theorem, 

f(T + nw) — f{T) + /'(T) nw +/"(T)^~ + Ac. 

Comparing the coefficients of the several powers of n in this 
formula with those in (74), we have 

f'(T) = — (a-1 i + 1 c — k d, -\- i e — &c.) 
w 

/'(T) =— (b — c + H d — I e + Ac.) 

VO 1 

f" ( T) = \ (c - I d + I « - Ac.) 

VT 

f’( L T)=^(d- 2e + &c.) 

/ r ( r ) =^r( e — &e 0 

&c. &c (7 6 ) 

the differences being taken as in Art. 67. 

Still more convenient expressions are found by comparing 
Maclaurin’s Theorem with (75); namely: 

f(T) =— (a - J e + ; ' a e - Ac.) 

IV 

(b- T \d + kc.) 

10 - 

f'"{T)=— 3 (c-4 6 + &c.) 

Ur 

f\T)= i-(d-Ao.) 

&c. &c. (77) 

the differences being found according to the schedule in JYrtx 00* 
and the odd differences, a, c, e, &c., being interpolated meuiis. 
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The preceding forraulte determine the derivatives for the value 
T of the argument. To find them for any other value, we have, 
by differentiating Maclaurin’s Formula with reference to nw, 

J'(T+ nw) =f\T)+f'(T) . nw + l f" ( T) . 11 V + &c. (78) 

in which we may substitute the values of f (T), f' (T), &c. from 
(76) or (77). 

In like maimer, by successive differentiations of (78) we ob- 
tain 

/" (T+ nw ) = /" (T) +/"' (T). nic -h if (T) • A’ + &c. 

( T nw) = /" (T) +/ ir (T). mo -f &c. 

i fee. &c. 

76. An immediate application of (76) or (77) is the compu- 
tation of the differences in a unit of time of the functions in the 
Ephcineris; for this difference is nothing more than the first 
derivative, denoted above by the symbol f . 

Example. — F ind the difference of the moon’s right ascension 
in one minute for 1856 March 5, O' 1 . 

\V\. have in Art. 70, for T March f>, 0\ a = 29»‘6".71, 

, O', 7<t, r O'. 54, and to --- 12 ; ‘ --- 720"‘. lienee, by the 
first equation of (77 ), 

f ( T) - ■ ,.\ () (29™ (i‘,71 - O'. 19 -• 0-.02) — 2*.4258 

On interpolation, consult also Encke in the Jalirbuch for 1830 
and 18.47. 


STAR CATALOGUES. 

77. The Nautical Almanac gives the position of only a small 
number of stars. The positions of others are to he found in 
the (Mount's of stars. These are lists of stars arranged in 
the order of their right ascensions, with the data from which 
their apparent right ascensions and declinations may he ob- 
tained for any given date. 

The right ascension and declination of the so-called fxed 
stars are, in fact, ever changing: 1st, by precession, nutation, 
and aberration (hereafter to he specially treated ot), which arc 
not changes in the absolute position ot the stars, but are eitliei 
changes in the circles to which the stars are referred by sphe- 
rical co-ordinates (precession and nutation), or apparent changes 
arising from the observer’s motion (aberration); 2d, by the 
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proper motion of tlie stars themselves, which is a real change of 
the star’s absolute position 

In the catalogues, the stars are referred to a mean equator 
and a mean equinox at some assumed epoch The place of a 
stai so referred at any time is called its mean place at that time , 
that of a star referred to the true equator and true equinox, 
its true place , that m which the star appears to the obseivei m 
motion, its apparent place The mean place at any time will be 
found from that of the catalogue simply by applying the preces- 
sion and the pioper motion for the mteival of time fiom the 
epoch of the catalogue The tiue place will then be found by 
con ectmg the mean place for nutation , and finally the appa- 
xent place will be found by collecting the tiue place for aber- 
ration 

To facilitate the application of these corrections, Bessel pro- 
posed the following very simple arrangement lie showed 
that if 

a 0 , d 0 = the star’s mean light asc and dec at the beginning of the 
year, 

a, d = the apparent right asc and dec at a time r of that year, 
t = the time from the beginning of the year expressed in decimal 
parts of a year, 

^ p! = the annual proper motion of the star m right asc and dec 
respectively, 


then, 


a = a 0 Tfi Aa -f- Bb -p Cc + Bd -f- E 
d = d 0 + rp!+ Aa ' + Bb' + Cc' + Bd' 



m which a, 6, c, d , a\ b\ c', d f aie functions of the star’s right 
ascension and decimation, and may, theiefoie, be computed for 
each star and given with it in the catalogue , A, i?, Q D y E 
are functions of the sun’s longitude, the moon’s longitude, the 
Longitude of the moon’s ascending node, and the obliquity of the 
ecliptic, all of which depend on the time, so that A, B, (7, 1), J3 
may be regaided simply as functions of the time, and given m 
the Nautical Almanac for the given year and day, JE is a 
very small correction, usually neglected, as it can never ex- 
ceed 0" 05. 

If the catalogue does not give the constants a, b , c, d, a', V , c', 
d\ they may be computed, for the year 1850, by the following 
foimulse (see Chap XI p 648) 
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a = 46". 077 + 20".056 sin a tan 8 
b = cos a tan 8 
c = cos a sec 8 
d = sin a sec 8 


a' = 20".056 cos a 
i/ = — sin a 

c' = tan £ eos d — sin a sin d 
cl' = cos a sin 8 


in which e = obliquity of the ecliptic. Or we may resort to 
what are usually called the independent constants , and dispense 
with the a, b , c, d, a', b', o', d' altogether, proceeding then by 

the formula 

a = a u 4 T,i -f / + g sin (<? + a) tan 6 + li sin (JEE-+ «■) sec « 1 ^ 

5— i 0 4- Tfi' -fii costf +g COS(<? + a) + A cos (#4- a) si a < J 

the independent constants /, (J, G, h, if, i being given m the 
Ephemeris, together with the value of r for the given date, 

expressed decimally. ; ,, 

It should loo observed that the constants a, b, c, d, a , b , c, U 
are not absolutely constant, since they depend on the right 
ascension and declination, which are slowly changing : unless, 
therefore, the catalogue which contains them gives also then 
variations, or unless the time to which we wish to reduce is not 
very remote from the epoch of the catalogue, it may he prefer 
able to use the independent constants. 

’in forming the products Aa, Bb, &c., attention must of course 
he paid to the algebraic signs of the factors. The signs of A, B, 
C, D arc, in the Ephemcvides, prefixed to their logarithms ; and 
the signs of a, b, c, kc. are in some catalogues (as that of the 
British Association) also prefixed to their logarithms; but I 
shall here, as elsewhere in this work, mark only the logarithms 
of ? legatioe factors, prefixing to them the. letter n. 

It should he remarked, also, that the B. A. 0* gives tho 


* 3 , c. British Association Catalogue, containing 8377 stars, distributed in all 

parts of the heavens ; a very useful work, hut not of the highest, degree of precision. 
The Greenwich Catalogues, published from time to time, are more reliable, though 
less comprehensive. For the places of certain fundamental stars, sec Bessel s 
Tabulte Regiomontante and its continuation by Wolfers and Zecii. 

Lalande’s Ilisloire Celeste contains nearly 50,000 stars, most of which are em- 
braced in a catalogue published by the British Association, reduced, under tho 
direction of F. Baily, from the original work of Lalande. The Konigsherg Observa- 
tions embrace the scries known as Bessel’s Zones, the most extensive series of 
observations of small stars yet published. The original observations are given with 
data for their reduction, but an important part, of them is given in Weisses Post - 
tiones Mediae Slellarum fixarum in Zonis JRegiomontanis a Besselio inter— 15° 
declin. ohservat n containing nearly 32,000 stars. 

See also Struve's Catal. generalis, and the catalogues of Auc«] lander, Bumbler, 
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north polar distance instead of the decimation, or r 0 — 90° — r) 0 , 
and, since n decreases when S nun oases, the collections change 
then sign This has been provided ±01 bv changing the signs of 
f)\ a\ c' y d f m the catalogue itself Moieovei, m this cata- 
logue, a, 6, a', b f denote Bessel’s <, d, rf\ and nee ursa , and 
to coi respond with this, the A, B , C\ J) of the Butish Almanac 
denote Bessel’s C\ D, A, B The same inversion also exists m 
the American Ephemens pi ioi to the v ear 1865, hut in the volume 
foi 1865 the oiigmal notation is lestoied 


Example — Find the appaient light ascension and decimation 
of a Tauu for June 15, 1865, fiom Aigelandei’s Catalogue 
This stai is Algol 108 , whence we lake foi 


Jan 1,1880 Mean B A = 4* 20»‘ 10'43 
Ann piec = + 3' 4281 foi 35>)S 
Pi op motion =.4- 0 005 J 

=r + 2 0 155 

Jan 1, 1805, a 0 = 4 28 10 585 


Mean Peel ■= + ^ )0 f,/ ^ 

+ 7"9°| 35 

-0 17 J ^ 

— 4- 4 ,30_o5 

,i a = •+ 10 14 0 53 


We next take the loganthms 


fiom the Cat'll logs 

from Am Ephem } , 
foi June 15, 1805, ) 
from the Catal logs 

logs 
logs 


a 0 5352 b 7 8794 

A 9 7877 B 0 9437 

o' 0 893 1 b' 9607 

Aa 0 3229 ~Bb 8 8231 
Aa' 0 6811 Bb' nO 9044 


c 8 4329 d 8 8058 

C?iQ 2125 I) n\ 3089 

c' 9 2019 d’ 9 0378 
Cc n8 0451 lid nO 1147 

Ci «9 414A M'/i0 3407 


Coir of a 0 , Aa = -{- 2* 108, Bb = -}- 0* 007, Cc — — O' 044, Ihl — — 1* 302 
Con of 4" 80, Bh' = — 8" 02, Cd = — 0" 20, DtV ~ - 2" 22 


"We have ako from the catalogue \i — + 0 9 005, // =- — 0'M 7 
The fi action or a jeai foi June 15, 1865, is r = 0 46 , and hence 


Jan 1, 1865, a 0 r= 4* 28™ 1C 1 585 
Sum of con of a 0 = -J- 0 824 

T/i = -|- 0 002 

June 15, 1805 a = 4 28 11 411 


«5 0 = + 16° 14' 0" 55 

Sum of corr of d 0 ~ — 5 70 

-//-=• --_0 <8 

<5 = + 10 11 0 77 


78 When the gieatest piecision is requned, we should con- 
sider the change in the stai’s place even m a fiaction ol* a da/y, 
and theiefoie also the change while the stai is passing fiom one 
mendian to anotliei , also the seculai \anation and the changes 


Piazzi, SnsTiNi , and. the published observations of the pnncipal obseryatones See 
also a list of catalogues m the introduction to tbc B A C 
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in the precession and in the logaritlmis of the constants. Fur- 
ther, it is to be observed that the animal precession of the cata- 
logues is for a mean year ot 365^ 5 A .8. 13 ut for a fuller consider- 
ation of this subject see Chapter XI. 


CHAPTER III. 

TTGrURE ANI) DIMENSIONS OF THE EARTH. 

79. The apparent positions of those heavenly bodies which are 
"within measurable distances troni the earth are different for ob- 
servers on different parts of the eartlfs surface, and, therefore, 
before we can compare observations taken in different places we 
must have some knowledge of the form and dimensions ot the 
earth. I must refer the reader to geodetical works for the 
methods by which the exact dimensions ot the earth have been 
obtained, and shall here assume such of the results as I shall 
have occasion hereafter to apply. 

The figure of the earth is very nearly that of an oblate spheroid, 
that is, an ellipsoid generated by the revolution of an ellipse 
about its minor axis. The section made by a plane through the 
earth’s axis is nearly an ellipse, of which the major axis is the 
equatorial and the minor axis the polar diameter of the earth. 
Accurate geodetical measurements have shown that there arc 
small deviations from the regular ellipsoid; hut it is sufficient 
fertile purposes of astronomy to assume all the meridians to be 
ellipses with the mean dimensions deduced from all the measures 
made in various parts of the earth. 

80. Let j EPQP', Fig. 11, he one of the elliptical meridians of 
the earth, EQ the diameter of the equator, PP* the polar 
diameter, or axis of the earth, 0 the centre, P a focus of the 
ellipse. Let 

a= the semi-major axis, or equatorial radius,- (IP, 
b = the semi-minor axis, or polar radius, - ~ CP, 
c = the compression of the earth, 
e = the eccentricity of the meridian. 
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By the compression is meant the difference of the equatorial 

and polar radii expressed m paits 
u of the equatorial radius as unity, or 



The eccenti icily of the meridian is 
the distance of either focus from 
the centie, also expiessed m parts 
of the equatorial radius, or, in 

Fig 11, 


CF 

e ~ CE 

But, since PF= CE, we have, 


CF 2 PF' 2 — PC 2 _ PC' 2 
CW~~ CE 2 CE 2 


that is, 

e ’ = l-- = l-(l-<0 J 


or 

a 2 

(81) 

e = j/2c — c l 


By a combination of all the most leliable measuies, Bessel 
deduced the most piobable foim of the spheroid, or that which 
most neaily repiesents all the obseivations that have been made 
m different parts of the woild He found* 


or 


whence, by (81), 


b 298 1528 

a ~ ~ ° ~ 299 1528 

1 

° — 299 1528 
e = 0816967 


log e = 8 912205 log /(l — ee) = 9 9985458 


* Astronomische Nachnchten , No 438 See also Encke’s Tables of the dimensions 
of tbe terrestual spheroid in the Jahrbuch for 1852 
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The absolute lengths of the semi-axes, according to Bessel, are, 

a = 6377397.15 metres = 6974532.84 yds. = 3962.802 miles 
b = 6356078.96 “ = 6951218.06 “ = 3949.555 “ 


81. To find the reduction of the latitude for the compression of the 
earth. 

Let A, Pig. 11, be a point on the surface of the earth; AT the 
tangent to the meridian at that point; AO , perpendicular to AT, 
the normal to the earth’s surface at A. A plane touching the 
earth’s surface at A is the plane of the horizon at that point 
(Art. 3), and therefore AO, which is perpendicular to that plane, 
represents the vertical line of the observer at A. This vertical 
line does not coincide with the radius, except at the equator and 
the poles. If we produce CJE, OA , and CA to meet the celestial 
sphere in E', Z, and Z f respectively, the angle ZO'E' is the 
declination of the zenith, or (Art. 7) the geographical latitude , and 
Z is the geographical zenith; the angle Z f CE r is the declination 
of the geocentric zenith Z f , and is called the geocentric or reduced 
latitude; and ZAZ ' = GAO is called the reduction of the latitude. 
It is evident that the geocentric is always less than the geogra- 
phical latitude. 

How, if we take the axes of the ellipse as the axes of co-ordi- 
nates, the centre being the origin, and denote by x the abscissa, 
and by y the ordinate of any point of the curve, by a and b the 
semi-major and semi-minor axes respectively, the equation of 
the ellipse is 

1 


If we put 

<p == the geographical latitude, 

<p r = the geocentric u 

we have, since <p is the angle which the normal makes with the 
axis of abscissa, 


, dx 

tan <p ==: 

dy 

and from the triangle ACB, 


Vol. I.— 7 


tan f = — 
x 
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Differentiating the equation of the ellipse, we have 

y 6 a dx 

x a 1 dy 

°r 

tan <?' = — tan <p — (1 — e 3 ) tan <p (82) 

a‘ 

which determines the relation between <p and <p f 

To find the difference <p — <p', oi the reduction of the latitude, 
we have reeouise to the geneial development m senes of an 
equation of the foim 

tan % = p tan y 


which [PI Trig Art 254] is 

x — y = q bin 2y + i <Z 2 sm + & c 

in which 

P — 1 

ff= TTi 

Applying this to the development of (82), we find, aftei divid- 
ing by sin 1" to reduce the teims of the senes to seconds. 


9 

in which 


2 = 


sin 1" 

p — 1 1 


sm 2 <p 


3 — sin 4 <p — &c 


2 sm 1" 

- 1 


( 88 ) 


'p + 1 l-e* + l 
Employing Bessel’s value of e, we find 

y nnnit tyc *1 


=690" 65 — 


= — 1 " 16 


sm 1" ” 2 sin 1" 

and, the subsequent teims being insensible, 

9 — 9 ' = 690" 65 sm 2? — 1" 16 sin 4 <p (88*) 

by which <p — <p' is leadily computed foi given values ot cp Its 
value will be found in our Table III V ol II for any given 
value of ip 


Example — Emd the i educed latitude when <p = 35° "W e find 

by (83), oi Table III , 

<p — <p' = 648" 25 = 10' 48" 25 
and hence the reduced or geocentric latitude 
9 ’ = 3i° 49' 11" 75 
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82. To find the radius of the terrestrial spheroid for a given latitude. 
Let 

p = the radius for the latitude tp — AO. 

We have 

P = V * 2 + f 

To express x and y in terms of we have from the equation of 
the ellipse and its differential equation, after substituting 1 — e* 

for 

y l 


X 2 + 


1 — 6 2 


= a 2 


y 


= (1 — e 2 ) tan <p 


from which by a simple elimination we find 

a cos c o 

% — 

]/(l — e 2 sin 2 ^) 

__ (1 — e 2 ) a sin ^ 

^ ]/(l — e 2 sin 2 ^) 

and hence 

^ /[I — 2 e 2 sinV + <3 4 sin>] ^ 

f ' “ V [ 1 - e . ainv J (W 

by which the value of /> may be computed. The logarithm of 
o, putting a = 1, is given in our Table III. Vol. II. 

But the logarithm of p may be more conveniently found by a 
series. If in (84) we substitute 

« 2 = 1 -r 

sin 2 <p = J (1 — cos 2 <p) 

■we find, patting a = 1, 

ri +r ■+ (i -n cos i 9 


■>/ 


2/1 

Ll +/ 2 ■+ (1 — / 2 ) cos 2 d 


i+/n( i' •<; :.r)'- 

Now /PI. Trig. Art. 260) if we have an expression of the form 
X -- j/(l + m l — 2m cos <7 ) (A) 
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we have, 'll M = tine modulus of the common system of logo- 
lithms, 


I0& X = — 31 ( iu cos 0 -j- 


m‘ cos 2 0 , m' cos 3(7 


+ ^ tc ^ £ + &c ) (£) 


h) which we may develop the logarithms of the numeiatoi and 
denominator of the above radical 
Hence we find 


log p = log + M 


1 -f*/ 


/ m 2 — rn'- . 

I (m — m!) cos 2 <p cos 


m> — m 

-| COS 0? 


— &C j 


m which we have 


put for brevity 


m 


1 — P 

i+r- 


m' = 


1 -/ 

1 +/ 


Restoring the value of / = i/(l - e 2 ) and computing the 
numerical values of the coefficients, we find 


log p = 9 9992747 + 0 0007271 cos 2 <? — 0 0000018 cos 4 9 (851 


as given by Enure m the Jalirbuch foi 1852 

The values of p and <p' may also be determined under another 
form which will hereafter be found useful 
We have m Eig 11, (> sin <p' = y, (> cos <p‘ ' — " , or 


p sm <p f — 
p cos <p f = 


a (1 — e 2 ) sm <p 
l/(l — e 2 sin* 5 <p) 
a cos <p 
l/(l — e 2 sm 2 


C8G) 


which may he put under a simple form by introducing an auxi- 
liary so that 

sm 4- = e sm <p 1 

p sm <p r = a (1 — e 2 ) sm sec 4 V (87) 

jo cos <p r — a cos <p sec 4 J 


We can also deduce from these, 

p sin {<p — <p r ) = i ae 2 sin 2 sec 4 
^ cos (9? — <p r ) = a cos 4 
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Hence, also, the following: 

77) (89> 

83. To find the length of the normal terminating in the axis, for a 
given latitude. 

Putting 

N = the normal = AO (Pig. 11)* 
we have evidently 

N = ^ (90) 

cos <p \/(\ — e- sin' 2 <f) 

or, employing the auxiliary 4 of the preceding article, 

JV — a see 4 


84. To find the distance from the centre to the intersection of the 
normal with the axis. 

Denoting this distance by ai (so that i denotes the distance 
when a — 1), we have in Fig. 11, 

ai a= CO 

and, from the triangle A CO, 


or, by (88), 


P sm (<f — /) 

ai = — — 

cos <p 


ae 2 sin <p n , 

ai — — — - — v ae 1 sm <p see 4 

■j/(l — e* sin 2 <p) r ^ 


(91) 


85. To find the radius of curvature of the terrestrial meridian for a 
c liven latitude . — Denoting this radius by Ji, we have, from the dif- 
ferential calculus, 

ji = 

d>; y 

where we employ the notation D x y, Df \j to denote the tirst 
and second differential coefficients of y relatively to x. We 
have from the equation of the ellipse 


T>,y 


b ' 1 

a 2 


x 

~y 




If 
a 2 if 
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whence 

„ («Y +&***)* 

R — a*¥ 

Observing that b 2 = a?{ 1 - c 2 ), we find, by substituting the value? 
ot x and y in terms of <p (p 99), 

R 0 ~ e H (92) 

(1 — e 2 Bin* y>)$ 

Example — Find the radius of cuivatuie foi the latitude of 
Greenwich, <p = 51° 28' 88" 2, taking a = 6377 397 meti es We 

^ 1U< ^ JR == 6B7B850 meties 

86 Abnoimal deviations of the plumb line —Granting the goo- 
metucal figuie of the eaith to be that of an ellipsoid of i evolu- 
tion whose dimensions, taking the mean level of the sea, aic as 
given m Ait 80, it must not be inferied that the dneetion of the 
plumb line at any point of the surface always coincides piecisely 
noth the nonnal of the ellipsoid It w'ould do so, indeed, it the 
eaith were an exact ellipsoid composed of peifectly homoge- 
neous mattei, or if, ongmally homogeneous and plastic, it has 
assumed its present foim solely undei the influence of the 
attraction of gravitation combined with the rotation on its axis 
But expenence has shown* that the plumb line mostly deviates 
fiom the noi mal to the legular ellipsoid, not only towaids the 
noith or south, but also towards the cast oi w r est , so that the 
apparent zenith as indicated by the plumb line diftois ftoni the 
true zenith coriespondnig to the normal both m decimation and 
light ascension These deviations are due to local m ogulanties 
both in the figure and the density of the earth Then amount is, 
hoivever, very small, seldom reaching moie than 3" of aic in 
any dneetion 

In older to eliminate the influence of these deviations at a 
given place, obseivations aie made at a numbei of places as 
lieaily as possible symmetncally situated aiound it, and, as- 
suming the dimensions of the general ellipsoid to be as w T e have 
given them, the direction of the plumb line at the given place is 
deduced from its direction at each of the assumed places (by 


* U S Coast Survey Kepoit foi 185o, p 14* 
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the aid of the geodetic measures of its distance and direction 
from each) ; or, which is the same thing, the latitude and longi- 
tude of the place are deduced from those of each of the assumed 
places : then the mean of all the resulting latitudes is the geodetic 
latitude , and the mean of all the resulting longitudes is the geodetic 
longitude, of the place. These quantities, then, correspond as 
nearly as possible to the true normal of the regular ellipsoid; 
the geodetic latitude being the angle which this normal makes 
with the plane of the equator, and the geodetic longitude being 
the angle which the meridian plane containing this normal 
makes with the plane of the first meridian. The geodetic lati- 
tude is identical with the geographical latitude as we have defined 
it in Art. 81. 

The astronomical latitude of a place is the declination of the 
apparent zenith indicated by the actual plumb line ; but, unless 
when the contrary is stated, it will be hereafter understood to be 
identical with the geographical or geodetic latitude. 

It has recently been attempted to show that the earth differs 
sensibly from an ellipsoid of revolution;* but no deduction ol 
this kind can bo safely made until the anomalous deviations of 
the plumb line above noticed have been eliminated from the 
discussion. 


CHAPTER IT. 

REDUCTION OP OBSERVATIONS TO THE CENTRE OP THE EARTH. 

87. The places of stars given in the Ephemeridos are those in 
which the stars would be seen by an observer at the centre of 
the earth, and are called geocentric , or true, places. Those observed 
from the surface of the earth are called observed, or apparent, 
places. 

It must he remarked, however, that the geocentric places of 
the Ephemeris arc also called apparent places when it is intended 


* A sir. y<tch. No. 1808, 
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to distinguish them from mean places, a distinction which will 
be considered heieafter (Chap XI ) 

It will also be noticed that we frequently use the teims tnte 
and apparent as relatne teims only, as, foi example, m ti eating 
of the effect of paiallax, the place of a star as seen fiom the 
centre of the eaith may be called tiue, and that m which it 
would be seen from the surface of the eaith weie there no 
atmosphere, may m relation to the foimer be called appaient, 
but m considering the effect ot refi action, the stai s place as it 
would be seen fiom the suiface of the eaith weie tlicie no atmo- 
sphere may be called tiue, and the place as affected by the le- 
ft action may in relation to the formei be called appaient, and 
similarly m other cases. 


PARALLAX 

88 The parallax of a stai is, m geneial, the difference of the 
directions of the stiaight lines diawn to the stai fiom two different 
points The difference of direction of two stiaight lines being 
simply the angle contained between them, we may also define 
paiallax as the angle at the stai contained by the lines diawn to 
the two points fiom which it is supposed to be viewed 

In astronomy we frequently use the teim paiallax to expiess 
the difference of altitude or of zenith distance ot a stai seen 
fiom the suiface and the centie of the eaith xespeetnel) , 
and, m oidei to express paiallax in lespect to othoi co-ouh- 
nates, pioper qualifying terms aie added, as a paiallax m decli- 
nation, ’’ &c 

Assuming (at first) the eaith to be a sphere, let A, Fig 12, be 
the position of the obseivei on its smi ace, 
C the centie, CAZ the vertical line, and S a 
stai within a measui able distance CS from 
the centie AH', a tangent to the suiface 
at A, and CH, paiallel to it, diawn through 
the centie, may each be regarded as lying 
m the plane of the celestial hoiizon (note, 
p 19) The true oi geocentnc altitude of 
the star above the celestial lionzon is then 
the angle SC II, and the appaient altitude is 
the angle SAH ' In this case the directions of the star from 0 

and ft om A are compaied with each othei bj referring them to tw< 


Pig 12 
s 





H 
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fines which have a common direction, i.e. parallel lines. But a 
still more direct method of comparison is obtained by referring 
them to one and the same straight line, as CAZ, Z being the 
zenith. ¥e then call ZCS the true and ZAS the apparent 
zenith distance, and these are evidently the complements of the 
true and apparent altitudes respectively. 

In the figure we have at once 

ZAS— ZCS = ASC 

that is, the parallax in zenith distance or altitude is the angle 
at the star subtended by the radius of the earth. When the star 
is in the horizon, as at H', the radius, being at right angles to 
AH', subtends the greatest possible angle at the star for the same 
distance, and this maximum angle is called the horizontal parallax. 
The equatorial horizontal parallax of a star is the maximum angle 
subtended at the star by the equatorial radius of the earth. 

89. To find the equatorial horizontal parallax of a star at a given 
distance from the centre of the earth. 

Let 

7t = the equatorial horizontal parallax, 

A = the given distance of the star from the earth’s centre, 
a — the equatorial radius of the earth, 

we have from the triangle CAII' in Fig. 12, if CA is the 
equatorial radius, 

sin* = 2 (93) 

£ j 

The value of tt given in the Ephemeris is always that which is 
given hy this formula when for J we employ the distance of the 
star at the instant for which the parallax is given. 

90. To find the parallax in altitude or zenith distance , the earth being 
regarded as a sphere. 

Let 

C = the true zenith distance = ZCS (Tig. 12), 

C' = the apparent zenith distance = ZAS, 
p = the parallax in alt. or z. if = CSA. 
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The tnangle SAC gives, obseivmg that the angle SAC 
= 180 ° — 

sin p a 


01 , 

sin = sm (C' — O = sm tt sm C' (94) 

If we put 

7i = the trae altitude, 
h! = the appaient altitude, 

then it follows also that 

sm p = sin (Ji — h ') = sm 7r cos A' (95) 

Except in the case of the moon, the parallax is so small that we 
may consider n and p to be pioportional to then sines [Id Trig 
Ait 55] , and then we have 

p = 7T sm £' = * cos W (96) 

Since when £' = 90° we have sm £' = 1, and when f ' -- 0, sin 
f ' = 0, it follows that the parallax is a maximum when the stai 
is m the honzon, and zeio when the star is m the zeiath 

Example — Given the apparent zenith distance of Venus, 
= 64° 43', and the honzontal parallax it — 20' 1 0, hud the 
geocentnc zenith distance 

C' = 64° 43' 0"0 

p= 18 1 

C = 64 42 41 9 

When the tiue zenith distance is given, to compute the paial- 
lax, we may fiist use this true zenith distance as the apparent, 
and find an approximate value of p by the formula p = re sm f , 
then, taking the approximate value of f ' = £ + p, we compute a 
m oi e exact value of p by the formula (94) oi (96) This second 
appioximation is unnecessaiy m all cases except that of the 
moon, and the paiallax of the moon is so gieat that it becomes 
necessaiy to take into account the true figme of the earth, as m 
the following moie general investigation of the subject 

91 In consequence of the spheroidal figure of the earth, the 
\citieal line of the obseivei does not pass thiough the centre, 
and therefoie the geocentnc zenith distance cannot he dueetH 

w f* 


log* 130L0 
log sin £' 9 9563 
log p f2573~ 
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referred to this line. If, however, we refer it to the radius drawn 
from the place of observation (or CAZ', Fig. 11), the zenith dis- 
tance is that measured from the geocentric zenith of the place; 
whereas it is desirable to use the geographical zenith. Hence 
we shall here consider the geocentric zenith distance to be the 
angle which the straight line drawn from the centre of the earth 
to the star makes with the straight line drawn through the centre 
of the earth parallel to the vertical line of the observer. These two 
vertical lines are conceived to meet the celestial sphere in the 
same point, namely, the geographical zenith, which is the 
common vanishing point of all lines perpendicular to the plane 
of the horizon. Thus both the true and the apparent zenith 
distances will be measured upon the celestial sphere from the 
pole of the horizon. 

The azimuth of a star is, in general, the angle which a vertical 
plane passing through the star makes with the plane of the meri- 
dian. When such a vertical plane is drawn through the centre 
of the earth, it does not coincide with that drawn at the place of 
observation, since, by definition (Art. 3), the vertical plane passes 
through the vertical line, and the vertical lines are not coincident. 
Hence we shall have to consider a parallax in azimuth as well as 
in zenith distance. 

92. To find the parallax of a star in zenith distance and azimuth 
when the geocentric zenith distance and azimuth arc given, and the earth 
is regarded as a spheroid .* 

Let the star he referred to three co-ordinate planes at right 
angles to each other : the first, the plane of the horizon of the 
observer; the second, the plane of the meridian; the third, the 
plane of the prime vertical. Let the axis of x he the meridian 
line, or intersoetion of the plane of the meridian and the plane 
of the horizon; the axis of y, the east and west line ; the axis 
of z, the vertical line. Let the positive axis of x bo towards the 
south; the positive axis of y, towards the west; the positivo 
axis of z, towards the zenith. Let. 

J' = the distance of the star from the origin, which is 
tho place of observation, 

C — tho apparent zenith distance of the star, 

A' = the apparent azimuth “ “ “ 


*The investigation which follows is nearly tho sum© an that of Ouikrm, to whom 
the method itself is due. 
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then, x f y', z f denoting the co-ordinates of the stai m this system, 
we have, by (39), 

x r = J' sm £' cos A f 
\j = A' sm J' sm A' 
z' = J' cos Z r 

Again, let the stai be lefeired hy lectangulai co-oidmates to 
another system of planes paiallel to the foimei, the ongm now 
being the centie of the eaith In the celestial sphere these 
planes still lepiesent the horizon, the mendian, and the pnme 
vertical If then m this sj stem we put 

A = the distance of the stai fiom the ongin, 

C = the tiue zenith distance of the stai, 

A = the tiue azimuth “ a 

and denote the co-oidmates of the star m this system by 2 , y, 
and z, we have, as befoie, 

x = J sin C cos A 
y = J sm £ sm A 
z = J cos C 

Now, the co-oidmates of the place of observation 111 this last 
system, being denoted by a, b , c, we lia\ e 

a = p sm (<p — (p ') 6 = 0 c = p cos ( <p — <p') 

in which p — the earth’s radius foi the latitude <p of the place of 
observation, and <p f is the geocentric latitude, <p — <p r being the 
reduction of the latitude, Ait 81 , and the formulae of tiansfomni- 
uon fiom this second system to the first aie (Ait 33) 

x =z x* a y — y f b z = z' -f- c 
or, x' = x — a \j —y — b z f = z — c 

whence, substituting the above values of the co-oidmates, 

A f sm £' cos A! = A sm f cos A — p sm Qp ~ <p r ) ^ 

A' sm £' sm A! = A sm f sm A > (97) 

A f cos C' = A cos C — p cos (<p — <p') ) 

which are the general lelations between the true and appaient 
zenith distances and azimuths All the quantities m the second 
members being given, the first two equations determine J'sm 
and A f , and then fiom tins value of J'sm £', and that of J'cos C 
given by the thud equation. A* and are determined 
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But it is convenient to introduce tlic horizontal parallax 
instead of A . Bo r, if we put the equatorial radius of the earth 
= 1, we have 

sin 7T = — 

J 


and lienee, if we divide the equations (97) by J, and put 



we have 

/ sin {' cos A! == sin £ eos A — p sin tt sin (<p — y') 

/ sin £' sin A! = sin C sin A 

f cos f' = eos JT — p sin r eos (<£ — ) 

To obtain expressions for the difference between £ and £' and 
between A and A\ that is, for the parallax in zenith distance 
and azimuth, multiply the first equation of (98) by sin A, the 
second hy cos A, and subtract the first product from the second; 
again, multiply the lirst by cos A , the second hy sin A, and add 
the products: we find 

/ sin C' sin (A! — A') = p sin r sin (<p — /) sin A \ 

/ sin £' cos (A r — A) = sin C — /> sin w sin O — <p r ) eos A j 



Multiplying the first of these by sin | (A f — /l), the second by 
eos | (A? — -4), and adding the products, we find, after dividing 
the sum by eos % (. A 9 — M), 


f sin £' = sin f — p sin tt sin (jp — <p r ) 


cos .j ( A f + A) 
cos l (A f — A) 


which with the third equation of (98) will determine 
If we assume r such that 

cos l (A* A ) 

to. r = ton C. — ) — r ^- r — 

w T e have the following equations for determining £' : 


( 100 ) 


/sin £' = sin f — p sin tt cos (y — /) tan r \ ^ 

f cos C' = eos C — sin tt cos — /) / ^ ^ 

which, by the process employed in deducing (99), give 


/ sin (£' — C) = p sin x eos (y> — y') 
/ eos (£' — C) = 1 — /> sin tt cos — ^') 


sin (C — 
COS y 

cos (£ — 


r) 

r) 


( 102 ) 


cos y 
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B\ multiplying the first of these by sm J (£' — £), the second 
by cos b (£' — £), and adding the pioducts, we find, after dividing 
by cos 1 (£' — C), 


, 1 P sm 7T CO S (y — y') c os [j (C ; + C) — r] 

cos y cos i (£' — 0 

oi multiplying by J, 

= j P cos (g — y ; ) c os [j (f + 0— r3 
cos ^ cos ] (Z r — C) 


(103) 


The equations (99) determine ligoiously the paiallax in 
azimuth, then (100) and (102) deteimme the paiallax m zenith 
distance, and (103) the distance of the star fiom the obseivei 
The i elation between A and A ' ma\ be expiessed undei a moie 
simple foini By multiplying the fiist of the equations (101) In 
cos y% the second by sm the difference of the products gives 


sm C' — y) 


(104) 


93 The preceding foimulce may be developed m series 
Put 

P sm t r sin (<p — <p') 

m = f — — 

sm C 


then (99) become 


whence 


/ sm sm (Al/ — A) = m sm f sm A 
/ sm f' cos ( A ' — it) = sm £ (1 — m cos J.) 


tan (A' — A) — ~ 


m sm J. 
— m cos 


-4 


(105) 


and therefore [PI Tug Art 258], A’ — A being m seconds, 


A’ — A = 


m sin A , m'smSi , m s sin3d 


+ 


sin 1" 2 sin 1" 

To develop j in series, we take 


r,7 + 


+ &c (106) 
3 sm 1 k ' 


, , . , N cos 4- l (A’ — A)~\ 

tan r = tan (<p — <*') ± J v — — — 

cos J (A — A) 

— tan (^ — o') [cos A — sm J. tan ) (A' — 4)] 
whence, by interchanging ares and tangents according to the 
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formula; tan- 1 y = y~ J y’ + &c. ? tan x = x + J z 3 + &c. [PI. 
Trig. Arts. 209, 213], 


y = (9 — <p r ) cos A 


Qp — <p r y p sin x gin 2 A sin 1" 
2 sin X 


-f- <&e. 


(107) 


where the second term of the series is multiplied bv sin 1" 
because y and tp — tp* are supposed to be expressed in seconds. 
Again, if we put 


we find from (102) 

tan (: 


p sin 7 r cos (jtp — <p f ) 
COS y 


0 = 


n sin (C — y) 

1 — n cos (C — y) 


(108) 


whence, — £ being in seconds, 

* ^0' 8in C~-.r) , w’BinaC-r) »*sin8(C- r ) 

' Binl" + 2 sin 1" + “Trial" +& °‘ (1 ° 9) 


Adding the squares of the equations (102), we have 
P -- (j) — . l-2« cos (! — r ) -f m s 
whence [equations (A) and (U), Art. 82] 

log J' --- log J — AT. l cos { X — y) + n ~ 0B — + &c. j (110) 


where Jf~ the modulus of common logarithms. 

94. The second term of the series (107) is of wholly inappre- 
ciable effect; so that we may consider as exact the formula 

y ~ (<p — tp r ) cos A (111) 


and the rigorous formula* (105) and (1.08) may be readily com- 
puted under the following form : 

Put 

. . p sin 7 r sin (<p — <p') cos A 

sin ft = m cos A = *— — — — — 

sin C 

then 

tan ( A f — A) = = tan ft tan (45° 4- } ft) tan A 

1 — sin ft v ^ J 


(112) 
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Put 

sm 

then 


Example — In latitude ^> — 38° 59', given for the moon, A = 
320° 18', f = 29° 30', and x — 58' 37" 2, to find the paiallax m 
azimuth and zenith distance 

We have (Table III ) for <p = 38° 59', <p — <p r = IP 15", log p 


= 9 999428 lienee by (111) r — 

= 8' 89", 8 and £ — y = 

29° 21' 

20 ;/ 7 , with which we proceed by (112) and (113) as follows 

log p sm 7r 8 23118 

log p sm 77 

8 231179 

log sm ( (ft — <(>') 7 51488 

log COS ((j) — (j)') 

9 999998 

log cosec £ 0 30766 

log sec y 

0 000001 

log cos A 9 88615 

log cos (C — y) 

9 940313 

& = 18", log sm i? 5 93987 ■&'= 

51' 1 " 5, log sm 

8 171491 

log tan $ 5 93987 

log tan 

8 171539 

log tan (45° + £#) 0 00004 

log tan (45° + $ #') 

0 006446 

log tan A rc9 91919 

log tan (C — y) 

9 750087 

log tan (A’ — A) no 85910 

log tan (£' — C) 

7 928072 

A' — A ---- — 14" 91 

P— C = 

= 29' 7" 79 

A' — 320° 17' 45" 09 

f = 29° 59' 7" 79 


It is evident that we may, without a sacufice of accuracy, 
omit the factors cos (<p — <p r ) and cos y m the computation of sm d' 

If we neglect the compression of the eaith m this example, 
we find by (94) £' — - £ = 29' 17" 9, which is 10" m enor 

95 To find the paiallax of a star in zenith distance and azimuth 
when the apparent zenith distance and azimuth are given , the eaith 
being regarded as a spheroid 

If we multiply the first of the equations (101) by cos f ' and the 
second by sm the difference of the products gives 

sm g __ C ) == t &m Tl cos (spzzhH sm Q?—r) 

cos y 

for which, since cos (<p — <p r ) and cos y are each neaily equal to 
unity, we may take, without sensible eiror, 

sm (£' — C) =p sm i: sm (" — y) 


n cos (C — y) = 
tan (" — f) = 


P sm 7c cos ( <p — <p f ) cos (C — y) 
cos y 

sm & tan (C — y) 

1 — sm 

tan tan (45° + i &') tan (f — Y)l 


( 113 ) 


(1141 
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in which y has the value found by ( 111 ), or, with sufficient accu- 
racy by the formula 

y = ($0 — 9 ?') cos A' (115) 

Again, if we multiply the first of the equations (98) by sin A f 
and the second by cos A\ the difference of the products gives 


sin (. A ' — A) ; 


p sin 7 r sin — $ 0 ') sin A' 
sin C 


(116) 


to compute which., £ must first be found by subtracting the value 
of the parallax £' — £, found by (114), from the given value of £'- 

Example. — In latitude <p = 38° 59', given, for the moon A 1 => 
820° 17'45".09, £' = 29° 59' 7".79, tt = 58' 37". 2, to find the 
parallax in zenith distance and azimuth. 

We have, as in the example Art. 94, c — <p' — IV 15", log p 
= 9.999428, y = (<p — f') cos A! = 8' 39". 3, £' — p = 29° 50' 28". 5 ; 
and hence, by (114) and (116), 


log p sin ff 8.231179 

log sin (C' — y) 9.696879 

log sin (£' — C) 7.928058 

C — c= 29' 7".79 

C= 29° 30' 0" 


log sin * 8.23118 

log sin (91 — ?>') 7.51488 

log sin A! «9. 80538 

log cosec £ 0.30766 

log sin (A~^l)ft5.85910 
A' — A — — 14".91 
A = 320° 18' 0" 


agreeing with the given values of Art. 94. 


96. For the •planets or the sun, the following formulte are always 
sufficiently precise : 


— C = pit sin (t' — r) 

A' — A — pTt sin (p — 55 ') sin A' eosec V 



and in most eases we may take £' — £ = iz sin £', and A' —A — 0 . 

The quantity pn is frequently called the reduced parallax , and 
n — /w = (1 —p)~ the reduction of tlic equatorial parallax for the 
given latitude; and a table for this reduction is given in some 
collections. This reduction is, indeed, sensibly the same as the 
correction given in our Table XIII., which will he explained 
more particularly hereafter. Calling the tabular correction ax, 
we shall have, with sufficient accuracy for most purposes, 

pn — 7T A 7 1 


vol. r.— s 
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97 The picceding mcihods of computing the paiallax enable 
us to pass directly from the geocentne to the apparent azimuth 
and zenith distance There is, however, an indirect method 
which is sometimes moie convenient Tins consists m 1 educing 
both the geocentne and the appaient co-oidmates to the point in 
which the icrticcd line of the obsener intei &e<t* the axis of the earth I 
shall buefly designate this point as the point 0 (Fig 11). 

We may suppose the point Oto he assumed as the centie of 
the celestial spheie and at the same time as the centre of an 
lmaginaiy tenestrial sphere described with a radius equal to the 
noimal OA (Fig 11) Since the point 0 ns in the vertical line of 
the obseivei, the azimuth at this point is the same as the appa- 
lent azimuth If, therefore, the geocentne co-oidmates me hi st 
leduced to the point 0, we shall then avoid the paiallax m 
azimuth, and thepaiallax in zenith distance will be found hj the 
simple foi inula foi the earth regarded as a sphere, taking the 
normal as ladius 

Since the point 0 is in the axis of the celestial spheie, the 
stiaight line drawn fiom it to the star lies m the plane of the 
decimation cnele of the stai , the place of the star, therefore, as 
seen fiom the point 0, differs from its gooeentnc place only m 
declination, and not m right ascension We have then only to 
find the leduction of the decimation and of the zenith distance 
to the point 0. 


Fig 13 



1st To reduce the declination to the point 0 — Let 
_PP\ Fig 13, be the eaith’s axis, C'the centie, 
0 the point m which the vertical line or nonnal 
of an ohseiver m the given latitude <p meets the 
axis, S the stai We have found foi CO the 
expression (Art 84) 

CO = ai 


m which a is the equatorial radius of the eartn, 
and 


e 2 sm <p 

x — - 

-|/(1 — e 2 sm 2 <f) 

Let 


A = the star’s geocentne distance = R(\ 

A ± = the stai’s distance fiom the point 0 — aS'O, 

h = the geocentne decimation = 90° — P(\ S', 

K = the decimation reduced to the point 0 = 90° — POti 
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then, drawing SB perpendicular to the axis, the right triangles 
SCJB and SOB give 


J, sin 5, = A sin 6 + ai 
A x cos 8 X = A cos <S 

which determine A x and S v From these we deduce 

A } sin (5, — <5) = ai cos -5 
A t cos (5, — a) = A -f ai sin a 


} (H8) 
} (1W) 


which determine A l and the reduction of the declination. If we 
divide these by A, and put 




4 

J 


sin 7T = 


a 


in which 7 c denotes, as before, the equatorial horizontal parallax, 
they become 


whence 


f t sin — 8) = i si n ir cos <5 
J\ cos (r\ — 8) = 1 + i sin k sin 8 


tan — 8) = 


i sin 7r cos 8 
1 -|- i sin r sin <5 


or in series [PI. Trig. Art. 257], 


i sin 7r cos 8 
sin 1" 


(i sin tt) 2 sin 2 5 ; ^ 
2 sin 1" 


JBut since the second term of the series involves i 2 and conse- 
quently e\ and this is further multiplied by the small factor sin 2 r, 
the term is wholly inappreciable even for the moon ; and, as 
the first term cannot exceed 25" in any case, we shall obtain ex- 
treme accuracy by the simple formula 

d l — 8 = 1 7T COS 8 (120) 

The value of A v is found from (119), by the same process as 
was used in finding J' in (103), to be 


A ± — A J 1 -f i sin 7 t 


sin $ (8 t + 8) 


} 


COS l (8 % — 8) 

or, on account of the small difference between 5 l and 
A x = A (1 + i sin k sin K) 


(121) 
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As 8 l - o is so small, it may be accuiately computed with 
loganthms of forn decimal places, and it will be convenient to 
substitute for i the foim 


m which 


i = A sin 0 


A = 


e* 

|/ (1 — e 2 sm 2 <p) 


The value of log A may then be taken from the following 
table with the argument <p == the geographical latitude 


$ 

log A 

0° 

7 8244 

10 

7 8245 

20 

7 8246 

30 

7 8248 

40 

7 8250 

50 

7 8253 

60 

7 8255 

70 

7 8257 

80 

7 8258 

90 

7 8259 


We shall then compute 8 l — o And A x under the following 
foims 


d t — 8 = A 7T sm (p cos d 

A x = A (1 -f- A sm 7T sin <p sm d) 



If the value of it x has been found as below, we may take 
d ± — $ = e 2 t x sm (p cos d 


2d To find the parallax m zenith distance for the point 0 — Let 
ZAO , Fig 14, be the vertical line of the observei at 
Fx8 u The noima | jlo terminating m the axis being 

| denoted by IV, we have, by (90), 


B 


A 



l/(l — e 2 sm 2 <p ) 

But if m (84) we wnte e 4 sm 4 cp foi e 4 sm 2 <p, we have 
P = a ]/(l — e 2 sin 2 <p) 

and this value is sufficiently accurate foi the compu- 
tation of the paiallax m all cases If then we put 
a = 1, we have 


o 
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AO = iV r =- 

p 

If now in the vertical plane passing through the line ZO and 
the star S we draw SB perpendicular to OZ, and put 

? t = the zenith distance at 0 = SOZ 
?' = the apparent zenith dist. = SAZ 


the triangles OSB, ASB give 

d' cos ?' = d, cos ?, — - 

P 

A' sin ?' = dj sin ?j 

Dividing these equations by A v and putting 


d' 




sin 7T, 


1 

M 


they become 


/, cos ?' = cos ?, — sin Wj 
/, sin ?' = sin ? t 


from which we deduce 


/, sin (?' — ?,) = sin k x sin ? x 
f t cos (?' — ? t ) = 1 — sin ~! cos ?* 

sin TTj sin ? t 


tan (?' — Q = 


1 — sin x x cos Q 


and in series, 

?' — 

Or, rigorously, 


sin - i sin ?, , sin 2 sin 2 ? t 
sinT 7 2 sin 1" 


+ &c. 


sin d = sin cos ?, 

tan (?' — ?,) = tan d tan (45° -f- i d) tan ?, 


To find ff l we have 


(123) 


(124) 


(125) 


} ( 126 ) 


sm 7 r. 


or 


pd x pA(l-^A sin 7T sin <p sin <5) 
sin 7r 


sin 7T. 




/?(1 + ^ sin <p sin 9) 


(127) 
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But this very precise expression of tt 1 will seldom be required : 
it will generally suffice to take 

sin 7 r 

sin 7 T. — 

P 

7 r 

or * ! = ~ 

P 

which will be found to give the correct value of n v even for the 
moon, within 0".2 in every case. Where this degree of accu- 
racy suffices, we may employ a table containing the correction 
for reducing tt to tt v computed by the formula 

Table XIII., Yol. II., gives this correction with the arguments tt 
and the geographical latitude <p. Taking the correction from 
this table, therefore, we have 

7T 1 = 7T -f- A7T (128) 

M. To compute the parallax in zeni% distance for the point O i token 
the apparent zenith distance is given . 

Multiplying the first equation of (128) by sin £', the second by 
cos £', and subtracting, we find 

sin (C* — C t ) = — sin 
P A i 

or sin (£' — = sin tt 1 sin C' (129) 

If we denote the apparent altitude by h f and the altitude 
reduced to the point 0 by h v this equation becomes 

sin ( h 1 — h f ) — sin cos h f (180) 

Example. — I n Latitude ^ = 38° 59', given the moon’s hour 
angle t = 341° 1' 36 // .85, geocentric declination o = + 14° 39' 
24". 54, and the equatorial horizontal parallax ;r = 58 r S7".2, to 
find the apparent zenith distance and azimuth. 

The geocentric zenith distance and azimuth, computed from 
these data by Art. 14, are £ = 29° 30', A = 320° 18', which are 
the values employed in our example in Art. 94. To compute 
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by tlie method of tlie present article, we first reduce the declina- 
tion to the point 0 by (122), as follows : 


For <p = 38° 59' 

log A 

7.8250 

7T = 3517".2 

log - 

3.5462 


log sin p 

9.7987 

8 = 14° 39' 24". 54 

log cos 8 

9.9856 

8 = 14 .31 

8 t = 14° 39' 38". 85 

iogCi— 

S) 1.1555 


With this value of and t = 341° V 36". 85, the computation 
of the zenith distance and azimuth by Art. 14 gives for the 
point O 

C, = 29° 29' 47".67 A t = 320° 17' 45".09 

and this value of A l is precisely the same as A! found in Art. 94, 
as it should be, since the azimuth at the point 0 and at the 
observer are identical. 

We find from Table XIII. A7r = 4". 6, and hence tc y = 58' 37". 2 
+ 4". 6 = 58' 41". 8; and then, by (126), 


log sin n i 8.23232 
log cos 7, 9.93971 
* = 51' 5" log sin // 8. 17203 

log tan # 8.17208 
log tan (45° + i & ) 0.00645 
C t = 29° 29' 47".67 log tan 9.75258 

r — C t = 29 20 .03 log tan (C' — C t ) 7~93111 

7' = 29° 59' 7". 70 

agreeing with the value found in Art. 94 within 0".09. If we 
had computed n l by (127), the agreement would have been exact. 

98. To find the 'parallax of a star in right ascension and declination 
when its geocentric right ascension and declination are given. 

The investigation of this problem is similar to that of Art. 92. 
Let the star be referred by rectangular co-ordinates to three 
planes passing through the centre of the earth : the first, the 
plane of the equator; the second, that of the equinoctial colure ; 
the third, that of the solstitial colure. Let the axis of x be the 
straight line drawn through the equinoctial points, positive 
towards the vernal equinox; the axis of y, the intersection of 
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the plane of the solstitial colme and that of the equatoi, positive 
towaids that point of the equator whose light ascension is 90° , 
the axis of z 9 the axis of the heavens, positive towaids the 1101 th 
Let 

a = the s tax’s geocentxic light ascension, 

S = u cc decimation, 

A — “ u distance, 

then the co-ordinates of the star are 

X = A COS d COS a 
y = J COS o Sin a 
z — A sm o 

Again, let the stai he leferred to another system of planes 
paiallel to the first, the ongin being the obseiver The vanish- 
ing circles of these planes in the celestial spheie aie still the 
equator, the equinoctial coluie, and the solstitial coluie Let 

a = the star’s obseived light ascension, 

8' = “ “ decimation, 

A' — u distance from the observci, 

where by observed light ascension and decimation we now mean 
the values which differ from the geocentnc values by the paral- 
lax depending on the position of the obseiver on the suiface of 
the eaith The co-ordinates of the star in this system will be 

X r = A r COS 8' COS o! 
y f = A' cos S' sm a! 
z r = A' sm S' 

Now, if 

© = the sidereal time = the right ascension of the observci ? s 
meridian at the instant of obseivation, 
o' = the reduced latitude of the place of observation, 
p = the radius of the earth for this latitude, 

then ©, <p'j and p are the polar co-oidmates of the observer, 
entnely analogous to a, 8 , and A of the stai, so that the xectan- 
gular co-ordmates of the observer, taken m the first system, are 

a = p cos <p' cos 0 
h = p cos <p' sm 0 
c = p sm <p' 
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and for transformation from one system to tlie other we have 


x' = x — a } y r = y — 6, / = z — c. 

Hence 

J' COS S' COS aJ = A COS S COS a — p COS <p f COS 0 

zf cos S' sin a/ = A cos 8 sin a — p cos <p f sin 0 

zl' sin S' = A sin <5 — p sin <p* 


or, dividing by 4 and putting as before 


/ = 


zfi 

T 


1 

sin 7T = — - 

zj 


(131) 


/ COS (5' COS a' = COS COS a — p sill tt COS <p' COS 0 

/ cos S' sin of = cos 8 sin a — p sin - cos <p f sin 0 v (132) 

f $inj' = sin 8 — p sin - sin <p' ) 

From the first two of these equations we deduce 


/ cos S' sin (of - — a) == p sin - cos <p' sin (a — 0) 

/ COS S' COS (of — a) = COS <? — p sill ~ COB ip' COS (a — 0) 


(133) 


Multiplying the first of these by sin J (a/ — a), the second by 
cos I (a' — a), and adding the products, we find, after dividing by 
cos I (a' — a), 


Put 


/ cos S' = cos — 


P sin 7 r cos 9 ' cos [J (of -|- a) — 0 ] 

COS i (of — a) 


tan <p' cos l (<*/ — a) 

COS [£ (aT] 


(134) 


then we have, for determining <Y, 


f sin <S' = sin S — p sin tt sin <p' 
f cos <5' = cos S — p sin tc sin <p r cot y 

whence 

- . . , sin (8 — y) 

f sin Of — S) = p sin tt sin <p f 

; sin y 

f cos (S' — S) = 1 — p sin tt sin / — - — ■ — — 

81T1 y 

. A' sin (8 — y) 

A ~ sin (S' — y) 


} 


(135) 


(136) 

(137) 


The equations (133) determine, rigorously, the parallax in right 
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ascension, 01 <x' — a , (136) the parallax m decimation, or d' — d, 
and (137) detei mines J'. 

99 To obtain the developments m senes, put 


then from (133) we have 


, , , N m sm fa — A 

tan (a' — ») = = - — 7 

^ J 1 — mcos (a — 0) 


whence 


m sm (a — vo) m? sm 2 (a — 0) , p 

<*' — » = -^777 J - + + &C 


Putting 


we have from (1S6) 


sin 1" 2 sm 1" 

p sin it sm 


n = 


sm f 


fJS' ^ — W 8111 (£ ~ y> 

^ ^ 1 — n cos (3 — /-) 


whence 


1- - J = ? S1 !l g yj + »■ ■■ , + 

Bin 1 2 sm 1" 1 


(138) 


(139) 


(140) 

(141) 


100. The quantity a — © is the hour angle of the stai east of 
the meridian According to the usual practice, we shall reckon 
the horn angle towards the west, and denote it by % or put 


t = © — a 


and then we shall write (138) and (140) as follows : 


tan (a — a') = 


m sm t 
1 — m cos t 


tan (<5 - a') = 

1 — n COS (y — 8) 

The rigorous compntation will he conveniently performed by 
the following formula? 



sin & = m cos t — 
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p sill ~ COS <p* cos t 
cos 5 


tan (a — a/) = tan ft tan (4:5° -f~ *] ft) tan t 

tan <p r cos § (a — a') 
tan r — — — 

COS [jf — |- '2' (ot cx/)) 

/> sin 7r sin <p ' cos (j - 
sin y 

tan (S — ft) = tan ft' tan (45° + £ ft 1 ) tan (j — ft) 


sin ft! =. n cos (j — ft) 
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*) 


101. Except for the moon, the first terms of the series (180) 
and (141) will suffice, and we may use the following approxi- 
mations : 


a — a 


px cos <p f sin t 
cos 


tan y 


tan <p f 
cos t 


d _ g _ />* Bin y>' ain Q — S) 
sin y 


( 143 ) 


If the star is on the meridian, we have t = 0, and hence 
y = <p' : and 

o — o f ™ pn gin (<p r — $) 

Since in the meridian we liave £ (p — <\ it is easily seen 
that £' — C found by (108) and <9' — £ found by (140) will then 
be numerically equal, or the parallax in zenith distance is n tuner ft 
call) equal to the parallax in declination when the star is on the meri- 
dian. 


102. To find ike ‘parallax of a star in right ascension. and declination , 
when its observed right ascension and declination are given. 

Multiplying the first equation of (132) by sin a', the second 
by cos a', and subtracting one product, from the other, we find 


. . P sill 7 r cos <r f sin (O — a) 

sin (ox — a ) =ZZ --••• — ■ — — — ~ 

V COB ft 


In like manner, from (135) we deduce 
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p sin 7C sm <£>' sin (y — o') 

sin (S — S') = L 

sm y 

We have here © — - a/ equal to the apparent or observed hour 
angle , and hence, putting 

t r — Q — a' 

the computation may be made undei the following form : 


, p sm tv cos <p' sm t' 

sm (a — a') = ~ 

COS d 

tan <p f COS 1 (a — a') 

COS \t' — 2 (a — a/)] 

sm (5 - 3') = £. ^* 8m y mn fr- y ) 



In the first computation of a — a' wc employ o' foi d The 
' 7 alue of a — a' thus found is sufficiently exact foi the compu- 
tation of y and 8 — o' With the computed value of d — o' we 
then find 8 and correct the computation of a — a' 


Example — Suppose that on a certain day at the Gieenwiclt 
Observatoiy the right ascension and declination of the moon 
were observed to be 

a' = 7* 41 m 20 s 436 
5' = 15° 50' 27" 66 

when the sidereal time was 

0 = 11* 17” 0* 02 

and the moon’s equatorial honzontal paiallax was 

x = 56' 57" 5 

Required the geocentric light ascension and declination 

We have for Gieenwich <p = 51° 28' 38" 2, and hence (Table III ) 
9 — 9' = IT 13" 6, <p' = 51° 17' 24" 6, log p = 9 9991134 The com- 
putation by (144) is then as follows . 
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ot' (in arc) = 116° 20' 6 ". 54 

log /> sin iv 

8.218377 

9 “ =169 

15 0 .80 

log cos <jf 

9.796142 

t'= 63 

54 53 .76 

log sin t' 

9.907489 

i (a - a') = 

14 55 .8 

(i) 

7.922008 

— J (a — a') = 53 

39 58 

log cos 6' 

9.983185 

log sec [Y — }(a — a')] 

0.227319 

App. log sin (< 

a — a') 7.938823 

log cos £ (a — a') 

9.99999G 

Approx, a — 

a' = 29' 51". 6 

log tan <p’ 

0.096133 

a) • 

7.922008 

log tan y 

0.323448 

log cos 6 

9.981835 

y — 64° 35' 68 " 

log sin (a — 

a') '7.940173 

i 

ii 

m 

1 45 30 

a — a' 

= + 29' 57".23 

log p sin 7 r 

8.218377 

a 

= 115° GO' 3". 77 

log sin <p' 

9.892275 


= 7 A 43 m 20'.251 

log sin (7 — <5') 

9.876181 



log cosec y 

0.044153 



log sin (<J — tf) 

8.030980 



<5 — J'= 4 * 36' 55". 24 



<J = 10° 27' 22". DO 




103. For all bodies except the moon, the second computation 
will never affect the result in a sensible degree, and we may use 
the following approximations : 


, _ ( >7Z C0S $ 8 * n ^ 
COM o' 
tan (p f 
cos f 


tan y : 

s — s' = H in Hi n fr ~ '!' } 


Hill Y 


(145; 


For the sun, planets, and comets, it is frequently more conve- 
nient to use the geocentric distance of the body instead of the 
parallax, or, at least, to deduce the parallax from the distance, 
the latter being given. This distance is always expressed in 
parts of the sun’s mean distance as unity. If we put 


% — - the sun’s moan equatorial horizon lal parallax, 
4> = the sun’s mean distance from the earth. 


we have, whatever unit is employed in expressing J, J, n and «, 


a 

Sill 7T :u: ... 

J 


Hill 7 T„ 
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whence 


sin 7r = ~ sm ?T n 


ancl when we take A 0 = 1, 


sin 7 r = 


sm 7 r 0 

A 


or 7r = 


(146) 


According to Encke’s determination 

tt 0 = 8" 57116 log tt 0 = 0 98804 

Example — Donati’s comet was observed by Mr James Fer- 
guson at Washington, 1858 Oct 13, 6 h 26 m 21 s 3 mean time, 
and its obseived right ascension and declination when collected 
foi i efraction were 

a' = 286° 48' 0" 5 
<$' = — 7° 36' 52" 8 


The logaiithm of the comet’s distance from the earth was log A 
= 9 7444 Required the geocentric place 
We have for Washington <p = 38° 53' 39" 3, whence, b> Table 
III , log p cos <p' = 9 8917, log p sm <p f = 9 7955 Com ortmg the 
mean into sideieal time (Ait 50), we find © = 19 7i 55 M 16* 98 
Hence, by (145) and (146), 


© == 298° 49' 2 
a' = 236 48 0 
t = 62 12 
log 7r 0 0 9330 

log A 9 7444 

log 7 r 1 1886 

log p7r cos tp f 1 0803 
log sin f 9 9460 

log sec d' 0 0038 

log (a - a')T()301 

a — a' = + 10" 7 


log tan <p f 9 9038 

log cos f 9 6713 

log tan y 0 2325 

r = 59° 39' 2 
r — d'= 67 16 1 

log pn sm <p r 0 9841 

log sm (y — <5') 9 9649 
log cosec y 0 0640 

log (5 — <$') ”10130 

d — <$' == + 10" 3 


Hence, foi the geocentne place of the comet, 


a = 236° 48' 11" 2 a = — 7° 36' 42" 5 


104 Pea allax m latitude arid longitude — Formulae simihu to the 
above obtain tor the pai allax in latitude and longitude We 
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hare only to substitute foi ©and^' (which arc the light ascension 
and decimation oi the geocentnc zenith) the conospondmg 
longitude and latitude ot tlie geocentric zenith (which will lie 
tound by Art 28), and put / and ft m the place ot a and d Thus, 
it l and b aie the longitude and latitude ot the geocentnc zenith, 
the equations (143) give toi all objects except the moon 

pr cos b sin (l — 
cos [3 
tan b 

cos (/ > 1 ) 

/> 7 r sin b sm (y — /3) 
sin y 

In the same mannei, the equations (131) nun he made to 
expiess the geneial lelations between tlie geooentiu and the 
apparent longitude and latitude, and toi the moon we tail 
employ (142), obsenung to substitute icspectivoh 

<01 a a (\ (Y } © ? <f f 

the quantities 1 /, t 3, [/ /, h 

In all the foimnhe, whenwe choose to neglect the compi osanm 
ot the earth, we luno only to put <p ~~<p' and /> 1 

REFRACTION - 

105 Gene? (d law 9 of lejuwtum — The path of a m3 oi light in a 
straight line so long as the m3 is passing lluough a medium of 
uniform density, 01 tluough a\aomun Hut when a m3 passes 
obliqued} horn one medium into nnothei ot difleient deiisih, it 
ns hent 01 udxidcd The m3 beloie it enteis tlie second medimii 
is called the mudnd 1 ay , altei it enteis the second lmdium 11 is 
called the icjui vied ta) , and the ditleionce between tin <lne< lions 
of the incident and leliuctod 013 s is tailed the nlnr<fmit 

If a noimal is dimvn to the smlaee o( tl 10 * lelnu ling mctlimn 
at the point whole the incident m> meets it, the 1 angle winch the 
incident m 3 makes with tins noimal is called the a/u/lr oi nut- 
denr<\ the angle which the lefiaded m\ makes with the noimal 
is the (UUflc oj \ Iton, and tlie reimefton is the dillemice of 
these two angles 



* — / = 
tan y _~ 

P-P = 
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Tims, if SA, Pig 

Fig 15 



-B' 


15, is an incident ray upon the suiface £B f 
of a refracting medium, AC the lefraeted 
lay, MN the noimal to the surface at A> 
SAM is the angle of incidence, CAN is the 
angle of refraction , and if CA he pioduced 
backwaids m the dnection AS', SAS ' is the 
refraction An obseiver whose eye is at 
any point of the line AC will receive the 
ray as if it had come dnectly to his eye 
without lefraction m the direction S' AC, 
which is therefoie called the opponent 


dnection of the ray 

Now, it is shown m Optics that this refraction takes place 
accoiding to the following geneial laws 

1st When a lay of light falls upon a surface (of any form) 
which sepai ates two media of cliffeient densities, the plane which 
contains the incident ray and the normal diawn to the surface 
at the point of incidence contains the refracted lay also 

2d When the ray passes fiom a larer to a densei medium, it 
is in geneial lefi acted towards the noimal, so that the angle of 
lefraction is less than the angle of incidence , and when the ray 
passes from a denser to a rarei medium, it is lefraeted from the 
normal, so that the angle of refi action is gi eater than the angle 
of incidence 

3d Whatever may be the angle of incidence, the sine of this 
angle bears a constant latio to the sine of the concsponding 
angle of refraction, so long as the densities of the two media aie 
constant If a l ay passes out of a vacuum into a given medium, 
the numbei expiessmg this constant latio is called the index of 
? eft action for that medium This index is always an improper 
fi action, being equal to the sme of the angle of incidence divided 
by the sme of the angle of lefi action 

4th When the lay passes fiom one medium into another, the 
sines of the angles of incidence and refi action are reciprocally 
pioportional to the indices of refi act on of the two media 


106 Astronomical refraction — The rays of light fiom a star m 
coming to the observer must pass tlnougli the atmosphere which 
sui rounds the eaith If the space between the stai and the 
upper limit of the atmtfsplieie be legal ded as a vacuum, or as 
filled -with a medium which exerts no sensible effect upon the 
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direction of a ray of light, tlie path of the ray will be at first a 
straight line; but upon entering the atmosphere its direction 
will he changed. According to the second law above stated, the 
new medium being the denser, the ray will be bent towards the 
normal, which in this case is a line drawn from the centre of the 
earth to the surface of the atmosphere at the point of incidence. 

The atmosphere, however, is not of uniform density, but is 
most dense near the surface of the earth, and gradually decreases 
in density to its upper limit, where it is supposed to he of such 
extreme tenuity that its first effect upon a ray of light may be 
considered as infinitesimal. The ray is therefore continually pass- 
ing from a rarer into a denser medium, and hence its direction 
is continually changed, so that its path becomes a curve which 
is concave towards the earth. 

The last direction of the ray, or that which it has when it 
reaches the eye, is that of a tangent to its curved path at this 
point ; and the difference of the direction of the ray before en- 
tering the atmosphere and this last direction is called the astro- 
nomical refraction, or simply the refraction. 

Thus, Fig. 16, the ray Se from a star, entering the atmosphere 
at e, is bent into the curve ecA 
which reaches the observer at A in 
the direction of the tangent S'A 
drawn to the curve at A. If CAZ 
is the vertical line of the observer, 
or normal at A, by the first law of 
the preceding article, the vertical 
plane of the observer which con- 
tains the tangent AS' must also 
contain the whole curve Ae and 
the incident ray Se. Hence refrac- 
tion increases the apparent altitude 
of a star, but does not affect its azi- 
muth. 

The angle S'AZ is the apparent ze- 
nith distance of the star. - The true zenith distance* is strictly the 
angle which a straight line drawn from the star to the point A 


Fig. 18. 
z 



* By true zenith distance we here (and so long 5 as we are considering only the 
effect of refraction) mean that which differs from the apparent zenith distance only 
by the refraction. 
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makes with the vertical line. Such a line would not coincide 
with the ray Sc; hut in consequence of the small amount of the 
refraction, if the line Sc he produced it will meet the vertical 
line AZ at a point so little elevated above A that the angle 
which this produced line will make with the vertical will differ 
very little from the true zenith distance. Thus, if the produced 
line Sc he supposed to meet the vertical in //, the difference 
between the zenith distances measured at b' and at A is the 
parallax, of the star for the height Ab\ and this difference can he 
appreciable only in the case of the moon. It is therefore usual 
to assume Sc as identical with the ray that would come to the 
observer directly from the star if there were no atmosphere. 

The only case in which the error of this assumption is appre- 
ciable will he considered in the Chapter on Eclipses. 

107. Tables of Refraction . — For the convenience of the reader 
who may wish to avail himself of the refraction tables without 
regard to the theory by which they are computed, I shall first 
explain the arrangement and use of those which are given at 
the end of this work. 

Since the amount of the refraction depends upon the density 
of the atmosphere, and this density varies with the pressure and 
the temperature, which arc indicated by the barometer and the 
thermometer, the tables give the refraction for a mean state of 
the atmosphere; and when the true refraction is required, supple- 
mentary tables are employed which give the correction of the 
mean refraction depending upon the observed height of the 
barometer and thermometer. 

Table 1. gives the refraction when the barometer stands at 
;!0 inches and the thermometer (Fahrenheit’s) at 50°. If we 
put 

r — the refraction, 
z the apparent zenith distance, 

C --- the true zenith distance, 

then 

C + T 

Where great accuracy is not required, it suffices to take r 
directly from Table I. and to add it to 2. (The resulting C is 
that zenith distance which we have heretofore denoted by £' in 
the discussion of parallax.) The argument of this table is the 
apparent, zenith distance z. 
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Table II. is Bessel’s Refraction Table,* which is generally 
regarded as the most reliable of all the tables heretofore con- 
structed. In Column A of this table the refraction is regarded 
as a function of the apparent zenith distance z, and the adopted 
form of this function is 

r = a ft A y k tan z 

in which a varies slowly with the zenith distance, and its loga- 
rithm is therefore readily taken from the table with the argu- 
ment z. The exponents A and X differ sensibly from unity only 
for great zenith distances, and also vary slowly; their values are 
therefore readily found from the table. 

The factor ft depends upon the barometer. The actual pres- 
sure indicated by the barometer depends ^ not only upon the 
height of the column, but also upon its temperature. It is, 
therefore, put under the form 

p = JBT 

and log jB and log T are given in the supplementary tables with 
the arguments “ height of the barometer,” and “ height of the 
attached thermometer,” respectively ; so that we have 

log p = log B -f log T 

Finally, log y is given directly in the supplementary table with 
the argument “ external thermometer.” This thermometer must 
be so exposed as to indicate truly the temperature of the atmo- 
sphere at the place of observation. 

In Column B of the table the refraction is regarded as a 
function of the true zenith distance £ expressed under the form 

r — o!ft A ' y K> tan C 

and log a', A\ and X f are given in the table with the argument £ ; 
ft and y being found as before. 

Column A will be used when z is given to find £ ; and Column 
B, when £ is given to find z. 

Column C is intended for the computation of differential re- 
fraction, or the difference of refraction corresponding to small 


* From Ills Astronomische Untersuchungen , Vol. I. 
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differences of zenith distance, and will be explained hereafter 

(Miorometrie Observations, Vol. II.). 

These tables extend only to 85° of zenith distance, beyond 
which no refraction table can be relied upon. There occur at 
times anomalous deviations of the refraction from the tabular- 
value at all zenith distances; and these are most sensible at 
great zenith distances. Fortunately, almost all valuable astrono- 
mical observations can be made at zenith distances less than 
85° and indeed less than 80°; and within this last limit we 
are’ justified by experience in placing the greatest reliance m 
Bessel’s Table. In an extreme case, where an observation is 
made within 5° of the horizon, we can .compute an approximate 
value of the refraction by the aid of the following supplement- 
ary table, which is based upon actual observations made by 
Arqelander.* 


App. zen. 
distance. 

log Refract. 

A 

X 

85° 0' 

30 

86 0 

30 

87 0 

30 

88 0 

30 

89 0 

30 

2.76687 

2.80590 

2.84444 

2.88555 

2.93174 

2.98269 

3.03686 

3.09723 

3.16572 

3.24142 

1.0127 

1.0147 

1.0172 

1.0204 

1.0244 

1.0298 

1.0368 

1.0465 

1.0593 

1.0780 

1.1229 

1.1408 

1.1624 

1.1888 

1.2215 

1.2624 

1.3141 

1.3797 

1.4653 

1.5789 


If we call R the refraction whose logarithm is given m this 
table, the refraction for a given state of the air will be found by 
the formula 

r = Rp A y x 


Example 1.— Given the apparent zenith distance z 78° 
30' 0", Barom. 29.770 inches, Attached Therm. — 0 .4 E., Ex- 
ternal Therm. - 2°.0 E. 

We find from Table II., Col. A, for 78° 30', 

log „ = 1.74981 A = 1.0032 A = 1.0328 

and from the tables for barometer and thermometer, 


* Tabula e Regiomontanae , p. 539. 
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tog B — + 0.00253 log r = + 0.04545 
log T= + 0.00127 
log fi = + 0.00380. 

Hence the refraction is computed as follows : 

log » = 1.74981 

A log /9 = log fi A = -f 0.00381 
A log y = log r K = + 0.04694 
log tan z — 0.69154 

r = 310".53 = 5' 10",53 log r = 2.49210 

The true zenith distance is, therefore, 78° 30' O'' + 5' 10". 53 = 
78° 35' 10". 53. 

Example 2. — Given the true zenith distance £ = 78° 35' 
10".53, Barom. 29.770 inches, Attached Therm. — 0°.4 F., 
External Therm. — 2°.0 F. 

We find from Table II., Col. B, for 78° 35' 10", 

log a' = 1.74680 A' = 0.9967 A' = 1.0261 

and from the tables for barometer and thermometer, as before, 

log B = + 0.00253 log r = + 0.04545 
log T= + 0.00127 
log § = + 0.00380 

The refraction is then computed as follows : 

log a! = 1.74680 

A' log jJ = log /3 A ' = -f 0.00379 
A' log y — log y* — + 0.04663 
log tan 7 = 0.69489 

r = 310".53" = 5' 10".53 log r = 2.49211 

and the apparent zenith distance is therefore 78° 30'. 

Example 3. — Given z — 87° 30', barometer and thermometer 
as in the preceding examples. 

By the supplementary table above given, 

log R = 2.98269 

A = 1.0298 log /3 = + 0.00380 log ,9^ = + 0.00391 

A = 1.2624 log r = + 0.04545 log r k = + 0.05738 

r = 18' 26".C log r = T04398 
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It is important in all cases where gieat piecision is lequued 
that the barometer and thermometer be cai efully venhed, to see 
that they give true indications The zero points ot thermo- 
meters aie liable to change alter a ceitain time, and inequalities 
in the boie of the tube aie not uncommon A special investi- 
gation of eveiy theimometei is, theiefoie, necessaiy before it is 
applied m any delicate lcseaicli It the capiUanty of the bai o- 
meter has not been allowed foi in adjusting the scale, it must be 
taken into account by the observer in each leading 

We may obtain the true lefi action for any state ot the an 
within 1" or 2", very expeditiously, by taking the mean lefi ac- 
tion fiom Table I and collecting it bv Table XIV A, and Table 
XIV B The mode of using this table is obvious from its 
airangement Thus, in Example li\e tind 


from Table I, Mean xefi 

“ XIV A, for Barom 29 77, Con 
« XIV B, “ Therm — 2° “ 

Tine lefr 


4' 38" 9 
— 2 
+ 32 
:~5 f 9" 


which agrees with Bessel’s value within 1" '> hoi gieatei 
accuiacy, the height of the barometei should be reduced to the 
tempeiatuie 32° E , which is the standard assumed m these 
tables The collected height of the barometer m this example 
is 29 85, and the eoi responding conection of the ref 1 action 
v ould then be — 1", consequenth the tine lefraction Mould be 

5' 10", lvlnch is only 0" 5 in enoi 

These tables furnish good appioximations even at gieat 
zenith distances Thus, we tind by them, m Example 3, ; - 
18' 24" 

108 Investigation of the refraction formula In this 
investigation we may, without sensible enoi, consuloi the eaith 
as a sphere, and the atmosphere as composed ot an infinite 
numbei of coneentnc spherical stiata, whose common centio is 
the ccntie of the eaith, each of which is ot uniform densitv, and 
within which the path ot a iaj of light is a stuuglit line Let (\ 
Fig 16, be the centio ot the eaith, A a point of obseivation on 
the surface, GAZ the vertical line , An', tt'b>, b't', tu the veitic.il 
thicknesses of the concentric strata , Se a raj, of light from a star 
meeting the atmosphere at the point e, and sueeessivelv re- 
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fracted in the directions cd , dc\ &c. to the point A. The last 
direction of the ray is a A, which, when the number of strata is 
supposed to be infinite, becomes a tangent to the curve ecA at A, 
and consequently AaS f is the apparent direction of the star. Let 
the normals Ce , CM, &c. be drawn to the successive strata. The 
angle Sef is the first angle of incidence, the angle (Jed the first 
angle of refraction. At any intermediate point between e and A, 
as c, we have Cfcc/, the supplement of the angle of incidence, and 
Cbfi, the angle of refraction. 

If now for any point, as e, in the path of the ray, we put 


i — the angle of incidence, 

/ = the angle of refraction, 

\i = the index of refraction for the stratum above £, 
p! = “ “ “ below c, 

then, Art. 105, 

sin i ii ' 
sin / ii 

If we put 


(148) 


q = the normal Ce to the upper of the two strata, 
<( = “ Cb “ lower “ “ 

i! = the angle of incidence in the lower stratum, 
= 180° — Che, 

the rectilinear triangle Cbc gives 

sin i r q 

sin / q f 

which, with the above proportion, gives 


q /a sin i = q' f j. r sin i r 


an equation which shows that the product of the normal to any 
stratum by its index of refraction and the sine of the angle of 
incidence is the same for any two consecutive strata; that is, it 
is a constant product for all the strata. If then we put 


z = the apparent zenith distance, 
a = the normal at the observer, or radius of the earth, 
/jt 0 ~ the index of refraction of the air at the observer, 


we have, since z is the angle of incidence at the observer. 


qp. sin i = ci;l u sin z 


(149) 
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m which the second member is constant foi the same values of 
z and fjt 0 

Now, we have from (148) 

tan }(*—/)= IJ - = ^ L tan J (i +/) 

/* + /■* 

J3 u t i — f is the refi action of the lay in passing from one stratum 
into the next , and supposing, as we do, that the densities of the 
stiata vaiy by infinitesimal mciemeuts, i —f is the diffeiential of 
the refraction , and we may, theiefore, write \ dr foi tan J (i — /) 
and dft foi ff — // , consequently, also, 2 y. lor ff H - fa and tan i lor 
tan J (i +/) hence we have 

dr = — tan i (150) 

which is the differential equation of the ? (fraction 

But, as both y. and i aie vanable, we cannot integrate this 
equation unless we can expiess i as a function of /j. This 
we could do by means of (149) if the i elation between q and 
fx were given, that is, if the law of the dcciease ol density ol the 
an for increasing heights above the suiface ol the eaith weie 
known This, howevei, is unknown, and wc aie obliged to 
make an hypothesis inspecting this law, and ultimately to test 
the validity of the hypothesis by comparing the lefractions com- 
puted by the lesultmg formula with those obtained by dnoct 
observation I shall hist considei the hypothesis ol Boihsuer, 
both on account of the simplicity of the lesultmg foimula and 
of its histoncal interest * 

109 First hypothesis —Let it be assumed that the law of de- 
crease of density is such that some constant powci ol the refrac- 
tion index ju is leciprocally piopoitional to the normal q, an 
hypothesis expiessed by the equation 

* l shaft consider but two hypotheses the fiist, because it leads to the simple 
formula of Bradley, which, though impeifect, is often useful as an appioximate 
expression of the iefi action, the second, because the tables foimcd fiom it by 
Bessll have thus far appealed to be the most conect and m gi catest accoi dance with 
observation, although on theoretical grounds even the hypothesis of Blss*l is open 
to objection For a review of the labors of astronomers and physicists upon this 
difficult subject, from the earliest times to the present, see Die Astronomisch Strahlen - 
brechung in ihrer ftutonschen Dntuickelung dargestellt, von Dr C Biutiins Leipzig 
1861 
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hi V * +1 a 

W t" 


^0 

which, with (149) gives 

sin i = (— !' sin 2 


(151) 

(152) 


or, logarithmically, 

/ sin z \ 

log sin i = n log n log I j 

where the last term is constant. By differentiation, therefore, 


which with (150) gives 
and, integrating, 


di n dh 

tan i l l 

, di 

dr — — 

n 


r — — 0 

n 


To determine the constant C, the integral is to be taken from 
the upper limit of the atmosphere to the surface of the earth. 
At the upper limit r = 0 ; and if we put & = the value of i at that 
limit, we have 



n 


+ 0 


At the lower limit the value of r is the whole atmospheric 
refraction, and i = z: hence 


r = 1 4. 0 
n 


Eliminating the constant, we have 

r = - (153) 


To find we have, by putting jjl — 1 in (152), since the density 
of the air at the upper limit is to be taken as zero, 


sin # = 


sin z 

K 


(154) 


Having then found /t Q at the surface of the eartli and suitably 
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determined n, we find d by (154), and tlicn > by (158) The two 
equations may be expieb&ed in a single foimula thus 

which is known as Simpson’s foimula, but is m fact equivalent 

to the foimula fiist given In Bouguer in 1729 m a memon on 

refi action which gained the pme ol the French Academj 

Fiona (154) we find 

&m z — sin ■» /'o n — 1 

sin z + sin # /■' 0 “ + 1 

whence n , 

tan i (z - #) = —-TA Un 1 ^ + ^ 

/ x o ”r 


and, reducing by (153), 

71 

tan — r = 
2 


tan 

/' f + 1 



( 156 ) 


which is equivalent to Br uiley’s toi mula It we ai e content to 
l epreservt the lefraction appi oxnuately b) oui toimuhi, we can 
write this m the foim 

r = g tan (z — f) 


and we shall find, with Bradley, that toi a mean state ol the an 
oonespondmg to the baiomotei 20 0 and thermometei ol 1 aln 
we can expiess the obsen ed i eh actions, veiynearh, In taking 

a = 57 " 036 , / ■= * 


110 But, as we wish oui foimula to lepresent, if possible, the 
actual constitution of the atmospheie, let ns endea\oi to test the 
hypothesis upon which it i ests In oi del to c oi i espoml with the 
real state of nature, it is necessity that the constitution oj the atmo- 
sphere which the hypothesis miohes should not onh/ atpci with llu 
observed wf tuition, bat also Kith the height of the bioometv >, amt with 
the opened diminution of heat as the altitude of (he ohsenwi ahoic the 
earth's sui face increases 

The discussion ot the foimula mil he mote simple it we sub- 
stitute the density ot the an m the place ol the index ol u'ti ac- 
tion Put 

$ -Qie density ot the an at the suitaee ol the eailh, 

,5° __ the density of the an at any point above the suilace 
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The relation between 8 and p, according to Optics, is expressed by 

fi* — 1 = AkS (157) 

in which 4 A: is a constant determined by experiment. Accord- 
ing to the experiments of Biot, 

4 k = 0.000588768 

Since k is so small that its square will be inappreciable, we may 
take 

p = (1 + 4 ktf =1 + 2 kS (158) 

and, consequently, 

* = 1 + 2 W, 

/V 1 = 1 + 2 nk>\ 

and (156) becomes, still neglecting k ?. , 

tan r = nAv5 0 tan ( a — ^ r ^ (159) 

If we denote the horizontal refraction, or that for z = 90°, by r u , 
this formula gives 

71 71 

tan — r 0 = nkd 0 cot — r 0 
2 -< 

or tan r 0 = •/ «M> 

and, putting the small arc — r 0 for its tangent, 

r _ jH? (160) 

)Ve can find <5 0 from the observed state of the barometer and 
thermometer at the surface of the earth, so that in order to com- 
pute the horizontal refraction by this formula, for the purpose 
of comparing it with the observed horizontal refraction, we have 
onlv to determine the value ol n. 

Let 

x = the height of any assumed point in the atmosphere above 
the surface of the earth, 

^ g — the density and pressure of the air, and the force of grav- 
ity, respectively, at that point, 

^ g {) = the same quantities at the earth’s surface. 
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At an elevation greater than x by an infinitesimal distance dx, 
the piessure p is diminished by dp The weight of a column of 
air whose height is dx, density d, and gravity g, is expiessed by 
gSdx, and this is equal to the dcciement of the pressme hence 
the equation 

dp = — gddx 


By the law of gravity, we have 

a 1 

^ (a + xf 

and hence 

* =-».«" 

=w sd {^h) 

Now, m the hypothesis under consideration, we have 

a / n \ n + 1 / 1 4- 4 kS \p±-l 

a -|- x \ ,“ 0 ) \ 1 + 4 M 0 / 


( 161 ) 


or, neglecting the squaie of k, 


- ffl — = 1 — 2 (n + 1) A («, — 8) 
a - x 

which gives 

dl—^—\=2(n + 1 )kdS 
\ Cl — j-* X J 

Hence 

dp — 2 g 0 a(n + 1 )kd dd 

Integrating, 

p — g 0 a(n l)kS i (162) 

no constant being necessary, since p and 8 vanish together 
To compare this with the observed pressuie p 0 , let 

l = the height of a column of air of the density <5 0 which acted 
upon by the giavity g 0 will be in equilibrium with the pres- 
sure p„, 

in other words, let l be the height of a homogeneous atmospheie 
of the density 5 0 which would exert the pressure p 0 Then, by 
this definition, 


Pa = 9aV 


0 63) 
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which, with (162) gives 

t = 

P 0 


/ , ^ a ks> 
:(n + 1 ) T‘T 


(164) 


At the surface of the earth, where p becomes p 0 ancl o becomes 
o 0 , this equation gives 


1 = (?i -f" 1) — • k8 0 


(165) 


whence i 



and this reduces the expression of the horizontal refraction (160) to 


2 A'<5 n 


B-H] 


(166) 


Taking as the unit of density the value of o 0 which corre. 
sponds to the barometer 0.76 metres and thermometer 0° C., 
we have, according to Biot, 


4 k8 0 = 0.000588768 

The constant l for this state of the air is the height of a homo- 
geneous atmosphere which would produce the pressure 0”‘.76 of 
the barometer when the temperature is 0° C. ; and this height is 
to that of the barometric column as the density of mercury is to 
that of the air. According to Regnault, for Barom. 0 m .76 and 
Therm. 0° C., mercury is 10517.3 times as heavy as air: hence 
we have 

l = 0 m .76 X 10517.3 = 7993™. 15 


For a we shall here use the mean radius of the earth, since we 
have supposed the earth to he spherical, or 


a = 6366738 metres 

which gives 

- = 0.00125545 
a 


(167) 


Substituting these values in (166), we find, after dividing by 
sin V f to reduce to seconds, 

r 0 = 1824" = 30' 24" 

But, according to Argelander’s observations, we should have 
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forBarom 0- 76 and Therm 0° C , r 0 =37' 81", and the hypothesis 
therefore gives the honzontal reft action too small by more than 7 / 

111 The hypothesis can be tested fuithei by examining 
whether it lepiesents the law of decieasing tempeiatuies foi 
mci easing heights m the atmosplieie In the iiist place, i\e 
obseive that in tins hypothesis the densities of the stiata of the atmo- 
sphere decrease in arithmetical progression when the altitudes increase 
in arithmetical progression For, since x is very small in compari- 
son with a, we have very nearly 

a __ 1 __ x 
a + x a 

and hence 

or, by (165), 

* = 21(1-^) (168) 

which shows that equal increments of x conespond to equal 
deciements of d 

This last equation also gives for the upper limit of the atmo- 
sphere, whei e d = 0, x = 2 l , that is, in this hypothesis the height of 
the atmosphere is double that of a homogeneous atmosphere of the same 
pi essure 

Again, we have, hy (164), (165), and (168), 

!!$• _ s _ _ i _ i (169) 

pf S 0 21 

The function — expresses the law of heat of the stiata of the 

PJ 

atmosphere For let r 0 be the temperature at tlie suiface of the 
earth, r the temperature at the height x If the temperature 
were r 0 m both cases, we should have 

L = L (170) 

Po % 

but when the temperature is changed from r 0 to r the density is 
diminished m the ratio 1 -f e (r — r 0 ) 1, e being a constant which 
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is known from experiment; so that the true relation between 
the pressures and densities at different temperatures is expressed 
by the known formula 

=vU + e(r-r n )] 

Pa °o 

whence 

^=1+ £ (T-T 0 ) (171) 


which combined with (169) gives 

.r = 2 U (r„ — r) 

and hence equal increments of x correspond to equal decrements 
of r. Hence, in this hypothesis, the heat of the strata of the atmo- 
sphere decreases as their density in arithmetical progression. The 
value of e, according to Rudberg and Regnault, is very nearly 

1 21 
— . Hence we must ascend to a height = 58.6 metres, in 

order to experience a decrease of temperature of 1° C. But, 
according to the observations of Gay Lussac in his celebrated 
balloon ascension at Paris (in the year 1804), the decrease of 
temperature was 40°. 25 C. for a height of 6980 metres, or 1° C. 
for 173 metres, so that in the hypothesis under consideration 
the height is altogether too small, or the decrease of temperature 
is too rapid. This hypothesis, therefore, is not sustained either 
by the observed refraction or by the observed law of the decrease 
of temperature. 

112. Second hypothesis . — Before proposing a new hypothesis, 
let us determine the relation between the height and the density 
of the air at that height, when the atmosphere is assumed to be 
throughout of the same temperature, in which case we should 
have the condition (170). Resuming the differential equation 
( 161 ), 

dp = g 0 addl \ 

\a x I 

put 

a 

— x — S 

a -j- x 
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in which, s is a new variable very nearly proportional to x. We 
then have 

dp = — g 0 aSds 

which with the supposition (170) gives 

dp 9fffds 

~P~~ Po 


Integrating, 


logp^-^as + C 
Po 

in which the logarithm is Napierian. The constant being 
determined so that p becomes p 0 when s = 0, we have 


and therefore 


log Po = C 


Po 


as 

7 


where l has the value (163). Hence, e being the Napierian base, 


£ = i = e-T (172) 

Po ». 

which is the expression of the law of decreasing densities upon 
the supposition of a uniform temperature. In our first hypo- 
thesis the temperatures decrease, but nevertheless too rapidly. 
We must , then, frame an hypothesis between that and the hypothesis of 
a uniform temperature . 

Now, in our first hypothesis we have by (169), within terms 
involving the second and higher powers of s, 

pA _ i _ 

2 1 


and in the hypothesis of a uniform temperature, 

Pi 0_1 
iV5 

The arithmetical mean between these would be 


p5 0 _ as 
^ “41 
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but, as we have no reason for assuming exactly the arithmetical 
mean, Bessel proposes to take 



h being a new constant to be determined so as to satisfy the observed 
refractions . This equation, which we shall adopt as our second 
hypothesis, expresses the assumed law of decreasing tempe- 
ratures, since, by (171), it amounts to assuming 


as 

l + e (r — r 0 ) = e h 


(174) 


and it follows that in this hypothesis the temperatures will not 
decrease in arithmetical progression with increasing heights, 
though they will do so very nearly for the smaller values of s f 
that is, near the earth’s surface. 

Now, combining the supposition (173) with the equation 


we have 


djp — — g 0 add$ 



Po 


a ™ 


eft ds 


Integrating and determining the constant so that for s — 0, p 
becomes p 0 , we have 

as 

L = e - l(P h -C> 

Po 


which with (173) gives* 






as 



~i)+f 


Inasmuch as the law of the densities thus expressed is still 
hypothetical, we may simplify the exponent of e . For if h is 
much greater than l (as is afterwards shown), we may in this ex- 


ponent put e h — 
of our hypothesis 


as 
Z Ti 

d = d Q e 


and we shall have as the expression 


as , as 
l “ l “ h 


S« e 


h — l as 
h * l 


( 175 ) 


* Bessel. Fundamenta Astronomies, p. 28. 
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By comparing this with (172), we see that this new hypothesis 

, AS 

differs from that of a uniform temperature by the correction - 


applied to the exponent of e. 

Putting, for brevity, 

h — l a 
h ' * 

we have 


— d 0 6 


(176) 

(177) 


in which j8 is constant. This expression of the density is to be 
introduced into the differential equation of the refraction (150). 
Now, by (149), in which q = a + x, we have 


. . a/u sin z (1 — s) /i 0 sin £ 

sm i = ------ = ± z 

(ct -j- X)fi 


V- 


whence 


tan i 


sm i 


(1 — s) sin z 


1/(1 Sm ’* ) yl [jj - (1 - s) 2 sin**| 

(1 — s) sin z 

[cos* ^ 1 1 ~ j •+ (2s — 6 ' 2 ) sin 3 


From the equation fj? = 1 + 4 lid we deduce 

dfi 2 kdd 

n 1 + 4c kd 

and if we introduce as a constant the quantity 


1 + 4W 0 


(178) 


(which for Barom. 0 m .76 and Therm. 0° 0. is a = 0.000294211) 


dii 



We might neglect the square of /,*, and consequently, also, that of 
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a, with hardly appreciable error, and then this expression would 
dd 

become simply a but for greater accuracy we can retain the 

denominator, employing its mean value, as it varies within very 
narrow limits. For its greatest value, when a ~ o () , is =-•- 1, 
and its least value, when d = 0, is = 1 — 2a, and the mean 
between these values is 1 — a. Hence we shall take 


dfJL a dd 

tx “ 1 — a 


In the denominator of the value of tan i we have also to sub- 
stitute 

i _*L = i _L±i^ =2a ( i 

M 2 o 1 + 4/»v5 0 \ <\ ! 


Therefore, substituting in (150), we have 


dr = 


(1 


a sin z (1 



a) [COS 2 Z — 2a 1 1 — y j -|- (2s — S 2 ) Sill 2 z] ^ 


or, by (177), 

dr ■ 


a/9 sin z (1 


(1 — a) [COS 2 Z — 2a (1 


— s) e P*d,s 

e ~ ,3s ) -J- (2s — s 2 ) sin 2 xT] 


1 


In the integration of this equation we may change the sign of 
the second member, since our object is only to obtain the 
numerical value of r. It is apparent that if we pnt 1 for 1 — s 
in the numerator of this expression, aud also neglect the term 
sin 2 2 in the denominator, the error will bo almost or quite 
insensible; but, not to reject terms without examination, let us 
develop the expression into series. For this purpose, put the 
radical in the denominator under the form \/ if — s 2 sin 2 2 , in 
which 

i / = [cos 2 z — 2o (1 — e ~ ps ) -j- 2,s sin 2 FI* 

Then 


1 — 8 

(y‘‘ — s 2 sin 2 s) £ 


/ 1 _ s [ sin2 2 \~£ 
y ' . if ! 


i / s 2 sin 2 z \ 

( 1 + -iir + fc ) 



148 


REFRACTION 


1 2sy i — s i m\ 7 z ^ 

Hence, restoring the value of y, we have 

a/? sin z e~ ps cls 

dv — — — . — — — — - 

(1— a) [COS 2 Z — 2a (1 — e“^) + 25Rin J Sf]3 

ajSsin ze~~ ps scls [cos 2 2 — 2a (1 — e~^ s ) + ] s fern 2 #] 

(1 _ a ) [cos 2 z — 2a (1 — e-fi s ) + 25 sin 2 z]i 

- &c (179) 

We shall liereaftei show that the second term of this develop 
ment is insensible. Contuung ourselves foi the present to the 
first term, let us, aftei the method of Laplace, intioduee the new 
variable s' such that 


s 


, q(l-^) 
sin 2 z 


then this term takes the form 


(180) 


dr = 


aft sm z e ps ds 
(1 — a) [COS 2 Z + 2$' Sill 2 Z~\ 1 


(181) 


in which we have yet to i educe the numerator to a function of 
the new vanable s' 2sTow, by Lagrange's Them cm ,* when 


* See Pfirce’s Curves and Functions, Vol I Art 181 Foi the convenience of 
tlie reader, however, I add the following demonstration of this theorem It is pro- 
posed to develop the function u —fy m a series of ascending poweis of x, x and y 
being connected by the equation 

y = t 4- xtyy 

and the functions / and <j> being given If from this equation y could be found as an 
explicit function of x and substituted m the equation u ~fy , the development could 
be effected at once by Maclaunn’s Theorem, according to which we should ha\e 

u = u 0 - f D x u q x + D x 2 u 0 + + D x n — - “ + &c 

where « 0 , D x a^ &c denote the values of u and its successive derivatives when x = 0 

It is proposed to find the values of the derivatives without recourse to the elimination 
of y, as this elimination is often impracticable For brevity, put Y = <{>y , then the 
derivatives of 

y — t + zY 

relatively to x and t are 
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we have 


5 — S r -j~ o.<pS 

fs =fs> + -2- fys'.Dfs'] + [( 

+ iXb 1)2 [W.^'] + &e. 


in which / and <p denote any functions whatever, and D, D 2 , &c. 
the successive derivatives of the functions to which they are 
prefixed. Hence, by putting 


fs = e~~P s 

this theorem gives 


<fS = 



sin 2 2 


J >xV=Y+ xV y YD x y D t y = l+x D y YD t y 

whence, eliminating x , 


D x y=YD t y 


Multiplying this by j D u, it gives 

D x u = YD t u 

The derivative of this equation relatively to t is 




D x \_D t u-] = Z> ( [F2> t «] 

This is a general theorem, whatever function is of y, and consequently, also, what- 
ever function D t u is of y. We may then substitute in it the function Y"D t u for D t u, 
and we shall have ’ 

D 1 Y n D t u-\ = D t [ Y» + W t u] (4) 

Now, the successive derivatives of (a) relatively to x are, by the successive appli- 
cation of (6), making n — 1, 2, 3, &c., 


u = 2>*[ YD t u ] = D t [ YW t u] 

« = D t \[F>D t u] = B t \YW t u] 

D™ u = 

But when x = 0, we have y — t, Y = $t, and hence 

“o = A D x n 0 = <j>t.Dft, ... D* u a = D n_1 [(^t) n iy<] 

where the subscript letter of the 2) is omitted in the second members as unnece- * 
since t is now the only variable. These values substituted in Maclaurin’s T1 
give Lagrange’s Theorem : 
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-0s', 


a ft 


sm 


hrl> 


3 — ^6 


'] 


-fi*' 


— D ["(1 — e-^’Ye 

1 2 sin 4 2 L J 

a lt D> f(l - e~^') s e~^"\ 

1 2 3 sin f z L J 


a -t D’*-i Rl - e“ ?s ') M e~ ps '~\ 

12 8 n sin 271 z L 

- &c (182) 

But we have m the numerator of (181) 

Pe-* s ds = — de~^ 


and hence, differentiating (182) and substituting the lesult in 
(181), we find 


dr— 


afi sin z ds r 


(1 — o) [cos 2 z + 2 s' sin* 2 ]^ 


,-fis 


SllY Z 


D[( 1- 


-Ps'y-/3s'j 


D 2 [(l 
2 sin 4 2 LV 


e-Wy e -0*'] 


12 3 n sin 2 " 2 


X>" [(l-e-^')«e-^'] 


+ &c | 


(183; 


To eflect the differentiations expiessed in the several tenns ol 
this series, we take the general expiession 


(1 e -* s ' = (- e + 1)« , 


•p*' 


= ±|e~ ( " + 1)ps '— ne~” p> '+ ^ e -(”-Vfi<' _ & c j 

where the upper sign is to be used when n is even, and the lower 
sign when n is odd. Differentiating this n times successively, 
w e have 


■^[(i = + ^ 7l [( n +l) n £ — n n ne ~ "J 
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by means of which, making' n = 1 . 2 . 3 . . . successively, we 
reduce (183) to the following form : 

dr = 2 e-**’) 

(1 — a) [cos 2 z + 2 s' sin 2 z]i l sin 2 z 

■] (S'e-W — 2 *. 2 e- 2fl *'+ e~^’ ) 

1 . 2 sin 4 z v 

4 . ( 4* e --4e«'_ 33.3 e -sp*'_|_ 2>.Se-^ s '—e- ps ') 

+ 1 . 2 . 8 sin 6 2 v 

+ &c. } (184J 

We have now to integrate the terms of this series, after having 
multiplied each by the factor without the brackets. The inte- 
grals are to be taken from the surface of the earth, where £~0, 
to the upper limit of the atmosphere; that is, q being the nor- 
mal to any stratum (Art. 108), they are to be taken between the 
limits q = a and q = a + H , H being the height of the atmo- 
sphere. Now, this height is not known ; but since at the upper 
limit the density is zero and beyond this limit the ray suiters 
no refraction to infinity, we can without error take the integrals 
between the limits q = a and q = oo , i.e. between s — 0 and 
s = 1. But we may make the upper limit of s also equal to in- 
finity. For, by (176), /? will not differ greatly from and conse- 
quently will be a very large number, nearly equal to 800, as we 
find from (167) ; hence for s = 1 we have in (172) 3 — — 

which will he sensibly e^ual to zero, and consequently the same 
as we should find by taking s = oo . Hence the integrals may 
be taken between the limits s — 0 and s = oo ; consequently, 
also, according to (180), between the limits s' = 0 and s' = oo . 
Now, as every term of the series will he of the form 

fi sin z ds'e~”P s ' ffds'e— (185) 

[cos 2 z -f- 2 s' sin 2 [cot 2 z + 2 s']- 

multiplied by constants, we have only to integrate this general 
form. Let i be a new variable, such that 
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then (185) becomes 



np 

2 


cot 2 z — 4* 


the integral of which is to be taken from t = 

yl^r cot z = T (187) 

to t = oo , which are the limits given by (186) for s' = 0 and 
s' = oo If, therefore, we denote by ^ (n) a function such that 

§ dt e _<2 = e~^r coV>z 4 (n) 
or 

a (») = e TT ^ K dte~ u (188) 

xJ T 

the integral of (185) will become 


J ° [cos 2 2 -j- 2 s' sm 2 z]% “ V n 


(189) 


Substituting this value in (184), making successively n — 1, 2, 8, 
&c , we find the following expression of the refraction . 



+ i^[ 2 W -♦(!)] * 


+ rT-f^P l 4(3)-2 l 2 4 (2) + 4(1)] 

+ 3 4(3) + 2 i 34(2)-4(l)] 

+ &c | 

which, smce we have m general 


(190) 
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can also be written as follows :* 


a P 

e sin* a 4, Hf) 


1+ 2 


i a/3 


sm z £ 


e 8ina * 4(2) 


r 


a ]/2/3 

1— a \ + 


3* 


1.2 sin 4 ,? 
4* 


«2/?2 3a/J 

-*^+(8) 


1.2.3 sin 6 ^ 
+ &c. 


a 3 /3 3 - 4ffl ^ 

e Bina * 4/(4) 
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113. The only remaining difficulty is to determine the func- 
tion *\J/( n ), (188). In the case of the horizontal refraction, where 
cot z — 0 and therefore also T~ 0, this function becomes 
independent of (ft), and reduces to the well-known integralf 

j^dte~ u = }~ (192) 


* Laplace, Mecanique Celeste , Vol. IV. p. 186 (Bowditch’s Translation); where, 

however, - stands in the place of the more general symbol p here employed. This 
l 

form of the refraction is due to Kramp, Analyse des refractions astronomiques et ter - 
restres , Strasbourg, 1799. 

f This useful definite integral may be readily obtained as follows. Put k = 
f dt e — tt. Then, since the definite integral is independent of the variable, we 

X QO 

doe vv , and, multiplying these expressions together, 

**= f ” dt e~ U f “doe-™ = f“ Cdt dv «-(« + »•) 

•'O J 0 ^0 ^0 

the order of integration being arbitrary Let 

v = tu ; whence dv=zt du 

(for in integrating, regarding v as variable, t is regarded as constant) : then we have 


h 1 


=/;/. 


du . dt . tfe — W (1 + ww) 


/•CO /*£> 

= ( du I 
^ n a 


dt . te— #(1 + 


. 

0 2 (! + «*) 


f o 

i — i 


whence 


= J (tan — 1 oo - 


• tan — 1 0) = j 


CO 
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wheie 7 T = 3 1415926 The explosion ioi the lionzontal 

refraction is theiefoic found at once bj putting }i/7r for ^ (n) 
m every teim of (191), and sm z = 1, namely 


-*J3 


, + 2 **[3e~ 2afi 

r.= T 


4 2 

l_L._Z a 3 / 1 ? 3 e 

|T 1 2 3 
y-j- &c 


(193) 


For small values of T, that is, foi gieat zenith distances, m<> 
may obtain the value of the mtegial m (188) by a senes ol 
ascending poweis of T We have 


f dte~ u =C dt e~~ n — f die u (194) 

J T J o ^ « 

The first mtegial of the second menihei is given by (192) Tho 
second is 




1 2 


T + M 


= T — 


1 2 c 


T '* 
5 


12 3 7 


■ -f &c 


(195) 


Another development foi the same case is obtained by the suc- 
cessive application of the method of mtegiation by parts, as 
follows * 

Jdte~~ u = t e~~ u + 2 J*t 2 dte~ u 

= t e~ u + t 3 e~“ -f t i dte~ u 


■ By the foimulayl d?/ : 


**/• 


- f ydx, making alwayb 


and dy sueces 


lively — dt, t ' dt, t^dt &c 
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? — tl 


2t' 2 

H f- 

-r 3 -r 


{*f? 

3.5 


+ 


(2< 2 ) s 

3.5.7 


-f- &e. 


whence, by introducing the limits, 


j\lt e- u =e- TT 1 


J 72 (2 T 2 ) 2 (2 T 2 ) 3 


8.5 


3.5.7 


&c. j (196 ) 


As tlie denominators increase, these series finally become con- 
vergent for all values of T; but they are convenient only tor 
small values. 

For the greater values of T, a development according to the 
descending powers may be obtained, also by the method ot 
integration by parts, as follows:* We have 


fdte~ u = - 1 e-“-hf 


2 1 

e-“ + 


dt 

~F 


tt 


1 —it . 1 , 1*3 C dt n —tt 


2 1 


2 n z 


; + 


Hence 


/, 


p-TT 

dt e~ lt = — 

t 2 T 


1 , + J^_ 

' ^ T 2 t 2 


2 2 

1.3.5 


W if* 


-f 


2 T 2 (2 T 2 ) 2 (2 T' l f 

1.3.5... {in — 1) \ _ 1 . 3 . 5 . . .(2n -|- 1) /*” dt p _ tt nfm 
(2 T 2 ) n j 2""*' 1 •/ t i ( 2n+4 


The sum of a number of consecutive terms of this series is 
alternately greater and less than the value of the integral. But 
since the factors of the numerators increase, the series will at 
last become divergent for any value of T. Nevertheless, if we 
stop at any term, the sum of all the remaining terms will be less than 
this term ; for if we take the sum of all the terms in the brackets, 
the sum of the remaining terms is 


_ 1 . 3 . 5 ■ . . (2 w 4~ 1) C °° e - tt 


* By the formula f x dy — xy — fy dx, making always dy = t dt t u , and x 
successively = ^5’ 
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The integral m this expression is evidently less than the product 
of the integral 


J T t ln +* (2n-f- 1) T 2n + 1 

multiplied hy the greatest value of e~ tl between the limits T and 
oo , and this greatest value is e~ TT Hence the above lemainder 
is always numerically less than 

- 1-3 5 ( 2 » — 1 ) e -n 

+ 2 n + 1 T 2B + 1 

which expression is nothing more than the last term of the senes 
(when multiplied by the factor without the brackets), taken with 
a contrary sign Hence, if we do not continue the summation 
until the terms begin to mciease, but stop at some sufhciently 
small term, the error of the result will always be less than this 

term 

Finally, the integral may be developed m the form of a con- 
tinued fraction, as was shown by Laplace Putting for brevity 


4 (n) — w 0 


1 13 13 5 

2 T 2 ' (2 !T 2 ) 2 (2 T 2 f 


+ &c ) (198) 


and denoting the successive denvatives of w 0 relatively to T by 
u v w 2 , &c , we have first 

u __ _L + J-L-L1J+&C (199) 

1 — 2T 2 + (2 T 2 ) 2 (2 T ) s 

° r u, = 2 Tu 0 — 1 (200) 

Differentiating this equation, successively, we have 

w a = 2 Tu x 2m 0 
ic 3 = 2 Tu a -f“ 4 u x 
U 4 = ZTu z -f* 6 if a 
&c 


or, in general, 


u n + 1 = 2 Tu n *4" 2?i .1 


11 having any value 111 the series 1 2 3 4 , . . &c. 
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Hence we derive 


or, putting 


By (200) we have 


, U n + 1 


U n 


12 

(201) 

? -ntty 


w 

/Jc\ + 1 

(202) 

W Un 

L 


_ Hi 


«o 


1 

/k\i U x 

(203) 

w «, 



But from (202), by making n successively 1, 2, B, &c., we have 

a _ 2 

-»/ /k\h Ui -t /k\z 


«» 1 _ ^j 2 Ul 1 

which successively substituted in (203) give 


2 Tu 0 = 


1 + &e. (204) 

This can be employed for all values of T, but when k exceeds \ 
it will be more convenient to employ (195) or (196). 

The successive approximating fractions of (204) are 

1 i 1 + 2 k 1 + 5* l + 8ft + 8 W 

1 l + A-’ 1+3 k’ 1 + 6k + M* 1 + 10 A + 15A 2 ’ 

<Z n 

and, in general, denoting the n ,h approximating fraction by — , 
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a n _ tTn-1 + ( n ~ *) 

^ “ &» -i + (« — l ) / * 6 "- 2 

Bv the preceding methods, then, the function ^(w) can he 
JiZ m any 4l» of T A Uhlc eontannng the tag^m 
ot this function toi all values of Tfiom 0 to 10, is gn en 
Bi stn (FuncLanenta Ast^uce, W BO, 37), being 
of that fust eonstiucted by Kkamf By he aid of this table the 
computation of the leti action is greatly facilitated 

114 Let us now examine the second teim of (179 ) This teim 
,„U have its greatest value m the homontal teftaotron, avhen 
z _ gQo^ in which case it i educes to 

o/3e — (3s sds — 2a (1 — e ps )] 

~ ir^TS^^Tcrr^o] 1- 

Moieovei, the most sensible part of the integral coi responds to 
small values of s, and therefore, since a is also very small, w( 
may put 2a (1 -e~^) = 2a/3s The mtegial thus becomes 


o/3 (3 — 4af3) C s \ dse -t>* 

\ /I „ 0\1 J 0 


2^ (1 — ») (!—•/») 


Now we have, by integrating by parts, 


s* 

. «*«"* . 1 C 

d$e -P>_- ^ +^J 

s ~' 2 rfs e 

and hence 

f # Vdse-*=ZJ* 

J 0 2/3* / o 

dse ~ p * 

Putting j3s = 

a?, this becomes, by (192), 



1 fir.— = i-J 
/3l J o 2(3 \ 

1 TT 

Hence the term becomes 



tt (3 - 4 0/3) 

|Z 


8 (1 — a)(l — a/3)l N 

12/3 
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Taking Bessel’s value of h = 116865.8 toises* = 227775.7 
metres, and the value of i = 7993.15 metres (p. 141), we find by 
(176) /? = 768.57. Substituting this and a = 0.000294211 (p. 146), 
the value of the above expression, reduced to seconds of arc by 
dividing by sin 1", is found to be only 0".72, which in the hori- 
zontal refraction is insignificant. This term, therefore, can be 
neglected (and consequently also all the subsequent terms), and 
the formula (191) maybe regarded as the rigorous expression of 
the refraction. 

115. In order to compute the refraction by (191), it only re- 
mains to determine the constants a and /?. The constant a 
might be found from (178) by employing the value of k deter- 
mined by Biot by direct experiment upon the refractive power 
of atmospheric air, but in order that the formula may represent 
as nearly as possible the observed refractions, Bessel preferred 
to determine both a and /3 from observations. f 
Now, a depends upon the density of the air at the place of 
observation, and is, therefore, a function of the pressure and 
temperature; and /.?, which involves /, also depends upon the ther- 
mometer, since by the definition of l it must vary with the tem- 
perature. The constants must, then, be determined for some 
assumed normal state of the air, and we must have the means 
of deducing their values for any other given state. Let 

p 0 = the assumed normal pressure, 
r 0 = “ “ temperature, 

p = the observed pressure, 
r = “ “ temperature, 

= the normal density corresponding to p Q and r 0 , 

<5 = the density corresponding to p and r; 


* j Fundamental Astronomisc, p. 40. 

| It should be observed that the assumed expression of the density (177) may 
represent various hypotheses, according to the form given to p. Thus, if we put 


ft — we have the form (172) which expresses the hypothesis of a uniform tem- 


perature. We may therefore readily examine how far that hypothesis is in error in 
the horizontal refraction; for by taking the reciprocal of (167) we have in this case 
ft — 796.53, and hence with a = 0.000294211 we find, by taking fifteen terms of the 
series (193), r 0 = 39' 54".5, which corresponds to Barom. 0 m . 76, and Therm. 0° C. 
This is 2' 23".5 greater than the value given by Argelander’s Observations (p. 141). 
Our first hypothesis gave a result too small by more than 7', and hence a true hypo- 
thesis must be intermediate between these, as we have already shown from a con- 
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1 + e O’ — T o) 


L 

P 0 


ill which £ is the coefficient of expansion of atmosplienc air, 01 
the expansion for 1° of the thermometei If the thermometer is 
Centigrade, we have, according to Bessel,* 

£ = 0 0036438 

From (178) it follows that a is sensibly proportional to the 
density, and hence if we put 

a 0 = the value of a for the noimal density d 0 , 
we have, for any given state of the an, 


a 0 P (205) 

'l + s(r — r # ) p 0 

in which for p and p 0 we may use the heights of the barometne 
column, piovided these heights are i educed to the same tem- 
pciature of the mercury and of the scales 
Again, if 

l o _ the height of a homogeneous atmospbeie of the tempeiaturo 
T 0 and any given pressure, 

then the height l foi the same piessure, when the temperatuie 
is r, is 

l = l 0 [1 + <r-t 0 )] ( 206 ) 

The normal state of the air adopted by Bessel in the deteinn- 
nation of the constants, so as to lepiesent Bradley’s observa- 
tions, made at the Gieenwicli Observatoiy m the years 1750- 
1762 was a mean state corresponding to the barometei -J 0 
inches, and thermometer 50° Fahrenheit = 10° Centigrade, and 
for this state he found 

tt() = 0 000278953 


sideration of the law of temperatures At the same time, we see that the hypothesis 
of a uniform temperature is nearer to the truth than the first hypothesis, and we are 
so far justified in adhering to the form <5 = with the modification of substi- 

tuting a corrected value of 8 , . 

*This value, determined by Bessel, from the observations of stars, differs slightly 
from the value ^ more recently determined by Rcdbbrq and Regnacit by direct 
experiments upon the refractive power of the air 
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or, dividing by sin 1", 

a 0 = 57".538 


ancl 


h — 116865.8 toises = 227775.7 metres. 


For the constant l 0 at the normal temperature 50° I\, Bessel 
employed 

l 0 — 4226.05 toisos = 8236.73 metres.* 

Since the strata of the atmosphere arc supposed to be parallel to 
the earth’s surface, Bessel employed for a the radius of curva- 
ture of the meridian for the latitude of Greenwich (the observa- 
tions of Bradley being taken in the meridian), and, in accordance 
with the compression of tlie earth assumed at the time when 
this investigation was made, he took 

a - 6372970 metres. 

lienee we have 


& = — — — 5 • 7 = 745.747 
h t. 0 

These values of a 0 and /?„ being substituted for a and ft in 
(193), the horizontal refraction is found to be only about V too 
great, which is hardly greater than the probable error of the 
observed horizontal refraction. At zenith distances less than 
85°, however, Bessel afterwards found that the refraction com- 
puted with these values of the constants required to be multi- 
plied by the factor 1.003282 in order to represent the Kdnigsberg 
observations. " ° 


116. By the preceding formulae, then, the values of the con- 
stants a and /9 can be found for any state of tlie air, as given hy 
the barometer and thermometer at the place of observation, and 
then the true refraction might be directly computed by (191). 
But, as this computation would be too troublesome in practice, 
the 77UCIU refraction is computed for the assumed normal values 
of cl and /9, and given in the refraction tables. From this mean 


* According to tlie later determination of Hegnault which we have used on p. 143, 
we should have l 0 =? 8280. 1 metres. The difference does not, affect, tlie value of 
Bessel’s tables, which are constructed to represent actual observations. 

Vol. L— 11 
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lill'H <l01'10\ 


left action we must deduce the tine reflection in any ease by 
™’w proper eoirections depending upon the obse.ved state 
efthl bafometer and thermometer For facility of loganthnue 
computation, Bessel adopted the foim 

r _ r (L\ J { -V < 207 > 

°\i>J l 1 + E ( T — T o) ’ 

m winch. I'd is the tabular iefr action conespondmg to y 0 and r,„ 
audris the left action conespondmg to the observe p am r 
Ictus see what interpretation must be given, to the expone s 
A [Z 1 If the pressure remained Vw the refraction correspond- 
ing to the temperature r would he 

dr . v , j? (*-<> * + Ac. 

r. + X ( T ^ a k 2 1 2 


or, with sufficient precision, 


{’ + r, 


In like manriei, if the tenipoiatvne we coustaut and thc pi e.- 
sme is inci eased by the quantity f - />,„ the roll action 
become nearly 


r *{ 1 + r, 


Hence, when both pressure and tempeiatme vary, we shall lime, 
very nearly, 


{ 1 + F. I 0 ’-”* 1 }* 


1+1 ~ (r - r 0 ) ) (208) 


How, patting r. iu (207) under the form 1 + and develop- 

mg by the binomial theoieni, ve have 

1 = r 0 -j 1 + j<-jO + * e } x {l-^(r-r 0 )4 U } 
Therefore, neglecting the smaller terms, we must have 


. A d ± 
’ J o d P 


1 di 


£ r 0 di 
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to determine which we are now to find the derivatives of (191) 
relatively to p and t. Put 


a /? 

sill 2 2 


( 210 ) 


and q x = 4 (1), q t = 2*^(2), q., =■ 3^(3), fee., or in general 

2 » - 1 


?„ = » 2 400 


( 211 ) 


then, if we also put 




0 = *q l+rl[ e-** qa + 1>2 ^ 

the formula (191) becomes 


( 212 ) 


(1 — a) r = sin 2 ~ 


(213) 


in which, since the variations of j~z~ a in (191) are sensibly the 

same as those of a, we may regard 1 — a as constant. Differen- 
tiating this, observing that Q varies with both p and r, while £ 
varies only with r, we have 


(1 - *) 


dr 

dp 


sin- 1 z 


4 


(i 


. dr 

a) — 

dr 


sur 2 


12 (IQ 

* fl' dr 


(IQ 

dp 

a ) c 


d£ 

dr 


(214) 


fn differentiating Q , it will be convenient, to regard it as a func- 
tion of the two variables x and /3, the quantities </ p <y 2 , &c. vary- 
ing only with /?. We have, since /3 does not vary with 


dQ dQ^ dx 

dp dx dp 


and since both x and 8 vary with r, 


d Q_JQ . <f£ + l M_ 

(It dx dr d& dr 


(215) 


( 216 ) 


Prom (212) we fiud 
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dQ 1 x ft? 

(217) 


ckc iX 


in which 



Q' —x(~ 

* A + / e"* 2ft + «ff. + &c. 

(21, s) 

Also, 

*8. =xe ~*& + * e -*& + ** 
d,3 <10. 1-2 d<3 

(219) 


in which we hare generally, by (211), 

tlq dT 

4 ~ " ‘ d2* d,3 

But by (200), in winch «„ = 4 , ( ?l )? we h ave 
JH=i d-4-C »') 

» 

and by (187) 


dT 


•in— 1 

2Tq n — n 2 


whence 


dT_T 
dp 2/3 

dq T* T !2=i 

—In — — a n a 

rfjJ 0 2,3 

cot 2 2 coti? ^ 

= njL — 

2 2/2/5 


Substituting tlie values of this expression for n — 1, 2, 3, &c. in 
(219), tve have 


d Q cot 2 


= [xe~ x ft + /; « 2 * 2ft + /T3 6 ^ §!?:1 + &C> ) 

| a «” s + /«~ 2 * 2i + r.'T73 e-te33+ &C ’) 


2 -j/2 /S 


The first series in this expression = Q’. The second, wher 
e~ x , e~- x , &c. are developed in series, becomes 


x + x 2 -b a? + &c. = 


x 


1— r 
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and hence 


dQ cot 2 3 nf cot z x 

dp ~~ 2 2<y 2~/§ * 1—x 


( 220 ) 


We have, further, from (210) and the. values of a, Z, and /? in the 
preceding article, 


dx x da 

dp a dp 


X a X 

a p p 


dp dp dl a 

Tr = Ti ' F £ 


da 

— z= — ea 
dr 

dx X da X dp 

dr a dr' p dr 


■ep> 


h 


h — l 


• ex • 


2 h — l 
h — l 


Substituting these values in (215) and (216), and then substituting 
in (214), we find* 


a- 

dr 

■ , 1 2 


1 — X 


— a) - 

J dp 

= *'*'* \l J 

■Q'- 

p 


(i - 

dr 

- a) dr~ 

= — e sin 2 2 i 


q, f 2k — l (l 
* { h — l v 

— *0 + 



+ * { a - 

" ®) 


ih 



,,+ l-.l 

h — l 


-I 2 / 

( 221 ) 

These formulas are to be computed with the normal values of a, 
/3, r, l, and p, and for the different zenith distances, after which 
A and 1 are computed by (209). The values of A and X thus 
found arc given in Table II. 

117. Finally, in tabulating the formula (207), Bessel puts 

r„ = a tan s (222) 

1 

: A 7 = 


JL 

Po 


1 + « (j ~ T o) 


(where a and /3 no longer have the same signification as in the 
preceding articles). 


#- Bessel, Fundamenla Astronomic, p. 34, 
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Tlie true lcfraetiou then takes the foim 

r = aft A ? K tan z (223) 


Tlie quantity hero denoted by /3 is the ratio of the ob saved and 
noimal heights of thebarometei, both being reduced to the same 
temporatiue of the mercury and of then scale* Fnst, to concct 
for the temperature of the scale, let b (t \ oi b (j “' > denote the ob- 
served reading of thebarometei beale accoidmg as it is graduated 
in Pans lines, English inches, 01 Fieneli mcties The standaul 
temperatuies of the Palis line is 13° R6aumm,ot the English inch 
02° Fahrenheit, and of the French inetie 0° Ontigiade , that is, 
th o graduations of the seveial scales indicate true heights only 
when the attached thermometers indicate these tempei atmes 
TOHpeetiveh The expansion of biass fiom the tieezing point to 
the hoilmg point is 0018782 of its length at the freezing point 
If then the reading of the attached theimonietcu is denoted 
either by or c', accoidmg as it is Reaumm’s, FaliienUeit s, 

or the Centigrade, the tiue height observed will he (putting i - 
0 0018782) 


l-f-r' 

6® ? " 

1 + ^0 13 


or 


l(i) 


80 y' -s 
80 -j- 13 s’ 


i + icr-32) 

b«> ^ 1 

1 + — 30 
~ 180 


6<» 


14- — <" 
^ 100 


180 + if - 83} , J( „ 10«±i? t3s4) 

180 + 30 s 


where the multipliers 1 + ^r', &c evidently i educe the reading 
to what it would have been if the ohseived temperature had been 
that of freezing, and the drnsois 1 + ^ 13, kc. fmtliei reduce 
these to the respective temperatuies of graduation, and conse- 
quently give the tine heights 

This tiue height of the mercuiy will be piopoitional to the 
pressure only when the temperature ot the meroun is constant 
Wo must, therefore, reduce the height to what it would be it the 
temp ei ature wore ecpial to the adopted normal tempei atm <>, which 
is in our table 8° Reaumui=50° F = 10° 0 Now, mercury 

oxi lands — of its volume at the freezing point ot water, when 

*• 5i> 5 
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its temperature if, raised from tliat point to the boiling point of 
water. Ileuce, putting q = the above heights will be reduced 
to the normal temperature by multiplying them respectively by 
the factors 

80 + 8? 180 + 18g 100 + 10 ? (225) 

80“+^’ 180 + (/'- 82)g 100 + c\? 


The normal height of the barometer adopted by Bessel was 29.6 
inches of Bradley’s instrument, or 383.28 Paris lines ; but it after, 
wards appeared that this instrument gave the heights too small 
by J a Paris line, so that the normal height in the tables is 833.78 
Paris lines, at the adopted normal temperature of 8° Ii. Reducing 
this to the standard temperature of the Paris line — 13 R., we 
have 


: 333.78 


80 + 8s 
80 4- 13s 


(226) 


In comparing this with the observed heights, the and must 
be reduced to lines by observing that one English inch - 11.2595 
Paris lines, and one metre = 443.296 Paris lines. Making tins 

reduction, the value of j9 = ^ is found by dividing the product 

of (224) and (225) by (226). The result may then be separated 
into two factors, one of which depends upon the observed height 
of the barometric column, and the other upon the attached thei- 
mometer ; so that if we put 

_ 80 + 8 q | 

~ 333.78' 80 + 8s 

M 11.2595 80 -fl3« 180 + 18? / 

— b ' 333.78 80 4- 8s ' 180 -f 30s I 

) (227) 

(m) 443.296 8 0 + 13s 100 -f 10 g j 

~ bm ‘ 333.78 ' 80 + 8s ' 100 \ 

and | 

80 4- r's _ 180 4- Cf — 32 ) g _ 100 + c ' a f 

T ™ S0~4~r 7 !' ^ 180 4- (/' — 82) g 100 4-c'g / 

we shall have ft = BT, or 

log /3 = log B 4- log T (228j 
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The quantity y would he computed directly undei the form 

_ 1 

1 4“ e (t t 0 ) 

if r 0 were at once the freezing point and the normal temperature 
of the tables, foi e ispioperly the expansion ot the an toi each 
degree of the thermometer above the fieezmg point, the density 
of the air at this point being taken as the unit of density Bat 
if the normal temperature is denoted by r 0 , that of the freezing 
point by r 15 the observed by r, we shall have 

1 4~ g ( T o r i) 

1 + e ( T r i) 

an expression which, if we neglect the squaie of e, will be l educed 
to the above moie simple one by dividing the mimoratoi and 
denominator by 1 -j- e(r 0 — T t ) Bessel adopted foi r 0 tlie \ alue 
50° F by Bradley’s thermometer, but as tins thcimometei was 
found to give 1° 25 too much, the normal value of the tables is 
T(J = 48° 75 F Hence, if r,f, oi e denote the tempciatme indi- 
cated by the external thermometer, according as it is Reaumui, 
tfahr , or Cent , we have* 

__ 180 + 16 75 X 0 36438 
r— 180 + Jr X 0 36438 _ 

180 -f 16 75 X 0 36438 
= 180 +(/- 32) X 0 36438 

180 4- 16 75 X 0 36438 
~ 180 + s c X 0 36438 



The tables constructed according to these formulae give the 
values of log B, log T, and log r> with the arguments baiometer, 
attached tbeimometer, and external theimometei respectively, 
and the computation of the true lefi action is tendered extremely 
simple An example has alieady been given m Art 107 

118 In the preceding discussion we have omitted any con- 
sideration of the hygiometnc state ot the atmosphere Tin* 


* Tabula Reyioinontans, p LXII 
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refractive power of aqueous vapor is greater than that of at- 
mospheric air of the same density, hut under the same pressure 
its density is less than that of air; and Laplace has shown that 
“the greater refractive power of vapor is in a great degree com- 
pensated by its diminished density.”* 

119. Refraction table with the argument true zenith distance . — When 
the true zenith distance £ is given, we may still find the refrac- 
tion from the usual tables, or Col. A of Table II., where the 
apparent zenith distance z is the argument, by successive ap- 
proximations. For, entering the table with £ instead of 2 , we 
shall obtain an approximate value ot r, which, subtracted from £, 
will give an approximate value of z ; with this a more exact 
value of r can be found, and a second value of 2 , and so on, until 
the computed values of r and z exactly satisfy the equation z 
£ — Tm j^t it is more convenient to obtain the retraction directly 
with the argument £. For this purpose Col. B of Table II. gives 
the quantities a 7 , A r , which are entirely analogous to the 00 , A, 
and A, so that the refraction is computed under the form 

r = *' My* tan C (230) 

where ft and y have the same values as before. 

The values of a', JL', and A' are deduced from those of oc, A, 
and A after the latter have been tabulated. They are to be so 
determined as to satisfy the equations 

tt g A y x tan z = 0*' ft A 'y k ' tan C (281) 

3 = c — ft A ’y k ' tan c (282) 

and this for any values of ft and y. Let {£) denote the value of 2 
which corresponds to £ when ft = 1, y = 1 ; that is, when the 
refraction is at its mean tabular value. The value of ( 2 ) may be 
found by successive approximations from Col. A., as above ex- 
plained. Let (a), (A), (A), and (r) denote the corresponding 
values of oc, A , A, r. We have 

(f) = (a) tan (z) = a tan C 

(z) = £ — a' tan C 


whence, by (232), 


* Mec. Cel. Book X. 
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2 = ( 2 ) — a tan C (? A 'r y — 1) 


But, taking Napierian logarithms, we have 
l tP A ’r y ) = A ' l > 3 + *-' lr 


and hence, e being the Napierian base, 

pA'fM — e a 1 2 F viy = 1 4- + Xly) + &c 

wheie, as j3 and r differ hut little fiom unit}, the higher power? 
of A'lp + I'ly may he omitted Hence 

~ — (z) — (r) [A'li S + A'Z/] 


Now, taking the logarithm of (231), we have 

l (a tan 2) + Alp + A ly = l («' tan C) + A' ip + l' W 

The first member is a function of z, which we may develop as a 
function of ( 2 ) , fox, denoting this fust member by fz, and putting 


y = - (r) [A'lp + A'Zr] 


we have z = (2) + ]!■> an( i hence 

fz =/ [(3) + !/] =/( 2 ) + 2/ + &c > 

wheie we may also neglect the higher poweis of y But since 
f(z) is wdiat fz becomes when z — ( 2 ), and consequently A - ( ), 
/ = (A), we have 

f (2) = Z [(a) tan (2)] + (A) IP + ( 1 ) 

d/(2) dZr(a) tan (2)] _ d [(a) tan (2)] __ J_ djj) 

d (2) ~ (a) tan (2) d (2) (r) d(2) 

Hence we have 

fz = ? [(a) tan (2)] + (A) Z /3 + (A) ly - 3^ W ^ W 
= Z [a' tan C] + A' U 3 + A' Z r 
or, since (<xl tan (2) = a' tan ' 
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Since this is to be satisfied for indeterminate values of /? and 7-, 
the coefficients of Ip and If in the two members must be equal; 
and therefore 


and also 


(4) 


^d(_z) 


X' 


W 


1 +- 


d(r) 

d(z) 


/ 

a 


— 00 


tan ( z ) 
tan f 


(233) 


All the quantities in the second members ol these form ulse may 
be found from Column A of Table II., and thus Column 13 may 
be formed.* 

If we put 


k' = 


we shall now find the refraction under the form 


r = A'' tan C 


120. 7b find ike refraction of a star in right ascension and decli- 
nation. 

The declination d and hour angle t of the star being given, 
together with the latitude <p of the place of observation, we first 
compute the true zenith distance £ and the parallactic angle q 
by (20). The refraction will be expressed under the form 

r = k f tan £ 

in which 

Ji r = a! ft ^ y 

The latitude and azimuth being here constant (since refrac- 
tion acts only in the vertical circle), we have from (50), by put- 


* See also UiissHL, Astronomusche Unter&uchmyen , Vol. I. p. 151). 
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ting d<p = 0 , dA 
right ascension), 


da, (a 


dd = — A' tan C cos q \ ( 234 ) 

co5oda = — k' tan ; win q j 

which arc readily computed, M„cc tire logarithms of tun C «os 1 
and tan C sin , will ahead, have heen found .» computing f by 
(20) The value of log k' trill he found tiom able II Coluni i 

B, with, the argument £ , , , T 

The values of dd and do thus found aie those which are to be 

algebraically added to the opponent declination and right ascen- 
sion to free them from the cftect ot refi action 

The mean value of l' is about 57", which may he emplojed 
when a veiy precise lesult is not required 


DIP OF THE HORIZON 

121 The dip of the hoi izon is the angle ot depression of the 
visible sea liouzon below the tine liouzon, aiming tiom the ele- 
vation of the eye of the observei above the level ot the sea 
Let GZ, Lig 17, he the veitical line of an obseivei at A, 

whoso height abo\ o the 1 ev el of the 
Fig 17 sea 1S a B The plane of the tine lio- 

nzon of the obseivei at A is a plane 
at light angles to the vertical line 
(Ait 8) Let a, vertical plane he 
passed through GZ, and let B r l D he 
the intersection of this plane with the 
eai tli’s surface legal ded as a sphere, 
AH its m tei section with the houzon- 
tal plane Draw A Til’ in this plane, 
tangent to the cucular section of the 
earth at T Disiegauling foi the pre- 
sent tlie eflcct of tlie atmosplieie, 7 ’aw 11 
be the most distant point of the surface visible tiom A It u e 
now eoncone the vertical plane to rciolve about GZ as an axis, 
AH will generate tlie plane of the celestial liorizon, while AH 
will genei ate the surface of a cone touching the eaith m the 
small circle called the \isible liouzon, and the angle 1TAJJ’ 
y, ill be the dip ot the hmizou 
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122. To find the dip of the horizon, neglecting the atmospheric refrac- 
tioiu let 

x = the height of the eye = AB ) 
a = the radius of the earth, 

D — the dip of the horizon. 

We have in the triangle CAT, A CT = UAH' = D, and hence 


tan D - 


AT 

CT 


II y geometry, we have 

AT = VAB X A£> = Vx(2a + 4) 

whence 


, r , V 2 ax -f I' s l‘2x 1 x 

D = — = 

As x is always very small compared with a, the square of the 

fraction — is altogether inappreciable: so that we may take 
a 

simply 

tan D = ■\j~~p~ (235) 


128. To find the dip of the horizon , having regard to the atmospheric 
refraction. 

The curved path of a ray of light from the point T, Fig. 18, 
to the eye at A , is the same as that 
of a ray from A to T; and this is 
a portion of the whole path of a 
ray (as from a star S) which passes 
through the point A, and is tangent 
to the earth’s surface at T. The B ~ 
direction in which the observer at n> 

A sees the point T is that of the 
tangent to the curved path at A, or 
Aid' ; the true dip is therefore the 
angle HAH', and is less than that found in the preceding article. 
It is also evident that the most distant visible point of the earth’s 


Fig. 18. 

Z 
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suifate is more lemoto fiom the obseivei than it would be if 
the eaith had no atmosphcie 

Now, reeurung to the investigation of the refraction in Art 
108, we ohscive that the angle HAH' is the complement ot 
the angle of incidence of the ray at the point A, theic denoted 
hy i, and it was tlieie shown that it 7 , / 1 , and 1 aie iespe< tively 
the nounal, the index ot 1 eft action, and the angle ot incidence 
toi a point elevated above the eaith & surface, while u, anc z 
are the same quantities at the suiface, we have 

q ix sin % = a /j„ sin z 

But 111 the present case we have 2 = 90° , and hence, putting 


B' — the true dip = 90° — 1 
q — a + x 


we have 


sin 1 = cos D' 


ftL a = iA ( 1 + — \ 
{i a + k ' a 


Developing and neglecting the square of — as betore, 


cos D' = -^-( 1 ^-) 


(236) 


which would suffice to deteinune D' when /i 0 and a have been 
obtained tiom the obseivod densities of the an at the observe 1 
and at the level of the sea But, as D ' is small, it is 11101 c con- 
venient to deteinune it fiom its sme, and we maj also mtio- 
duce the density of the an directly into the formula by putting 
(Art 110), 

/A 0 I 1 +_i^o 

[A \ 1 -f- 4/c£ 


■ Substituting the value of a from (178), namely, 


2/c<5 0 

1 + 4M> 


we may give this the form 
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ITo 


Po 


p 



4 


= 1 1 — 2a (1 


L) 

a«j 


which, by neglecting the square of the second term, gives 

d' 




Hence, still neglecting the higher powers of a and as well as 
their product, we have 

sin D' = -|/ 1 


12371 


which agrees with the formula given by Lapiace, Mee Cel. 
Book X. 

For an altitude of a few feet, the difference of pressure will 
not sensibly affect the value of J)\ and may be disregarded, 
especially since a very precise determination ot the dip is not 
possible unless we know the density ot the air at the visible hori- 
zon, which cannot usually be observed. We may, however, 
assume the temperature of the water to be that ot the lowest 
stratum of the air, and, denoting this by r 0 , while r denotes the 
temperature of the air at the height ot the eye, we have [mak- 
ing p = p 0 in (171)], approximately, 


<5 


1 


" 0 1 + e (t T ») 

in which for Fahrenheit's thermometer £ 


1 — e (r — r 0 ) 


sin iff 


\ 


2 x f , a . 

— •{ 1 as(r 

l 


0.002024. 

, l- 


Hence 


— si ni) | 1 


£ (r — r o ) 
sin 2 D 


* y 
} 


where JD is the dip, computed by (235), when the retraction is 
neglected, the sine of so small an angle being put for its tan- 
gent. If we substitute the values a = 0.00027895, sin D = 
JD sin 1”, and e = 0.002024, this formula becomes 
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J>_J 24021 ( J-Q 

in which D is in seconds. If D is expressed in minutes in the 
last term, it Avill he sufficiently accurate to take 

W = D — 400 X — (238) 

Tliis mil give D f = D when r = r 0 , as it should do, since in 
that case the atmosphere is supposed to he of uniform density 
from the level of the sea to the height of the observer. If 
r < r 0 , we have D f > D. In extreme cases, where r is much 
greater than r 01 we may have D' < 0, or negative, and the visible 
horizon will appear above the level of the eye, a phenomenon 
occasionally observed. I know of no observations sufficiently 
precise to determine whether this simple formula, deduced from 
theoretical considerations, accurately represents the observed 
dip in every case. 

124. If, however, we wish to compute the value of D f for a 
mean state of the atmosphere without reference to the actually 
observed temperatures, we may proceed as follows : In the equa- 
tion above found, 


we may substitute the value 

/ [x \ n + 1 a 

W ~a+x 

which is our first hypothesis as to the law of decrease of density 
of the strata of the atmosphere, Art, 109. This hypothesis will 
serve our present purpose, provided n is so determined as to 
represent the actually observed mean horizontal refraction. "We 
have, then, 


«*» =('+!)' 


n 


and developing, 


neglecting 


the higher powers of 


x 

a 9 
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or 


cos D' = 1 

n 

n + 1 

sin D' = yj 

n 2x 

n -f 1 ‘ a 


1 n 

D' = D 

\n + l 


Wsrri 


To determine n, we have by (160), reducing r 0 to seconds, 


4 A'<?q 

n (r„ sin 1") ! 


where, for Barom. 0*76, Therm. 10° C., which nearly represent 
the mean state of the atmosphere at the surface of the earth, we 
have 4 kd 9 = 0.00056795, and r„ = 34' 80" (which is about the 
mean of the determinations of the horizontal refraction by dif- 
ferent astronomers) ; and lienee we find 


n = 5.689, J_2L_ = 0.9216 =1 —0.0784 

\M + 1 

D’ = D — .0784 D (239) 

The coefficient .0784 agrees very nearly with Delambre’s value 
.07876, which was derived from a large number of observations 
upon the terrestrial refraction at different seasons of the year. 
To compute D' directly, we have 


D' 


0.9216 
sin 1" 



If x is in feet, we must take a in feet. Taking the mean value 
a = 20888625 feet, and reducing the constant coefficient of Vx, 
we have 

D' = 58".82 i/x in feet. 

Table XI., Vol. II., is computed by this formula. 

Voi. I.— 12 


(240) 
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Fig. 19. 


ITS 

125. To find the distance of the sea, horizon , and the distance of an 
object of known height just visible in the horizon . — The small portion 
TA, Fig. 19, of the curved path of a ray of 
light, may be regarded as the arc of a circle; 
and then the refraction elevates A as seen 
from T as much as it elevates T as seen 
from A. Drawing the tangent TP, the ob- 
server at T would sec the point A at P ; 
and if the chord TA were drawn, the angle 
PTA would he the refraction of A. This 
refraction, being the same as that of T as 
seen from A, is, by (239), equal to .0784 1). In the triangle 
TP A, TAP is so nearly a right angle (with the small elevations 
of the eye here considered) that if we put 



AP 


we may take as a sufficient approximation 

aq = TA X tan PTA = a tan D X -0784 tan D 
But we have a tan 2 D = 2x, and hence 


Putting 
we have 
or, nearly, 


a-, = .1568 x 

d = the distance of the sea horizon, 
PT = y'(2CB + PWfyfPB 
d = t/2 a (x + xj) = i/ 218136 ax 


* 


If x is given in feet, we shall find d in statute miles by dividing 
this value by 5280. Taking a as in the preceding article, wo 
find 

l/2.8136a _ S17 
5280 


and, therefore, 


d (in statute miles') = 1.317 \/x in feet (241 ) 


If an observer at A' at the height A'B' — x' sees the object 
A, whose height is x, in the horizon, he must be in the curve de- 
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scribed by the ray from A which touches the earth’s surface at 
2T. The distance of A’ from Twill ho = 1.817 ]/P, and hence 

t.lie whole distance from A to A' will he = 1.317 (Vx-{-Vx r ). 

The above is a rather rough approximation, but yet quite as 
a cen rate as the nature of the problem requires; for the anoma- 
lous variations of the horizontal refraction produce greater 
errors than those resulting from the formula. By means of this 
formula the navigator approaching the land may take advantage 
of the tirst appearance of a mountain ot known height, to deter- 
mine the position of the ship. For this purpose the foi null a 
(i241) is tabulated with the argument “ height of the object or 

0 ye and the sum of the two distances given in the table, cor- 
responding to the height of the object and of the eye respect 

1 voly, is the required distance of the object from the observer. 

126. To find the dip of the sea at a <jiven distance from the observer. 

18 V the dip of the sea is here understood the apparent dcpics- 

sion of any point of the surface of the water nearer than the 
visible horizon. Let T, Fig. 20, he such a 
■point, and A the position of the observer. 

Let TA' be a ray of light from 2\ tangent 
to the earth’s surface at T, meeting the ver- 
tical line of the observer in A'. Put 

D"^z the dip of T as seen from A, 
d — the distance of Tin statute miles, 
x = the height of the observer’s eye in feet = AB, 
x ' = A’B. 


Fig. 20. 



We have, by (241), 



and the dip of T, as seen from Af is, therefore, by (240), 


= 58" .82 i/i 7 = 44". 0G d. 


Now, supposing the chords TA. TA' to be drawn, the dip of T 
at A exceeds that at A' by the angle A2A', very nearly; and 


we have nearly 


A A* 

anal© ATA! = — 7 X 


TA! sin 1" 5280 d sin 1" 
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whence 


D" = 44".66 cl + 


x — x f 
5280 d sin 1" 


Substituting the value of x' in terms of d , 


1 yr — 22".14 d -f S9".07 ~ (; x being in feet and d in statute 
d 


miles). 


(242) 


69 ^ 

If d is given in sea miles, we find, by exchanging d for -—-d, 


D" = 25". 65 d + 
miles). 


8". 73 — (x being in feet and d in sea 
cl 


(243) 


The value of D" is given in nautical works in a small table 
with the arguments x and d. The formula (243) is very nearly 
the same as that adopted by Bowditch in the Practical Navigator . 


127. At sea the altitude of a star is obtained by measuring its 
angular distance above the visible horizon, which generally 
appears as a well-defined line. The observed altitude then 
exceeds the apparent altitude by the dip, remembering that by 
apparent altitude we mean the altitude referred to the true 
horizon, or the complement of the apparent zenith distance. 
Thus, h f being the observed altitude, h the apparent altitude, 


h = K - D' 


or, when the star has been referred to a point nearer than the 
visible horizon, 

h — h' — D" 


SEMIDIAMETERS OF CELESTIAL BODIES 

128. In order to obtain by observation the position of the 
centre of a celestial body which has a well-defined disc, we 
observe the position of some point of the limb and deduce that 
of the centre by a suitable application of the angular semi- 
diameter of the body. 

I shall here consider only the ease of a spherical body. The 
apparent outline of a planet, whether spherical or spheroidal, 
and whether fully or partially illuminated by the sun, will be 
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discussed in connection with tlie theory of occupations hi 

0 The angular semidiameter of a spherical body is the angle 
subtended at the place of observation by the radius of the disc. 

1 shall here call it simply the semidiameter, and distinguish the 
linear semidiameter as the radius. 

Let 0, Fig.. 21, be the centre of ’ 1S '* ' * 

the earth, A the position of an ob- 
server on its surface, M the centre B 
of the observed body; OB, AB', 
tangents to its surface, drawn from B 
0 and A. The triangle OBM re- 
volved about OJM as an axis v ill de- 
scribe a cone touching the spherical 
body in the small circle described 
by the point B , and this circle is the 

disc whose angular semidiameter at Q 

0 is MOB. Put 

S = the geocentric semidiameter, MOB, 

S' — the apparent semidiameter, MAB', 
y jm the distances of the centre of the body from the centre of 
the earth and the place of observation respectively, 
a = the equatorial radius of the earth, 
a' = the radius of the body, 

then the right triangles 0MB, AMB’ give 


■ 


But if 


the equatorial horizontal parallax of the body , 


we have, Art. 89, 


and hence 


sin S = — sin 

a 


r, with sufficient precision in most cases, 


( 246 ) 
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The geocentric semidiameter and the horizontal parallax have 

therefore a constant ratio = — . For the moon, we have 

a 

- = 0.272956 ( 247 ) 

a 

as derived from the Greenwich observations and adopted by 
Hansen ( Tables de la Litne , p. 89 ). 

If the body is in the horizon of the observer, its distance from 
him is nearly the same as from the centre of the earth, and hence 
the geocentric is frequently called the horizontal semidiameter ; 
but this designation is not exact, as the latter is somewhat greater 
than the former. In the case of the moon the difference is 
between O'M and 0" 2. See Table XII. 

If the body is in the zenith, its distance from the observer is 
less than its geocentric distance by a radius of the earth, and the 
apparent semidiameter has then its greatest value. 

The apparent semidiameter at a given place on the earth’s 
surface is computed by the second equation of (245) or (246), in 

which the value of ~ is that found by (104) ; so that, putting 2 ' = 

the true (geocentric) zenith distance of the body, £' =the appa- 
rent zenith distance (affected by parallax), A — its azimuth, 
9 <p ! the reduction of the latitude, we have, (by (111) and (104), 

Y = (c> — <p') cosri 

sin S' = sin S S -— ~~ } (248) 

sin (C — y) ) 

129. This last formula is rigorous, but an approximate formula 
for computing the difference S f — /Swill sometimes be convenient. 
In (108) we may put 


COS (<p — (p r ) ^ ^ 

cos y cos 1 (C' — C) 

without sensible error in computing the very small difference in 
question ; we thus obtain 


£' 

J 


= 1 


~ P sin t r cos [i (;' g) __ ^ 
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JL'UlUUg /9.1Q^ 

m== p sin 7r cos [J (C +0 f] (^ ) 

wo have 

£. 1 = 1 -f- ?/i + m 2 + &c. 

J' 1 — m 

aud hence, since the third power of m is evidently insensible, 

S' — S = *Sm + /Sw* ^0) 

which is practically as exact as (248). The value of C' required 
in (249) will he found with sufficient accuracy by (114), or 

f ' — C = P it sin (S' — r.) 

The quantity S' — S is usually called the augmentation of the 
semidiameter. It is appreciable only in the case of the moon. 

130 If we neglect the compression of the earth, which will 
not involve an error of more than 0".05 even for the moon,* we 
may develop (250) as follows. Putting g = l and y = 0 in (249), 
we may take 

m = sin t r cos \ (£' + C) 

= sin 7r cos [£' — 2 (y f — C)] 

— sin 7 T cos C' + i s in * sin (C' — C) sin C 
= sill 7T cos C' + i sin ‘ 2 * sin 2 S' 

which substituted in (250) gives, by neglecting powers of sin ir 
above the second, 

_ s = S sin * cos Z' + l/S sin 2 * sin 2 Z' + S sin 2 it cos 2 Z’ 

— 6' sin it cos + -1 S sin 2 -+ l S sin 2 * cos 2 Z' 

But we have 

„ a' _ a' sin * 

s= l „ 


* The greatest declination of the moon being less than 30°, it oan reach great 
altitudes only in low latitudes, where the compression is less sensible. A rigorous 
investigation of the error produced by neglecting the compression shows that the 
maximum error is less than 0".0G. 
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and if we put 

h =■ ^ sm 1", log h — 5 2495 

we have sm ~ = hS, which substituted above gives the follow- 
ing formula for computing the augmentation, of the moon’** 
semidiameter 

S' — S = h S 1 cos Z' + ih 2 S 3 + } W S 3 cos 2 Z' (251) 


Example — Find the augmentation for £' = 40°, S = 16' 0" 
= 960". 


log S* 5 9645 

log h 5 2495 

Log cos Z' 9 8843 

log 1st term 1 0983 


log S 3 8 947 

log % h* 0 198 

log 2d term 9 145 
log cos 2 C' 9 769 
log 3d teim 8 914 


1st term = 12" 5 4 

2d “ = 0 14 

3d “ = 0 08 

S' — S = 12 7t» 


The value of S' — S may be taken directly fiom Table XII. with 
the argument apparent altitude = 90° — £' 


131 If the geocentnc hour angle ( t ) and decimation (d) art* 
given, we have, by substituting (187) m (245), 

sin S' = sin S sm (i-Z-ll (252 ) 

sm (<S — y) K 

for winch y and d r are to be deteimmed by (134) and (136), m 
with, sufficient accuracy foi the present purpose by the formula 1 


tan y 


tan (p f 
cos t 


d r -<5 


p 7T sm <p f sm (<$ — y) 
sm y 


132 To find the contraction of the vertical semidiameter of the sm 
&r moon produced by atmosphey ic refy action 

Since the refraction increases with the zenith distance, the 
refraction for the centre of the sun or the moon will be greater 
than that foi the upper limb,* and that foi the lower limb will lx 
greatei than that foi the centre The apparent distance of tin 



SEMIDIAMETERS. 


185 


limbs is therefore diminished, and the whole disc, instead of 
being circular, presents an oval figure, the vertical diameter of 
which is the least, and the horizontal diameter the greatest. 
The refraction increasing more and more rapidly as the zenith 
distance increases, the lower half of the disc is somewhat more 
contracted than the upper half. 

The contraction of the vertical semidiameter may be found 
directly from the refraction table, by taking the difference of 
the refractions for the centre and the limb. 


Example. — The true semidiameter of the moon being 16' 0", 
and the apparent zenith distance of the centre 84°, find the con- 
traction of the upper and lower semidiameters in a mean state 
of the atmosphere (Barom. 30 inches, Therm. 50° E.). AYe find 
from Table I. 

For apparent zen. dist. of centre, 84° 0' Befr. = 8' 28".0 

“ approx. il upper limb, 88 44 “ == 8 9 .4 

« “ u lower “ .84 16 u =8 48 .1 

Hence, 

Approx, contraction upper semid. = 8' 28".0 — 8' 9".4 = 18".0 
it a lower u = 8 48 .1 — 8 28 .0 = 20 .1 


These results are but approximate, since we have supposed the 
apparent zenith distance of the limb to differ from that of the 
centre by the true semidianieter, whereas they differ only by the 
apparent or contracted semidiameter. Hence we must repeat as 
follows : 

App. zen. dist. upper limb — 88° 44' 18".6 Befr. = 8 9 .7 

« « lower “ == 84 15 89 .9 “ = 8 47 .7 

Contraction of upper semid. = 8' 2S".0 — S' 9".7 = 1S".B 
u lower iC = 8 4/ .< — 3 28 .0 = 19 .< 


Observations at great zenith distances, where tins contraction 
is most sensible, do not usually admit of great precision, or, 
account of the imperfect definition of the limbs and the uncer- 
tainty of the refraction itself. It is, therefore, sufficiently exact 
to assume the contraction of either the upper or lower semi- 
diameter to he equal to the mean of the two. In the above 
example, which offers an extreme ease, it we take the men 
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19" 0 as the contraction for either semidiameter, the error will 
be only 0".7, which is quite within the limit of error of observa- 
tions at such zenith distances. 


Pig. 22. 


133. To find the contraction of any inclined semidiameter , produced 
by ref ractio?i. 

Let M, Fig. 22, be the apparent place of the sun’s or the 
moon’s centre; ACBD , a circle described 
with a radius MA equal to the true semi- 
diameter, will represent the disc as it would 
appear if the refraction were the same at 
all points of the limb. The point A , how- 
1 ever, being less refracted than M, will ap- 
pear at A', P at P', &c. ; while J5, being 
more refracted than M, appears at JB'. The 
contraction is sensible only at great zenith 
distances, where we may assume that AM 
and PP'P, small portions of vertical circles drawn through A 
and P. ara sensibly parallel. If then we put 



S == the true vertical semi diameter = AM, 

S 1 — the contracted vert, semid. = AM, 

S q — the contracted inclined semid. = MP\ which makes an 
angle q with the vertical circle, 

&S l = the contraction of the vertical semid. = 8 — S t 
&S q — the contraction of the inclined semid. = S — 

we shall have 


& Q cos q = P'E = the difference of the apparent zenith distances 
of M and P r , 

$ = the difference of the app. zen. dist. of M and A'. 


Kow, the difference of the refractions at M and A f is AA', and 
the difference of the refractions at M and P ! is PP' ; and, since 
these small differences are nearly proportional to the differences 
of zenith distance, we have 


S x : S q cos q = AA ' : PP' 

A 
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The small triangle PFF' may be regarded as rectilinear and 
right-angled at F; whence 


FP' = PP' X cos q 


or 


AS, = AS, 


S, cos ~‘q 


If we put S, for S q in tlie second member, the resulting value of 
J8 rl will never be in error 0 ,/ .2 for zenitlx distances less than 85 . 
and it suffices to take 

AS, = AS, cos ( 2 ^1 


This rormula is sufficiently exact for all purposes to which we 
shall have occasion to apply it. 


134. To find the contraction of the horizontal senvidiameter .— The 
formula (253) for q = 90° makes the contraction of the hori- 
zontal semidiameter = 0. This results from our having assumed 
that the portions of vertical circles drawn through the several 
points of the limb are parallel, and this assumption de- ^ ^ 
parts xnost from the truth in the case of the two ver- lo ' f 

tical circles drawn through the extremities of the / 

horizontal diameter. To investigate the error in this j 
case, let ZM, Fig. 23, be the vertical circle drawn / 
through the centre of the body, ZM' that^ drawn 
through the extremity of the horizontal semidiameter / \ 
MM*~. In consequence of the refraction, the points M \ 
and M' appear at N and N'. If we denote the zenith f j \% . 
distances of M and N by C and z, those of M' and N' 

•>y y ar.-i. z', the refraction MN may be expressed as a func- 
tivn'cither of 2 or of C, Art. 107, and we shall have 


r — k tan z = k’ tan £ 

where k and k’ are given by the refraction table with the argu- 
ments z and r. The zenith distance of the point M’ differs so 
little from that of M that the values of k and k f will be sensibly 
the same for both points, and we shall have for the refraction 
M'N' 
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These two equations give 

tan z tan g 

tan z' tan 

But if the triangle ZNN ' is right-angled at jVj we have 


and hence, also, 


cos Z = 


tan z 
tan z' 


cos Z = 


tan C 
tan C' 


Therefore the triangle ZMM' is also right-angled , and it gives 


, ^ tan S tan S' 

tan Z — -t— — — - = — 

sm (3 4" 0 Bill -8T 

in which S — MM' and S' = NN'. Hence 


tan S 
tan S' 


sin (z + r) 
sin 2 


= cos r -f sin r cot z 


or, very nearly, 


S_ 

S' 


= 14 • r shi 1" cot z = 14 “^ sin 1" 


Hence the contraction of the horizontal semidiameter is ex- 
pressed by the following formula : 

S— S' = S' k sin 1" 

£n the zenith, the mean value of log k is 1.76156; at the zenith 
distance 85°, it is 1.71020. Tor S' = 16', therefore, the contrac- 
tion found by this formula is 0".27 in the zenith, and 0".24 for 
85°. Thus, for all zenith distances less than 85° the contraction of 
the horizontal semidmneter is very nearly constant and equal to one* 
fourth of a second. 

When the body is in the horizon, we have k — r cot z = 0, 
and hence S — S' = 0, which follows also from the sensible 
parallelism of the vertical circles at the horizon. 
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REDUCTION OF OBSERVED ZENITH DISTANCES TO THE CENTRE OF 

THE EARTH. 

135. It is important to observe a proper order in the applica- 
tion of the several corrections which have been treated of in this 
chapter. 

The zenith distance of any point of the heavens observed with 
any instrument is generally affected with the index error and 
other instrumental errors. These errors will be treated of in 
the second volume ; here we assume that they have been duly 
allowed for, and we shall call “observed” zenith distance that 
which would be obtained with a perfect instrument, and shall 
denote it by z. 

In all cases the first step in the reduction is to find the refrac 
tion r (=«/?-' -/Han z) with the argument z, and then z + r is the 
zenith distance freed from refraction. 

1st. In the ease of a fixed star, 

r = z - f- r 

is at once the required geocentric zen. dist. 

2d. In the case of the moon, the zenith distance observed is 
that of the upper or lower limb. If S is the geocentric and S' 
the augmented semidiameter found by Art. 128, 129, or 130, 

C' = s 4- r ± S' 

is the apparent zenith distance of the moon’s centre freed from 
refraction, and affected only by parallax, and, consequently, it is 
that which has been denoted by the same symbol in the discus- 
sion of the parallax. With this, therefore, we compute the 
parallax in zenith distance, £' — £, by Art. 95, and then 

Z = V — (£' — £) 

is the required geocentric zenith distance of the moon’s centre. 

To compute S' by (248), (250), or (251), we must first know 
but it will suffice to employ in these formulae the approximate 
value £' = z + r ± S. 

We can, however, avoid the computation of S', when extreme 
precision is not required, by computing the parallax for the 
zenith distance of the limb. Thus, putting r' = z J r r, and 
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computing C r C V Art 95, the quantity £ == f ' — (£' — f) is 
the geocentnc zenith distance of the limb, and tliercfoie, ap- 
plying the geocentric semidiameter, £ d= S is the lequned geo- 
centric zenith distance ol the moon’s centie This process 
invokes the on or of assuming the honzontal paiallax for the 
limb to be the same as that for the moon’s centie It can easily 
be shown, however, that the erroi in the result will never amount 
to 0 n 2, which m most cases in practice is unimportant The 
exact amount will be investigated in the next aiticle 

3d In the case of the mn or a 'plai'iet , when the limb has been 
obseivecl, the pioeess of leduction is, theoi etieally, the same as 
foi the moon , but the paiallax is so small that the augmentation 
of the semidiameter is insensible. Ve theiefore take 

C' = z -f i ± 8 

and then, computing the parallax by Ait 96, oi even by Art 1)0, 
* r r — (£' — i^ the true geocentric zenith distance 

It a point has been i cloned to the sea lionzon and the 
measmed altitude is H , then, D being the dip of the hoii/on, 
h'= H — D Is property the observed altitude, and z = 90° — h f 
the obseivecl zenith distance, with which we pioceecl as abo\e 

136 The pioeess above given for reducing the obseived zenith 
distance of the moon’s limb to the geocentnc zenith distance of 
the moon’s centie, is that which is usually employed, but the 
whole leduction, exclusive of lefiaetion, may be duectly and 
rigorously computed as follows Putting 

C' — 2 + r = the apparent zenith distance of the moon's limb 
corrected foi refi action, 

£ = the geocentnc zenith distance of the moon's centre, 

then, S' being the augmented semidiametei, wo must substitute 
C' ± S' toi 111 the formulae foi paiallax, and, by (101), we 
have 


J sin (£' ± S' ) = sin £ — p 8in n cos ( [<p — tan y 

f cos (£' =h S') — cos £ — p sm k cos (<p — <p f ) 

Multiplying the first of these hy cos the second, by sin and 

subtracting, we have 
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±/A Bin (C- - t, + C«— tO (c , _ r) 

COS y 

A> 

in which /= j. By (245) we have also 

/ sin S f = sin S 
and hence the rigorous formula 

, , , , , N COS (<p — . Ci 

sin C'—Z)=p sin - sin (V — y) - =P sm S 

cos y 

for which, however, ive may employ with equal accuracy in 
practice 

sin (*' — C) == /> sin r sin (£' — r) -F sin $ (254) 

in which, J. being the moon’s azimuth, we have 
y = — e/) cos A 

If we put (Art. 128) 

/>• = — = 0.272956 
a 


we have sin $ = /»; sin 7r, and (254) may be written as follows : 

sin (?' — C) = [/> sin (C' ~~~ y) =F /c] sin ;r (255) 

Bor convenience in computation, however, it will be better to 
make the following transformation. Put 

sin p = p sin n sin (C ' — y) (256) 

then (254) becomes 

sin (£' — C) = sin^> q= sin $ 

= sin (p qz aS) + sinp (1 — cos >8) q= sin £' (1 — cos p) 

= sin (p qz >S) -f- 2 sin p sin 2 •} S' q= 2 sin $ sin 2 /> 

where the last two terms never amount to 0".2, and therefore the 
formula may he considered exact under the form 

sin (C' — C) = sin (p q= £) T i (p =F S) sin 1" sin p sin # 

Since — C ail d P =F 8 differ hy so small a quantity, there will 



192 


REDUCTION UF ZLVITII DISTANCLS 


be no appreciable eiror m regarding them as proportional ta 
their smes ; and hence we have 

!' — Z — p hF S q= l (p> + S) sin p sin S (257) 

the uppci signs being used foi the upper limb and the lower 
signs foi the lowei limb 

In this formula, p is the parallax computed for the zenith 
distance of the limb, and the small term J(p q= 8) sin p sin S may 
be regai ded as the correction for the enor of assuming the 
paiallax of the limb to be the same as that of the centie 

Example — In latitude <p = 38° 59' hT , given the observed zenith 
distance of the moon’s lower limb, z = 47° 29' 58", the azimuth 
A = 33° O', Baioni 30.25 niches, At Therm 65° E , Ext Theim 
64° E , Eq hor par r = 59' 10" 20 , find the geocentric zenith 


distance of the moon’s centie 



(Table III ) ( 9 — tf) 

= 11' 15" 

a = 47 c 

* 29' 58" 00 

l 0 g _ 0 ') — 

2 8293 

(TaHe II ) ? = 

1 2 27 

log cos *1 

9 9286 

ii 

31 0 27 

log } 

2 7529 

y = 

9 26 

(TaUe III ) log /j 

9 999428 

V - y =47 

21 34 

log sm rr 

8 235806 



log sm (;'—>) 

9 866652 



log sm p 

8 101885 

p = 

43' 28" 09 

log Sill 7T 

8 235806 

s= 

16 9 00 

(Art 128) log (0.27295G) 

9 436093 

p + s = 

59 37 09 

log sm S 

7 071899 

i{p i- S) sm p sm S == 

0 11 

log sin p sm S 

t) i i 39 

ii 

1 

CO 37 20 

log (p 4- S) 

3 5535 



log* 

9 6990 

c = 46° 31' 23" 07 


log § (* + S) smp sin S 9 0264 

It is hardly necessary to observe that if the geocentric zenith 
distance of tlie centie of the moon or otliei body is given, the 
apparent zenith distance of the limb affected by paiallax and 
refi action v ill be deduced by leversmg tlie oidei of the steps 
above explained. 

If altitudes aie given, we may employ altitudes thioughont 
tlie computation, putting everywhere 90° — A, &c for z 9 &c , and 
making the necessaiy obvious modifications m the formulae. 
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ie intei val to T— May 25, 11* 13“ 12" 6, T—T = 13" 11* 
2* 6 = 13" 467 Hence we have 


a 7; = — 16 m 13*50 
ST (T — T 0 ) = + 1 5 03 

A r = — 15 8 47 

2 1 = ll 4 13“ 12* 60 
T' = 10 58 4 13 

m this example the rate is obtained foi one true mean 
vhile the unit of the intei val 13" 467 is a mean day as 
i by the clock The piopei interval with which to com- 
pile late in this case is 13" 10* 58“ 4* 13 = 13" 457 with 
we find 


a T 0 = — 16 m 13* 50 
ST X 13 457 =. +_ 1 4 98 

a T -= — 15 8 52 

T = IP 13"* 12*60 
T'= 10 58 4 08 


epetition will bo rendered unnecessary by always giving 
tc in a and of the clock Thus, suppose that on June 3, 
11“ 12* 35 by the clock, we have found the correction 
10*14, and on June 4, at 14* 17“ 49*82, we have found 
rection + 2“ 19* 89 ; the rate m one hour of the clock will be 


AT- ±*75 
34 1104 


= + 0* 2858 


practical details lespeetnig the care of clocks and other 
eepers, the methods of compaiing then indications, &e , 
I II , see also Cliaptei YII , “Longitude by Chronoractei ” 
heie confine nnself to the methods of determining their 
ion bv dhtionomual obseivatiou 

; e methods ’ bowevei , which involve details depending 
he pecuhai natuie of the instalment with which the ob- 
m is made, will be treated very baeflv in this chaptci, 
nr full discussion will be leserved foi Vol II. 
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FIRST METHOD — DY TRANSITS 

188 At the instant of a star’s passage ovei the meridian, note 
the time T by the clock The stai’s hour angle at that instant 
is == 0 7t , whence the local sidereal time T f is (Ait 55) 

T' = a = the star's right ascension 

« m 

If the clock is regulated to the local sidereal time, we have, 
therefore, 

A T = a — T 

But if the clock is regulated to the local mean time, we first con- 
vert the sidereal tune a into the corresponding mean time T f 
(Art 52), and then we have 


a T= T f —T 

This, then, is m theory the simplest and most direct method 
possible It is also practically the most piecise when propel ly 
carried out with the transit mstiument But, as the tiansit in- 
strument is seldom, if evei, precisely adjusted in the mendian, 
the clock time T of the true meridian transit of a star is itself 
deduced from the observed time of the tiansit over the instill- 
ment by applying proper corrections, the theory of which will 
he fully discussed m Yol II. 

It will theie be seen, also, that the time may be found from 
transits over any veitical circle 


SECOND METHOD — BY EQUAL ALTITUDES 

189 (A ) Equal altitudes of a fixed star — The time of the meri- 
dian transit of a fixed stai is the mean between the two times 
when it is at the same altitude east and west of the mendian, so 
that the observation of these two times is a convenient substi- 
tute foi that of the meridian passage when a tiansit instrument 
is not available The obseivation is most frequently made with 
the sextant and aitificial honzon, but any instrument adapted to 
the measurement of altitudes may be employed It is, however, 
not required that the instrument should indicate the ti ue alti- 
tude , it is sufficient if the altitude is the same at both observa- 
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ti°ns. If we-use the same instrument, and take care not to 
change any of its adjustments between the two observations we 
may generally assume that the same readings of its o- ra duated 
arc represent the same altitude. 'Small inequalities, “however 
may still exist, which will he considered hereafter.* ’ 

The clock correction will he found directly by subtracting 
the mean of the two clock times of observation from the eoirT- 
puted time of the star’s transit. 


Example 1 . March 19, 1856; an altitude of Ardurus east 
of the meridian was noted at 11* 4* 61*. 5 by a sidereal clock 
and the same altitude west of the meridian at 17 A 21™30 5 .0* find 
the clock correction. * ° " J 


East 
West 

Merid. transit by clock = T 
March 19, Arcturus B. A. = «, 

Clock correction = & T = 


IP 4* 
17 21 


5P.5 
SO .0 


14 

14 


13 

9 


10.75 

7.11 


4 3.64 


This is the clock correction at the sidereal time 14 7t 9 m 7*. 11 or 
at the clock time 14 7t 13™ 10.75. 


Example 2.— March 15, 1856, at the Cape of Good Hope 
Latitude 33° 56' S., Longitude l h 13“ 56* E.; equal altitudes of 
Spica are observed with the sextant as below, the times being 
noted by a chronometer regulated to mean Greenwich timet 
The artificial horizon being employed, the altitudes recorded are 
double altitudes. 


East. 

10* 20" 0*.5 
“ 20 28 . 

“ 20 55. 
Means 10 20 27 .83 


2 Alt. Spica. West. 

104° 0' 2* 40” 38*. 

“ 10 “ 40 10 .5 

“ 20 “ 39 42 . 

2 40 10 .17 
10 20 27.83 


Merid. Transit, by Chronom. = T = 12 30 19 .00 


The chronometer being regulated to Greenwich time, we 
must compute the Greenwich mean time of the star’s transit at 
the Cape (Art. 52). We have 


* For the method of observing equal altitudes with the sextant, see Vol II 
f ‘Sextaiit,” ’ ‘ 
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Local sidereal time of transit = 

_ a __ 

13* 3 7 m 


92 

Longitude 

= 

— 1 

13 

56 


Greenwich sideieal time 

= 

12 

3 

41 

~92 

March 15, snl time of mean noon = 

23 

1 5 

5 

37 

Sid interval fiom mean noon. 

= 

TT 

30 

3b 

55 

Reduction to mean time 

= 

— 

2 

2 

97 

Mean Gr time of star s 






local tiansit / 

r ^ = 

12 

28 

33 

58 

Chronometer time of do = 

T = 

12 

30 

19 

00 


Chronometer correction = A T = — 1 45 42 


140 (B) Equal altitudes of the sun befoie and aftci noon — If the 
declination of the sun weie the same at both obscurations, the 
hour angles reckoned horn the mendian east and ■west would he 
equal when the altitudes were equal, and the mean of the two 
clock times of observation would be the time by the clock at 
the instant of appaient noon, and we should find the clock eon 
rection as in the case of a fixed star To find the collection 
tor the change of declination, let 

(p — the latitude of the place of obseivation, 
d = the sun’s decimation at appaient (local) noon, 

= the mciease of declination fiom the mendian to the west 
observation, or the decrease to the east obsci\ation, 
h = the sun’s true altitude at each obseivation, 

T () — the mean of the clock times A M and P M , 

ATi^the collection of this mean to leduce to the clock time 
of apparent noon, 

t = half the elapsed time between the observations 
Then we have 

t -j- aT 0 = the lioui angle at the A M observation reckoned 
towards the east, 

t — aT 0 = the hour angle at the P M obseivation, 
d — a d = the decimation at the A M u 
o -f Ao = « ££ P M « 

and, by the first equation of (14) applied to each obseivation, 

sin h = sin <p sm (3 — Ad) -f cos y cos (d — Ad) cos (t ~| a T 0 ) 
sin h = sm 9 sm (d + Ad) + cos 9 cos (d + Ad) cos (f — a tJ) 
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If we substitute 


sin (3 ± Ad) = sin 3 cos a 5 ± cos 3 sin a 3 

cos ('5 ± Ad) = cos d cos Ad q= sin d sin a 3 

cos (t ±iT„) = cos t cos a T 0 q= sin t sin a T 0 

and then subtract the first equation from the second, we shall 

find 

0=2 sin <p cos S sin Ad — 2 cos <p sin i sin a S cos t cos a T 
2 cos <p cos 3 sin t cos a 3 sin a T u 


whence, by transposing and dividing by tire coefficient of sin aT w 


sin a T n = — 


tun Ad . tan <p tan a o . tan $ 


sin t 


tan t 


cos a 71 


This is a rigorous expression of tlie required correction a T, but 
the change of declination is so small that we may put a 3 for its 
tangent, a r /|, for its sine, and unity for cos a T 7 ,, without any 
appreciable error; and, since Ad is expressed in seconds of arc, 
we shall obtain a 7 7 0 in seconds of time by dividing the second 
member by 15. We thus find the formula’ 1 ' 


aTT 


Ao . tan <p 
15 sin t, 


+ 


Ad . tan 5 
15 tan t 


(262) 


The Ephemeras gives the hourly change of 3. If we take it for 
the Greenwich instant corresponding to the local noon, and call 
it a 'd, and if t is reduced to hours, we have 


and our formula becomes 


A 3 — A'S.t 


A 7T = — A,, *- mn y _p A '' 5 i£tan£ ["Equation 


15 sin t, 


15 tan t 


Lfor 


noon 


] (263) 


To facilitate the computation in practice, we put 


A - 

15 sin t 

a = A . a'S . tan <p 


B 


t 


1 5 tan t 
b = £ . & r d . tan o 


then we liave 


A 1 0 = a -f- b 


* A- 8 given hy Gauss, Monafliohe Correspondent, Vol. 23. 


( 264 ) 
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The correction aT 0 is called the equation of equal altitudes The 
computation according to the above foim is lendered extiemely 
simple by the aid of oui Table IV, which gives the values of 
log A and log B with the aigument “elapsed time’' (—2 1) 
Then a and b aie computed as above, the algebraic signs of the 
seveial factors being duly observed When the sun is moving 
tow aids the noi th, give a' 5 the positive sign, and also when 
(p and d aie noith, give them the positive sign, in the opposite 
cases they take the negative sign The signs of A and B are 
given in the table; A being negative only when £< 12 A and J3 
positive when t < 6 7t or > 18\ 

When we have applied a 7 0 to the mean of the clock times (or 
the “middle time”), we have the time 

T= T 0 + aT 0 

as shown by the clock at the instant of the sun’s meiidian transit 
Then, computing the time T\ whether mean 01 sidereal, which 
the clock is required to show at that instant, we have the clock 
correction, as befoie, 

aT — T f — T 

Example — March 5, 1856, at the U S Naval Academy, Lat 
38° 59' N, Long 5 A 5™ 57* 5 W , the sun was obseived at the 
same altitude, AM and P M , bj a chionometer regulated to 
mean Greenwich time , the mean of the A M times was 1 A 8 m 26" f>, 
and of the P M. times 8 A 45™ 4T 7 , find the chronometer cor- 
rection at noon 

We have first AM Ohio Time = 1* 8” 1 26' 6 

PM “ “ = 8 45 41 7 

Elapsed time 2 1 = 7 37 15 1 

Middle time T Q = 4 57 4 15 

From the Lphemeris we find for the local apparent noon of 
March 5, 1856, 


d — — 5° 46' 22" 5 Equation of time == + 11™ 35' H 
A'd = + 58".10 


Foi the utmost pieeision, we reduce a'8 to the instant ot local 
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aoon With these quantities and <p = 38° 59', we pioceed as 
follows 


Arg 7* 37™ Table IV log A 
log a'S 


nd 4804 
1 7642 
log tan (p 9 9081 
log a nl 1527 
a = — 14 s 21 


log B 
log A'd 
log tan 


log b 
b 


9 2151 
1 7642 
> n9 0047 
nd 9840 
— 0 s 96 


Middle Chro time T 0 = 4 A 57 m 4* 15 

A T 0 = a + b — — 15 17 

Chro Time of app noon T = 4 56 48 98 


This quantity is to be compaied with the Gieenwieh time of the 
local apparent noon, since the chionometer is regulated to 
Greenwich time We have * 

Moan local time of app noon = 0 A 11™ 35 s 11 

Longitude = 5 5 57 50 

Mean Gieenwieh time “ = T' — 5 17 32 61 

a T = T — T = _|_ 20“ 43 s 63 


If the correction of the chionometer to mean local time 19 
requned, we have only to omit the application of the longitude. 
Thus, we should have 

Chro time of app noon = 4 4 56“ 48' 98 

Equation of time — — n 35 n 

Chro time of moan noon = 4 45 13 87 

and since at mean noon a chronometei regulated to the local 
time should give 0" 0“ O’, it is here fast, and its correction to 
local time is — i h 45“ 13’ 8T 

141 (C ) Equal altitudes of the sun in the afternoon of one day and 

the morning of the next following day , i.e. before and after midnight - 

It is evident that when equal zenith distances aie observed in 
the latitude f- <p, their supplement to 180° maj be consideied as 
equal zenith distances obseived at the antipode m latitude — <p 
on the same meiidian Hence the foimula (263) will give the 
equation for noon at the antipode by substituting — g for + <p, 
that is, by changing the sign of the fiist temi , but this noon at 
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the antipode is the same absolute instant as the midnight of the 
observer, and hence 

X ^ a11 y t tanfl ["Equation fori {»(}{)') 

A 0 15 sin t 15 tan t L midnight. J ^ ^ 

and this is computed with the aid of the logarithms of A and Id 
in Table IV. precisely as in (264:), only changing the sign of A* 
The sign for this case is given in the table.* 


142. To find the correction for small inequalities in the altitudes . — 
If from a change in the condition of the atmosphere the re- 
fraction is different at the two observations, equal apparent alti- 
tudes will not give equal true altitudes. To find the change a/ 
in the hour angle t produced by a change a h in the altitude /q 
we have only to differentiate the equation 

sin k = sin <p sin 8 -J- cos <p cos d cos t 
regarding cp and 3 as constant; whence 


cos h . aA = — cos <s> cos 8 sin t .15 At 

where a k is in seconds of arc and a t in seconds of time. 

If the altitude at the icest observation is the greater by a h n the 
hour angle is increased by ai, and the middle time is increased by 
i a/. The correction for the difference of altitudes is therefore 
an d> denoting it by a 'T 0 , we have, by the above equation, 


A / rp * v. vo I 

A -i 0 — — 

30 cos <p cos - 


(2<i6) 


This correction is to be added algebraically to the middle clock 
tune m any of the cases (A), (B), (C) of the preceding articles. 


Example.— Suppose that in Example 2, Art. 139, there had 
been observed at the east observation Barom. 30.30 inches, 
Therm. -V F„ hot at the vest observation Barom. 29.55 inches, 
Therm. olR IYc have for the altitude 52° 5' or zenith dis- 
tance 3i oo , hy Table I., the mean r efraction 45".4. By Table 

j, z pr r ticai remarks ’ see my vvvrvvi 7 f 

r the eiror and late of a chronometer hy equal altitudes,” Apuendix to the 
American Ephemeras for 1856 and 1857. Appendix to the 
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XIV A and XIV.B, the coirections for the baromotei and ther- 
mometer are as follows, taking for greater accuracy one-eighth 
of the corrections for 6' & 


East Obs 

Baiom 30 30 + 0" 5 
Therm 35° +14 

T 1 9 


West Obs 
Barom 29 55 — 0" G 
Therm 52° — 0 1 

— or 


The difference of these nmnbeis gives aJi — + 2" 6 as the excess 
of the hue altitude at the nest obsei nation. Hence, by the 
formula (266), J 


Ah = -f 2" 6 
h = 52° 5' 

<p = — 33 5b 
3 = — 10 25 
£ == i elapsed time = 2 A 9 m 51* 


a' r Q ■= + o* 12 


log a// 0 415 

log eob 7i 9 789 
log sec ^ 0 081 
log sec d 0 007 
log cosoef 0 270 
J °g Jo 8 523 
log a' r Q 9 085 


When, howevei , seven al altitudes hare been obscived, as m 
t ns example, wo may obtain this collection hom the obsena- 
tmns themselves , foi we see that the double altitude of Since 

(hanged 20' = 1200" m about 55', and hence we have the 
proportion 

1200 " 2 " 6 = 55 ” a ' T 


rtich gives »'T, = + «• 12 a» kefo.e Bj- taking the change ,n 
the double altitude, the touith term is the value of f At, oi \'T 
If this correction be applied, we find the coirected time of 
ti an sit = 12'' 80“ 19*12, and consequently the chionometer cor- 
lection aT= — 1"' 15* 54 


The altitudes may differ from othei causes besides a change in 
the refiaetion , for instance, the second observation may be m- 
teirupted by passing clouds, so that the precisely coiiespomlmo- 
altitude cannot be taken , but, lather than lose the whole olf- 
servation, if we can obsene an altitude diffenng but little from 
t e hist, we may use it as an equal altitude, and compute the 
correction for the difference by the foimula (266) 


143 Eject of aims in the latitude, decimation, and altitude upon 
the tme found by equal altitudes — The tune found by equal altitudes 
of a fixed star is wholly independent of enois\n the latitude 
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and declination, since these quantities do not entei into the com- 
putation In observations of the sun, an error in. the latitude 
aflects the term 

tan <p 

by diffeientiating which we find that an enor dp pioduces in a 
the error dec = A &'S sec 2 (p . dip, 01 , putting sin dp for dp, 

da = A sec 2 <p sin dep 

In the same manner, we find that an enor dd in the decimation 
produces in b the eiroi 

db = BAS sec 2 8 sin d8 

In the example of Ait. 140, suppose the latitude and declina- 
tion weie each m enoi 1'. ¥e have 


log A A<5 nl 2446 
log sec 2 <p 0 2188 
log sin I' 6 4637 
log da Til 9271 
da = — 0 3 0 0 8 


log BA'd 0 9793 
log see 2 d 0 0044 
log Bin V 6 4637 
log db 7 4474 
db = ■+ 0 s 003 


If dp and dd had opposite signs, the whole erroi in this case would 
be O’ 008 + O' 003 = 0’ 011 As the obseivei can always easily 
obtain his latitude within V and the declination (even when the 
longitude is somewhat uncertain) within a few seconds, v o may 
regard the method as practically free fiom the effects of any 
exrors in these quantities The aceuiacy of the result will there- 
fore depend wholly upon the accuracy of the observations. 

The aceuiacy of the observations depends in a measure upon 
the constancy of the instrument, but chiefly upon the skill of the 
observer Each obseiver may determine the probable error of 
his observations by discussing them by the method of least 
squares An example of such a discussion will be given m the 
following article 

The effect of an error m the altitude is given by (266) Since 
we have, A being the azimuth of tlie object, 

A cos 8 sm t 
nn A — 


cos h 
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the formula may also be written 


30 cos <p sin A 

which will be least when the denominator is greatest, i.e. when 
A = 90° or 270°, or when the object is near the prime vertical- 
Trom this we deduce the practical precept to take the observations 
when the object is nearly east or icest. This rule, however, must not 
he carried so far as to include observations at very low altitudes, 
where anomalies in the refraction may produce unknown dif- 
ferences in the altitudes. If the star’s declination is very nearly 
equal to the latitude, it will be in the prime vertical only when 
quite near to the meridian, and then both observations may be 
obtained within a brief interval of time ; and this circumstance 
is favorable to accuracy, inasmuch as the instrument will be less 
liable to changes in this short time. 

I'll- Probable error of observation . — The error of observation is 
composed of two errors, one arising from imperfect setting of 
the index of the sextant, the other from imperfect noting of the 
time; hut these are inseparable, and can only he discussed as a 
single error in the observed time. The individual observations 
are also affected by any irregularity of graduation of the sextant, 
but this error does not affect the mean of & pair of observations 
on opposite sides of the meridian; and therefore the error of 
observation proper will be shown by comparing the mean of 
the several pairs with the mean of these means. If, then, the 
mean of a pair of observed times be called a, the mean of all 
these means a u , the probable error of a single pair, supposing all 
to he of the same weight, is* ^ ° 



in which n = the number of pairs, and q = 0.6745 is the factor 
to reduce mean to probable errors. The probable error of the 
final mean a 0 is 


* See Appendix, Least Squares. 



206 


TIME. 


Example. — At the U. S. Naval Academy, June 18, 1849, the 
following series of equal altitudes of the sun was observed. 


Chro. 
0 h 43" 

A.M. 

* 53*. 

Clxro. 
9* 44™ 

P.M. 

3*. 5 

5A 

13 m 

a 

■ 58*. 25 

a 

4 

— a 0 
0M2 


(a — o 0 )2 

0.0144 

44 

19. 

43 

38. 



58 .50 

4 

0.37 


.1369 

44 

45. 

43 

11 .5 



58 .25 

4 

0.12 


.0141 

45 

11. 

42 

46.3 



58 .65 

4 

0.52 


.2704 

, 45 

37. 

42 

19.7 



58 .35 

4 

0.22 


.0484 

46 

1 .7 

41 

53.5 



57 .GO 


0.53 


.2809 

46 

00 

c* 

41 

27. 



57 .75 



0.38 


1444 

46 

55. 

41 

0.5 



57.75 



0.38 


.1444 

47 

19.7 

40 

36 .5 



58.10 

— 

0.03 


.0009 





= 5~ 

13 

58.13 

2 

(a — 

«o) 2 = 

l70551 

n s 

— 1 5 

= 9 

= 8 





r = 

4 - 

n — 

i — 

0*245 


A similar discussion of a number of sets of equal altitudes of 
the sun taken by the same observer gave 0\23 as the probable 
error of a single pair for that observer, and consequently the 
probable error of the result of six observations on each side of 
the meridian would be only CK23 -r- y 6 = 0\004. This, how- 
ever, expresses only the accidental error of observation , and does 
not include the effect of changes in the state of the sextant be- 
tween the morning and afternoon observations. Such changes 
are not unfrequently produced by the changes of temperature to 
which it is exposed in observations of the sun; it is important, 
therefore, to guard the instrument from the sun’s rays as much 
as possible, and to expose it only during the few minutes 
leqnired for each observation. The determination of the time 
by stars ^ is mostly free from difficulties of this kind, but the 
observation is not otherwise so accurate as that of the sun, ex- 
cept in the hands of very skilful observers. 


THERE METHOD. BY A SING-LE ALTITUDE, OE ZENITH DISTANCE. 

145. Let the altitude of any celestial body be observed with 
the sextant or any altitude instrument, and the time noted by 
the clock. For greater precision, observe several altitudes in 
quick succession, noting the time of each, and take the mean of 
the altitudes as corresponding to the mean of the times. But 
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in taking the mean of &eveial oksei vatious in tins nay, it must 
not he foigotten that ue assume that tlio altitude \anes in pio- 
portion to the time, ninth is theoieticalh tine onlj m the 
exceptional case wlieie the obseivei is on the equatoi and the 
stai’s decimation is zeio It is, liowevei, piactieally tme foi an 
mteival of a few minutes when the stai is not too near the 
meridian The obsei rations themselves will geneiallv show the 
limit beyond which it mil not be safe to apply this ude When 
the obsei vations have been extended beyond this limit, a cor- 
1 cction foi the unequal change in altitude (* e foi second differ- 
ences) can be applied, which mil be tieated of below 
With the altitude and azimuth nistuiment we geneially ob- 
tain zenith distances dnectly In all cases, howevei, i\e may 
suppose the obsei ration to gno the zenith distance Having 
then collected the obseivation foi lnstmmental eirois, for le- 
fiaction, kc , Aitb 135, 13G, let £ be the lesulting tine oi geo- 
centue zenith distance Let y be the latitude of the place of 
obseivation, o the stai’s declination, 1 the stai’s lioui angle 
Ihetlnee sides of the spheucal tnanglc toimedbythe zenith, 
the pole, and the stai may be denoted by a = 00° — <p, b = £, c — 

90° — d, and the angle at the pole by 11 — t, and hence, Art 22, 
we deduce 

Sin**- . // ?»*[? + (*-<)! Bin i[c-(9>-an \ 

V \ COB cp COS d ) ) 

which gives t by a very simple loganthmie computation Jb’iom 
1 i\e deduce, by Ait 55, the local time, which compaied with 
the obsei ved clock time gives the clock eoirection lequired 
It is to be obsei \ ed that the double sign belonging to the 
radical m (2G7) gives two values of sin the positive coire- 
spondmg to a west and the negative to an east hour angle; since 
an a given zenith distance may be obsei ved on eithei side of the 
meiidian To distinguish the tine solution, the observer must 
of couise note on wliuh side of the mendian he has obseived 
If the object obsei a cd is the sun, the moon, or a planet, its 
decimation is to be taken fiom the Ephemeiis, foi the time of 
the obsei cation (lefened to the mendian of the Ephemeiis), but, 
as this time is itself to be found fiom the obseivation, ive must 
at hist assume an appioximate value of it, with which an appioxi- 
mate decimation is found With this declination a first compu- 
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tationbythe formula gives an approximate value of t, and hence 
a more accurate value of the time, and a new value of the decli- 
nation, with which a second computation by the formula gives a 
still more accurate value of t Thus it appears that the solution 
oi our problem is really indirect, and theoretically involves an 
infinite series of successive approximations; in practice, how- 
ever, the observer generally possesses a sufficiently precise value 
of his clock correction for the purpose of taking out the declina- 
tion of the sun or planets. The moon is never employed for 
determining the local time except at sea, and when no other 
object is available.* 

Example. — At the U. S. Naval Academy, in Latitude <p= 38° 
58' 58" N., Longitude 5 7t 5 W 57'.5 W., December 9, 1851, the fol- 
lowing double altitudes of the sun west of the meridian were 
observed with a sextant and artificial horizon, the times being 
noted by a Greenwich mean time chronometer : 

Chronometer. 2 Qf 

7* 35 m 14*. 5 38° 30' 

35 55 . u 20 

36 35.5 « 10 

37 15.5 “ 0 

37 55 . 32 50 

Means 7 36 35 .1 33 10 

Tlie approximate correction of the chronometer was assumed to 
be -f- 9™ 40*. Find its true correction. 

With the assumed chronometer correction we obtain the ap- 
proximate Greenwich time = l h 46 W1 15 s , with which we take 
from the Ephemeris 

$ = — 22° 50' 27" S nil's semidiameter S — 16' 17" 

Eq. of time = — 7™ 25*.80 “ hor. parallax tt = 8".7 

We have then 


Barom. 30.28 inches. 
Att. Therm. 55° F. 

Ext. Therm. 50° F. 
Index correction of the 
sextant = — 1' 10" 


* But tlie moon’s altitude and the hour angle deduced from it may Ibe used in 
■finding the observer’s longitude, as will be shown in the Chapter on Longitude. 

f The symbol £) is used for « observed altitude of .the sun’s lower limb,” and 2 £) 
for the double altitude from the artificial horizon. In a similar manner we use 

O, X T- 
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Observed 2 O 

= 33 c 

’ 10' 

' 0" 

Index corr 

= — 

1 

10 


33~ 

8 

JO 

App altitude 

= 16 

34 

25 

z 

= 73 

25 

35 

(Table II) r 

= -f- 

3 

15 

7r sin z = p 

= — 


8 

S 

= — 

16 

17 

C = 

= 73 

12 

25 


The computation b, y (267) is then as follows: 


y = 

3 = 
y — i = 

c = 

J sum = 
4 diff = 


38° 58' 53" 
22 50 27 
61 49 20 
73 12 25 
67 30 52 5 
5 41 32 5 


log secy 0109383 
log see 8 0 035464 

log sin i sum 9 965661 
log sin J diff 8 996455 
19 106963 
log sin it 9 553482 


4 t = 20° 57' 25 '6 
Apparent time = t = 2* 47“ 39*4 
Eq of time = — 7 25 8 

Local mean tune = 2 40 Till 
Longitude = 5 5 57 5 

True Gr Time = T' = 7 4§ qq q 


T= 7 36 35 1 
bT = 9 36 0 


agreeing so nearly with the assumed conection that a repetition 
of the computation is unnecessary. 


146. If it is prefen ed to use the altitude instead of the zenith 
istance, pat the true altitude h — 90° — r and the polar distance 
of the star P — 90° — <5, then we have, in (267), 


sin 4[f — (y — 3)] =sin J (90° — h — y-f 90° — pv 
sini[f+y — 3] =sin J (90° — A-f-y — 90° -f Py 

If then we put 


: COS i (h -j- y -j- 
:sin 4(y-j -I>~h) 


s= i(h -f y + P) 

•■he formula becomes 


sin £ t 


Vol I —14 


->/( 


cos s sin (s — k)\ 

COS <p SlIljP 
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In this form we may always take P = the distance from the ele- 
vated pole, and regard the latitude as always positive, and then 
no attention to the algebraic signs of the quantities in the second 
member is required. Thus, in the preceding example, we should 
proceed as follows: 


App. alt. = 

16° 

' 34' 

25" 




r — jp = 

— 

3 

7 




s = 


16 

17 




A = 

16 

47 

35 




9 = 

38 

58 

53 

. . . log 

sec 

0.109383 

P== 

112 

50 

27 . . 

. . . log 

cosec 

0.035464 

2s = 

168 

36 

55 




3 — 

84 

18 

27 .5 . . . 

. . . log 

cos 

8.996455 

5 — h = 

67 

30 

52 .5 . . 

. . . log 

sin 

9.965661 






19.106963 


and the computation is finished as in the preceding article. 

14T . If we aim at the greatest degree of precision which the 
logarithmic tables can afford, we should find the angle \t by its 
tangent, since the logarithms of the tangent always vary more 
rapidly than those of the other functions. Tor this purpose we 
deduce 

= i (C + <f -f 9) 

4 * - J( — ~ sin C« ~ P \ 

* ' COS 3 COS (S — C) / 

or, if the altitude is used, 

^ = i (h -)-• <$ -f* P) 

cos s sin (s — h ) 
sin (s — - <p) cos (8 — P) 

148. If a number of observations of the same star at the same 
place are to be individually computed, it will be most readily 
done by the fundamental equation 

cos t = cos c ~ 8in t sin s 



(269) 

) 


(270) 


COS <p cos d 
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trigonometric table the log of e“ 2 w''! **? tt0m ,he 

talor will then be found by tho aid of 7 IV . ° f 4110 OTme - 

traction Table, whieb is S„ „d J ? 1?“ H s ^“on Of Sub- 
Tables. The ilelwou o ib y “ ' editio " « f VW S 

cording as sin f siu 3 i s positives Irafcf''' ke Used a "' 


Jl V, xzzz t d z:r- ? emt ™>» « 

* Ar re te“r::rs, ^ ^ * 




Avhere rff, dS, may denote small errors of r * 
corresponding error of / • a +v, fl + , °* ^ V’ and dt the 

angle, or angle at the 1 8 “* 1 ' * « «>e parallactic 

4= tanTiafr 06 al ° ,,e “ e '™“" S > » »ave, by putting 


15 dt . 


dC 


da 


sin q cos S cos y sin A 


“ C Ve‘ «™ *» zenith distance 

azimuth is 90° or 270° • that i, i COn * puted time when the 
vertical ; for „ e then hive “Ll ITt^ ?V 8 0 “ tlw 
Ot this expression obtains its mo • ~ *’ and t ie denominator 

tions of zenith distances for determhlil T ^ ° bserva - 
most accurate results when the place io ?i e tmie »i' re the 
other hand, the least favol-al Swon °‘f 2“ T*^ 0,1 **“ 
on the meridian, and the least fii. i t le star is when it is 
is at the pole. >“ ““'east favorable position of the observer 

By putting dr = n dfi — n 0 : 

’ ’ q cos 3 = c °s f sin A we have 


15 dt 


dtp 

cos <p tan A] 


least eftectwhenfte star'is 0 on'th^ <! D 1 ” tit ” de llS ° produces the 

observer is on the e 4 „aj. Z 
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the prime vertical, a small error in tp lias no appreciable effect : 
since, then, tan A = oo, and lienee when tlie latitude is uncertain, 
we may still obtain good results by observing only stars near the 
prime vertical. 

By putting = 0, dp == 0, we have 


15 dt 


dd 

cos 8 tan (i 


which shows that the error in the declination of a given star 
produces the least effect when the star is oil tlie prime vertical ;* 
and of different stars the most eligible is that which is nearest 
to the equator. 

As very great zenith distances (greater than 80°) are, if pos* 
sible, to he avoided on account of the uncertainty in the refraction, 
the observer will often be obliged, especially in high latitudes, 
to take his observations at some distance from the prime vertical, 
in which case small errors of zenith distance, latitude, or declina- 
tion may have an important effect upon the computed clock cor- 
rection. Nevertheless, constant errors in these quantities will 
haie no sensible effect upon the rede of the clock deduced from 
zenith distances of the same star on different days, if the star is 
observed at the same or nearly the same azimuth, on the same 
side of the meridian; for all the clock corrections will he in- 
creased or diminished by the same quantities, so that their 
differences, and consequently the rate, will be the same as if 
t lese errors did not exist. The errors of eccentricity and 
graduation of the instrument are among the constant errors 
which may thus be eliminated. 


But if the same star is observed both east and west of the 
meridian and at the same distance from it, sin A or tan A, and 
tan q, will he positive at one observation and negative at the 
i G p same numerical value, constant errors 

onnrA^ ^ "w the Same numerieal value of dt with 
ons Si fA HenCe ’^ Mle ° ne of tlie ^uced clock eorroo 

rneanS he l 0 ° + g ’ other ^ be too small, and their 

be the true correction at the time of the star’s transit 


* From the equation 

(for constant values of 
same case. 


gj-n COS O . 

5 ~ cos“i Sm A ’ 14 follows tlat sin q is a maximum 
9 aU<i *> when sin A = b «« tan s is a waaktw, ir, <b.e 
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over the meridian. Hence, it follows again, as in Art. 143 that 
small errors in the latitude and declination have no sensible 
effect upon the time computed from equal altitudes. 

150. To find the change of zenith distance of a star in a given in- 
tcrml of time , , having regard to second differences . 

The formula 

d X = cos <p sin A dt 

is strictly true only when dt; and dt are infinitesimals. But the 
complete expression of the finite difference Af in terms of the 
finite difference a< involves the square and higher power* of At 
Let £ be expressed as a function of t of the form 

then, to find any zenith distance C + corresponding to the 
hour angle t + At, we have, by Taylor’s Theorem, 

C + =f(t + aQ =/< + d Ji. At , dfit At’ 

dt dt 2 2 ~ r ' ' ' 


or, taking only second differences, 


dt dt 3 2 


We have already found 

d£ 

dt 


— cos <p sin A 


Which gives, since A varies with t, but <p is constant, 

dK d 4 

— = cos <p cos A ■ — 

dt dt 

8econ<1 of e,uations (51) we ^ 

— — cos ^ CQS £ cos q sin A 

whence ^ sin C sin t 

dK 


cos <p sin 
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and the expression for a£ becomes 

cos <p sin A cos A cos q Atf* 


aC = cos (p sin A . At + 


sin t 


Since a£ and a t are here supposed to be expressed in parts of 
the radius, if we wish to express them in seconds of arc and of 
time respectively, we must substitute for them a£ sin V f and 
15 At sin 1", and the formula becomes 


aC = cos (p sin A (15 At) 


cos <p sin A cos A cos q (15Atf) a sin 1 " 

2 


sin t 


(271) 


But in so small a term as the last we may put 


(15 a ty sin 1" 2 sin 2 i a t 

~ 2 ” sin 1" 


: m 


the value of which is given in our Table V., and its logarithm 
in Table YL ; so that if we put also 


we shall have 


„ _ -a , cos A cos q 

a — cos <p sm A, k = ~ 

sin t 


aC = 15 ci At -f akm 


(272) 

151. A number of zenith distances being observed at given dock 
times, to correct the mean of the zenith distances or of the clock times 
for second differences. — The first term of tli 0 above value of 
varies in proportion to &t, but the second term varies in propor- 
tion to t\P ; and hence, when the interval is sufficiently great to 
render this second term sensible, equal intervals of time corre- 
spond to unequal differences of zenith distance, and vice versa: 
m other words, we shall have second differences either of the 
zenith distance or of the time. Two methods of correction 
present themselves. 

1st. Reduction of the mean of the zenith distances to the mean of the 
times.— Let T v T 2 , T 3 , &c. he the observed clock times ; r, r„ r. 
&c. the corresponding observed zenith distances; 7" the mean ot 
the times; £ 0 the mean of the zenith distances; r the zenith 
distance corresponding to T. The change f, - f corresponds to 
the interval r, - T, J, - { to T, - T, kc. ; so that if we put 


T 1 — T: 


T, 


, &e. 
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we hare, by (272), 

Z x — C = 15 a Tj + ahm l 
C fl — C = 15 a r s + akm 3 
C 3 — C = 15ar 3 + 

&c. &c. 

. T - 1 2 sin* Jr. 2 sin* J r fl . « , .. m . _ 

in which m t = — r— 77™, = — ■-■ * &c., are found by Tab. V, 

sm 1" sm 1" 

with the arguments r 15 r a , &c. The mean of these equations, 
observing that 

. h + T fl 4" T 3 H“ & C * = ® 

gives 

c = c gh + + m 3 + & c 

0 n 


in which n = the number of observations. Or, denoting the mean 
of the values of m from the table by m 0 , that is, putting 

M = m * + 

0 n 

we have 

C = C 0 — ahn\ (273) 

2 d. Reduction of the mean of the times to the mean of the zenith 
distances . — Let T\ j> be the clock time corresponding to the mean 
of the zenith distances, then f is the change of zenith dis- 
tance in the interval T 0 — !T, and, since this interval is very small, 
we shall have sensibly 

15 a (T 0 — T) == C 0 — C = 

whence 


5T D = T + ^Ai^ (274) 

Ve have, then, only to compute the true time 7 1 / from the mean 
of the zenith distances in the usual manner, and the clock cor- 
rection will then be found, as in other cases, by the formula 

= zy - r n 

To compute A, we must either first find q and A , or, which is 
preferable, express it hy the known quantities. We have 

cos q cos J. = cos t — sin q sin A cos C 
. sin 2 1 

= cos t COS <p cos 8 cos C 

sin 2 C 
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wlience 


T 0 =T+ 75 m 0 cot t 




si n £ cos ?? cos d 
sin £ tan C 


(275) 


in wliicli we employ for £ and t the mean zenith distance and 
the computed hour angle. 

This mode of correction is evidently more simple and direct 
than the first. 


Example. — In St. Louis, Lat. 38° 38' 15" 1ST., Long. 6 ft T' 1 7* W ., 
tne following double altitudes of the sun were observed with a 
Pistor and Martin prismatic sextant, the index correction of 
which was + 20". The assumed correction of the chronometer 
to mean local time was + 2”* 12’. Barom. 30.25 inches, Att. 
Therm. 80°, Ext. Therm. 81°. 


St. Louis, June 24, 1861. 



2£ 

Chronom. 

r 

m 


125° 15' 10", 

22* 14™ 

30'. 5 

6™ 42* 

88". 14 


125 49 10 

16 

7.5 

5 5 

50 .73 


126 28 0 

17 

46.0 

3 26 

23 .14 


126 41 40 

18 

39.5 

2 33 

12 .76 


127 82 30 

21 

6.5 

0 6 

0 .02 


.127 57 45 

22 

22. 

1 10 

2 .67 


128 22 0 

23 

33.5 

2 21 

10 .84 


128 51 50 

25 

1.2 

3 49 

28 .60 


129 8 35 

25 

51 .3 

4 39 

42 .45 


129 33 0 

27 

3.5 

5 51 

67 .19 

Mean 

127 33 28 

T — 22 21 

12.15 

m 0 = 

= 32 .65 


+ 20 

Correction for \ 

1.67 

log m 0 

1.5139 


127 33 48 

second diff. / 

Obs’d © 

63 46 54 

T 0 = 22 21 

10.48 

log. 45- 

8.8239 

(*) r r= 

— 27 .2 

Tq = 22 23 

22 .94 

log cot t 

7*0.3367 

+ 3 .7 


— 4*. 73 

71(1(5745 

= 

ij , = + 2 

12.46 

S = 

+ 15 46 .8 



log T V m Q 

0.3378 

* 0 = 

64 2 16 .8 



log sill t 

rcO.6215 

£a = 

25 57 43 .2 



log COS (p 

9.8927 

* = 

38 38 15 . 



log cos «T 

9.9627 

6 = 

23 23 49 .3 



log cosec £ 0 

0.3588 

t = ■ 

— 24° 43' 48". 4 



log cot 

0.3125 

==. 

— 1* 38™ 55*. 23 



— 3 # .06 

7*0.4860 

App. time = 

22 21 4.77 



— 1 .67 


Eq. of time = 

4 2 18 .17 





T r — 
o — 

22 23 22.94 






*The refraction should here be the mean of the refractions computed for tho 
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The ccriection for second difleiences is paiticulaily useful in 
reducing series of altitudes obseived with the lepeating circle,* 
for with tins instrument we do not obtain the several altitudes, 
but only then moan (See Yol II ) When the several altitudes 
aie known, we can avoid the collection by computing each 
observation, or by dividing the whole series into gioups of such 
extent that within the limits of each the second difleiences will 
be insensible, and computing the time from the mean of each 
group 


FOURTH METHOD — BY THE DISAPPEARANCE OF A STAR BEHIND A 
TERRESTRIAL OBJECT 

152 The rate of the clock may be found by this method with 
considerable accuracy without the aid of astionomical instru- 
ments The terrestrial object should have a shaiply defined 
vertical edge, behind which the disappearance is to be obseived, 
and the position of the eye of the obseiver should be precisely 
the same at all the observations If the stai’s right ascension 
and decimation aie constant, the difference between the sideieal 
• clock times T x and T 2 of two disappearances is the rate dTm the 
interval, 01 

8T=T 1 —T 2 


but if the light ascension a has increased m the interval by aoc, 
then the rate is 

ST= T x — T 2 + Aa 


To find the correction for a small change of decimation = a 5, 


several altitudes or zenith distances, hut for small zenith distances the difference 
will he insensible At great zenith distances we should compute the several refrac- 
tions, hut under 80° we may take the refraction r for the mean apparent zenith 
distance z 0 , and correct it as follows Take the difference between z 0 and each z t and 
the mean m 0 of the values of 

2 sm ! Hz — z n) 

sin 1" 

from Table V (converting the argument z — z 0 into time) , then the mean of the 
refractions will he found by the formula 

r o — r + sm r se ° 2 

The difference z — z 0 should not much exceed 1° 

* This method was frequently practised in the geodetic survey of France See 
Jfouvelle Descnjotion Geometrique de la Fiance (Puissant), Vol I p 96 
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we have, by the second equation of (.31), since the azimuth is heie 
constant as well as the latitude, so that dA — 0 and d<p = 0, 

, a8 tan q 

At — i 

15 cos 8 

and hence the rate m the interval will be 

ST=T. — T, + Aa — (276) 

15 cos S 

The angle q will be found with sufficient precision from an 
appioximate value of t by (19) or (20). 

If we know the absolute azimuth of the object, we can find 
the hour angle by Art 12, and hence also the clock correction 

TIME OP RISING AND SETTING OP THE STARS. 

153 To find the time of true rising or setting , — that is, the mstaht 
when the star is in the true horizon, — we have only to compute 
the hour angle by the formula (28) 

cos t — — tan <p tan $ 
and then deduce the local time by Art 55 

154 To find the time of apparent rising or setting , — that is, the 
instant when the star appears on the honzon of the obseiver, — we 
must allow for the horizontal refraction Denoting this l efi action 
by r 0 , the true zenith distance of the stai at the time of apparent 
rising or setting is 90° +■ ? 0 , and, employing this value foi £, we 
compute the hour angle by (267) 

Since the altitude h = 90° — £, we have in this case h — — r 0 , 
with which we can compute the horn angle by the formula (268) 

In common life, by the time of sunnse oi sunset is meant the 
instant when the sun’s uppei limb appears m the lionzon The 
tiue zenith distance of the centre is, then, £ = 90° + r 0 — tz 4- S 
(where 7r — the honzontal parallax and 8= the semidiametei), 
with which we compute the hour angle as before. The same 
form is to be used foi the moon 

TIME OP THE BEGINNING AND ENDING OF TWILIGHT 

155 Twilight begins m the morning or ends in the evening 
when the sun is 18° below the honzon, and consequently the 
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zenith distance is then £ = 90° + 18°, or h — — 18°, with which 
we can find the hour angle by (267) or (268). 

Note. — Methods of finding at once both the time and the latitude from observed 
altitudes will be treated of under Latitude, in the next chapter. 


FINDING THE TIME AT SEA. 

First Method. — By a Single Altitude. 

156. This is the most common method among navigators, as 
altitudes from the sea horizon are observed with the greatest 
facility with the sextant. Denoting the observed altitude cor- 
rected for the index error of the sextant by H, the dip of the 
horizon by £>, we have the apparent altitude A' = H — I); then, 
taking the refraction r for the argument A', the true altitude of a 
star is A = A' — r. A planet is observed by bringing the esti- 
mated centre of its reflected image upon the horizon, so that no 
correction for the semidiameter is employed ; the parallax is com- 
puted by the simple formula (n being the horizontal parallax) 

p = jr cos h' 

and hence for a planet 

h = A' — r -f- n cos A' 

The moon and sun are observed by bringing the reflected 
image of either the upper or the lower limb to touch the horizon. 
As very great precision is neither possible nor necessary in these 
observations, the compression of the earth is neglected, and the 
parallax is computed by the formula 

p = i t cos (A' — r) 

and then, $ being the semidiameter, 

A = A' — r -j- re cos (h! — r) ± S 

In nautical works, the whole correction of the moon’s altitude 
for parallax and refraction = - cos (A' — r) — r is given in a table 
with the arguments apparent altitude (A') and horizontal parallax 
(n). In the construction of this table the mean refraction is used, 
but the corrections for the barometer and thermometer are given 
in a very simple table, although they are not usually of sufficient 
importance to be regarded in correcting altitudes of the moon 
which are taken to determine the local time. 
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The hour angle is usually found by (268). 

It is important at sea, -where the latitude is always in some 
degree uncertain, to find the time by altitudes near the prime 
vertical, where the error of latitude has little or no effect 
(Art 149). 

157. The instant when the sun’s limb touches the sea horizon 
may he observed, instead of measuring an altitude with the sex- 
tant. In this case the refraction should he taken for the zenith 
distance 90° + D, but, on account of the uncertainty in the hori- 
zontal refraction, great precision is not to be expected, and the 
mean horizontal refraction r 0 may be used. We then have 
£ = 90° -f D + r 0 — 7T ± $, with which we proceed by (267). In 
so rude a method, tt may be neglected, and we may take 16' as 
the mean value of 8, 86' as the value of r 0 , 4' as the average 
value of D from the deck of most vessels; then for the lower 
limb we have £ = 90° 56', and for the upper limb £ = 90° 24'. If 
both limbs have been observed and the mean of the times is 
taken, the corresponding hour angle will he found by taking 
£ = 90° 40'. 


Second Method . — By JEqual Altitudes . 

158. The method of equal altitudes as explained in Arts. 139 
and 140 may be applied at sea by introducing a correction for 
the ship’s change of place between the two observations. If, 
however, the ship sails due east or west between the observa- 
tions, and thus without changing her latitude, no correction for 
her change of place is necessary, for the middle time will evi- 
dently correspond to the instant of transit of the star over the 
middle meridian between the two meridians on which the equal 
altitudes are observed. But, if the ship changes her latitude, 
let 

= the increase of latitude at the second observation; 
then (Art. 149) the effect upon the second hour angle is 

A f= 

15 cos <p tan A 

vyliicli is the correction subtractive from the second observed 
time to reduce it to that which would have been observed if the 
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ship had not changed her latitude 01 had ran upon a paiallel 
Hence ^ At is to be subtracted fiom the mean of the clnono 
metei times to obtain the chionometei time of the star’s transit 
oyer the middle meridian. 

In this formula we must observe the sign of tan A It will 
be more convenient in piactiee to disregard the signs, and to 
apply the nnmencal value of the correction to the middle time 
according to the following simple rule • — add the correction when 
the ship has receded from the sun, subtract it when the ship has 
approached the sun. 

The azimuth may be found by the formula 

, sin t cos d 
sin A = 

COS fl 

m which for t we take one-half the elapsed time 

The sun hemg the only object which is employed m this way, 
we should also apply the equation of equal altitudes, Art 140; 
but, as the greatest change of the sun’s decimation in one hour 
is about 1', and the change of the ship’s latitude is generally 
much greater, the equation is commonly neglected as relatively 
unimportant in a method which at sea is necessarily but ap- 
proximate But, if required, the equation may be computed 
and applied precisely as if the ship had been at rest. 

Example — At sea, March 20, 1856, the latitude at noon being 
39° IS - , the same altitude was observed A.M. and P M as fol- 
lows, by a chronometer regulated to mean Greenwich time 


Obsd Q 

30° 0' 

A M Chro time =11* 39“ 

38 

Index corr. 

— 2 

PM “ “ = 6 20 

17 

Dip 

— 4 

Elapsed tune =2 1= 6 40 

44 

Refraction 

— 2 

Middle time = 2 59 

55 

Semidiam 

+ 16 

Chron correction = — 2 

12 

h 

= 30 8 

Green time of) 9 5 ~ 

noon ) 

43 


The ship changed her latitude between the two ohseivations 
by A<p = — 20'= — 1200" Foi the Greenwich date March 
20, 2* 58™, the Epliemens gives 8 = + 0° 4', and we have t = 
3* 20™ 22* == 50° 5 7 30", <p = 39° 0' Hence 
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log 

sin t 

9.8848 

log 

ro 

8.5229 

log 

cos d 

0.0000 

log 

A<p 

3.0792 

log 

sec h 

0.0631 

log 

sec <p 

0.1095 

log 

sin A 

9.9479 

log 

cot A 

9.7165 




log 

26*. 8 

1.4281 


The ship has approached the sun, and hence 26*.8 must be sub- 
tracted from the middle time. 

If we wish to apply the equation of equal altitudes, we have 
further from the Ephemeris a'S = + 59", and hence, by Art. 
140, 

log A n9.4628 log B 9.2698 

log a'<S 1.7709 log A'd 1.7709 

log tan <p 9.9084 log tan d 7.0658 

a = — 13*.9 log a nl.1421 b = + CKO log b 8.1065 

Hence we have 

Chro. middle time = 2 h 59 w 55*. 

Corr. for change of lat. = — 26 .8 

Equation of eq. alts. = — 13 .9 

Chro. time app. noon = 2 59 14 .8 

At sea, instead of using the observation to find the chrono- 
meter correction, we use it to determine the ship’s longitude (as 
will be fully shown hereafter) ; and therefore, to carry the opera- 
tion out to the end, we shall have 

Chro. time app. noon = 2 h 59 w 14* 

Corr. of chronom. = — 2 12 

Green, mean time noon = 2 57 2 

Equation of time = — 7 48 

Greenwich app. time at the local noon = 2 49 14 

which is the longitude of the middle meridian, or the longitude 
of the ship at noon. 

159. In low latitudes (as within the tropics) observations for 
the time may he taken when the sun is very near the meridian, 
for the condition that the sun should be near the prime vertical 
may then be satisfied within a few minutes of noon ; and in case 
the ship’s latitude is exactly equal to the declination, it will be 
satisfied only when the sun is on the meridian in the zenith. In 
such cases the two equal altitudes may he observed within a few 
minutes of each other, and all corrections, whether for change 
of latitude or change of declination, may he disregarded. 
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CHAPTER VI. 

FINDING THE LATITUDE BY ASTRONOMICAL OBSERVATIONS. 

160. By the definition, Art. 7, the latitude of a place on the 
surface of the earth is the declination of the zenith. It was also 
shown in Art. 8 to be equal to the altitude of the north pole above 
the horizon of the place. In adopting the latter definition, it is 
to be remembered that a depression below the horizon is a 
negative altitude, and that south latitude is negative. The 
south latitude of a place, considered numerically, or without 
regard to its algebraic sign, is equal to the elevation of the 
south pole. 

It is to be remembered, also, that the latitude thus defined is 
not an angle at the centre of the earth measured by an arc of 
the meridian, as it would be if the earth were a sphere ; but it 
is the angle which the vertical line at the place makes with the 
plane of the equator, Art. 81. 

"We have seen, Art. 86, that there are abnormal deviations of 
the plumb line, which make it necessary to distinguish between 
the geodetic and the astronomical latitude. We shall here treat ex- 
clusively of the methods of determining the astronomical lati- 
tude; for this depends only upon the actual position of the 
plumb line, and is merely the declination of that point of the 
heavens towards which the plumb line is directed. 

FIRST METHOD. — BY MERIDIAN ALTITUDES OR ZENITH DISTANCES. 

161. Let the altitude or zenith distance of a star of known 
declination be observed at the instant when it is on the meridian. 
Deduce the true geocentric zenith distance £, and let <5 be the 
geocentric declination, <p the astronomical latitude. 

Let the celestial sphere be projected on the plane of the 
meridian, and let ZNZ', Fig. 24, be the celestial meridian: Q 
the centre of the sphere coincident with that of the earth: PCP' 
the axis of the sphere ; P the north pole ; and JECQ the proj ection 



*24 


LATITUDE 


of the plane of the equinoctial Let CZ be paiallel to the 
vertical line of the obseiver , then the point Z of the celestial 
spheie, being the vanishing point of all 
lines parallel to CZ, is the astionomical 
zenith of the obseivei, and ZE— the astio- 
nomical latitude = <p If, then, A is the 
position of the star on the meridian, north 
n of the equator but south of the zenith, we 
have ZA = £, AJE = 8, and hence 

+ C (277) 

z> 

This equation may be treated as entirely general by attending 
to the signs of 8 and £ Since m deducing it we supposed the 
stai to he north of the equator, it holds foi the case where it is 
south by giving the decimation m that case the negative sign, 
according to the established practice, and, since we supposed 
the star to be south of the zenith, the equation will hold for the 
case wheie it is north of the zenith by giving £ m that case the 
negative sign If the stai is so fai noith of the zenith as to be 
below the pole, or at its lower culmination, the equation will 
still hold, provided we still unclei stand by 8 tho star's distance 
noith of the equator, measured fiom E through the zenith and 
eleiated pole , or the aic EA J This aic is the supplement of the 
declination, and we may here remark that, m general, any 
formula deduced foi the case of a star above the pole will 
apply to the case wheie it is helow the pole by employing the 
supplement of the decimation instead of the decimation itself; 
that is, by reckoning the decimation oier the pole. 

The case of a star below the pole is, however, usually con- 
sidered under the following simple form. Put 

P = PA = the star’s polar distance, 
h = NA r = “ true altitude- 

then 

<P=P + h (278) 

in which for south latitude Pmust be the star’s south polar dis* 
tance, and tho sum of lA and h is only the numerical value of <p 

The declination is to bo found for the instant of the meridian 
transit by Art 60 or 62, 

In the observatory, instruments are employed which give 
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du-ectl y the zenith distance, or its supplement, the nadir distance. 
With a meridian circle perfectly adjusted in the meridian, the 
instant of transit would be known without reference to the 
clock, and the observation would be made at the instant the 
star passed the middle thread of the reticule ; but when the in- 
strument is not exactly in the meridian, or when the observation 
is not made on the middle thread, the observed zenith distance 

must he reduced to the meridian, for which see Yol. II. Meridian 
Circle. ’ 

With the sextant or other portable instruments the meridian 
altitude of a fixed star may be distinguished as the greatest 
altitude, and no reference to the time is necessary. But, as the 
sun, moon, and planets constantly change their declination, 
their greatest altitudes may be reached either before or after the 
meridian passage ;* and in order to observe a strictly meridian 
altitude the clock time of transit must be previously computed 
mid the altitude ohsorved at that time. 

Example 1. -On March 1, 1856, in Long. 10" 5- 32* E., suppose 
the apparent meridian altitude of the sun’s lower limb north of 
the zenith, is 03° 49' 50", Barom. 30. in., Ext. Therm. 50°; what 
is the latitude ? 

App. zen. dist. 0 = 26° 10' 10". 

r = -f 28 .7 

P — — 3 .8 

S = H- 16 10 -3 

C = — 26 26 45 .2 
S = — 1 33 5 .8 

9 = — 33 59 gfl 

Example 2. — July 20, 1856, suppose that at a certain place 
the true zenith distances of a Aquilce south of the zenith, and 
a Oephei north of the zenith, have been obtained as follows : 

a Atjuthe a Cephei 

c = + 26° 34' 27".5 C = _ 26° 54' 28".3 

d = + 8 39 22 .7 6 = -f 61 58 21 .1 

9 = + 35 3 50 .2 <p— + 35 3 52 .8 

The mean latitude obtained by the two stars is, therefore, 

<p = + 35° 3' 51" .5. In this example, the stars being at nearly 

* See Art.. 172 for the method of finding the time of the sun’s greatest altitude, 
which may also he used for the moon or a planet. 

' Yen. I.— 15 
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the same zenith distance, but on opposite sides of the zenith, any 
constant though unknown error of the instrument, peculiar to 
that zenith distance, is eliminated in taking the mean. Thus, 
if the zenith distance in both cases had been 10" greater, we 
should have found from a Aquila cp = 85° 4' 0" 2, but from 
a Cephei <p = 35° 8' 42". 8, but the mean would still be <p = 3o° 3' 
ol"5. 

It is evident, also, that errors in the refraction, whether due to 
the tables or to constant errors of the barometer and thermo- 
meter, or to any peculiar state of the air common to the two 
observations, are nearly or quite eliminated by thus combining a 
pair of stars the mean of whose declinations is nearly equal to 
the declination of the zenith. The advantages of such a com- 
bination clo not end here. If we select the two stars so that the 
difference of their zenith distances is so small that it may be 
measured with a micrometer attached to a telescope which is so 
mounted that it may he successively directed upon the two stars 
without disturbing the angle which it makes with the vertical 
line, we can dispense altogether with a graduated circle, or, at 
least, the result obtained will be altogether independent of its 
indications. Tor, let £ and £' he the zenith distances, o and o r 
the declinations of the two stars, the second of which is north of 
the zenith; then, if C f denotes only the numerical value of the 
zenith distance, we have 

<P = d' — c' 

the mean of which is 


tp — 4 ($ *+ *0 H- 4 (C — O (2/ 9) 

eo that the result depends only upon the given declinations and 
the observed difference of zenith distance which is measured with, 
the micrometer. Such is the simple principle of the method first 
introduced by Captain Talcott, and now extensively used in this 
country. To give it full effect, the instrument formerly known 
as the Zenith Telescope in England has received several important 
modifications from our Coast Survey. It will be fully treated of, 
in its present improved form, in Yol. II., where also will he 
found a discussion of Talcott’ s method in all its details. 

162. Meridian altitudes of a circumpolar star observed hoik above 
and below the pole . — Every star whose distance from the elevated 
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pole is less than the latitude may he observed at both its upper 
and lower culminations. If we put 

h 

\ 

P 
Pi 

we have, evidently, 

<p = h — p 
<p = -f p x 

the mean of which is 

<p = i (h -f A,) -f l — p) (280) 

whence it appears that by this method the absolute values of p 
andp! are not required, but only their difference p l —j). The 
change of a star’s declination by precession and nutation is so 
small in 12 A as usually to be neglected, but for extreme precision 
ought to be allowed for. This method, then, is free from any 
error in the declination of the star, and is, therefore, employed 
in all fixed observatories. 


= the true altitude at the upper culmination, 

= u il u lower u 

= the star’s polar distance at the upper culmination, 
= u “ u u lower ££ 


Example. — With the meridian circle of the Naval Academy 
the upper and lower transits of Polaris were observed in 1853 
Sept. 15 and 10, and the altitudes deduced were as below : 


Upper Transit. 

Sept. 15, App. alt. 40° 28' 25". 42 

Barom. 30.005 -\ 

Att. Therm. 05°. 2 l Ref. 1 6.34 
Ext. “ 63 .8 J 

h = 40 27 19 08 
p = 1 28 26 .04 

<j> =38 58 53 <Ci 


Lower Ti'ansit. 

Sept. 16, ' 37° 31' 39".76 

Barom. 30.146 \ 

Att. Therm. 75° l Ref. 1 12 .45 
Ext. “ 74 .6 3 

= 37 30 27 .31 

j Pj= 1 28 25 .86 

0 = 38 58 53 .17 

“ “ 53 .04 

Mean $ = 38 58 53 .11 


In order to compare the results, each observation is carried 
out separately. By (280) we should have 


Hh + A,) = 38° 58' 53".20 

i (Pi — P ) = — 0 .09 

? = 3 8 58 53 .11 

This method is still subject to the whole error in the refraction, 
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which, however, in the present state of the tables, will usually he 
very small. 

If the latitude is greater than 45°, and the star’s declination 
less than 45°, the upper transit occurs on the opposite side of the 
zenith from the pole. In that case h must still represent the 
distance of the star from the point of the horizon below the pole, 
and will exceed 90°. Thus, among the Greenwich observations 
we find 

1887 June 14, Capella \ = 7° 18' 7".94 
h = 95 89 7 .91 

cp =51 28 87 .98 

163. Meridian zenith distances of the sun observed near the summer 
and winter solstices . — When the place of observation is near the 
equator, the lower culminations of stars can no longer be ob- 
served, and, consequently, the method of the preceding article 
cannot be used. The latitude found from stars observed at their 
upper culminations only is dependent upon the tabular declina- 
tion, and is, therefore, subject to the error of this declination. If, 
therefore, an observatory is established on or near the equator, 
and its latitude is to be fixed independently of observations made 
at other places, the meridian zenith distances of stars cannot be 
employed. The only independent method is then by meridian 
observations of the sun near the solstices. 

Let us at first suppose that the observations can be obtained 
exactly at the solstice, and the obliquity (e) of the ecliptic is 
constant. The declination of the sun at the summer solstice is 
= ■+£, and at the winter solstice it is = — e; hence, from the 
meridian zenith distances £ and £' observed at these times, we 
should have 

P = C 

the mean of which is 

9 = i (C + C') 

a result dependent only upon the data furnished by the observa- 
tions. 

iSow, the sun will not, in general, pass the meridian of the 
observer at the instant of the solstice, or when the declination is 
at its maximum value e; nor is the obliquity of the ecliptic con- 
stant. But the changes of the declination near the solstices are 
very small, and hence are very accurately obtained from the 
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solar tables (or from tlie Ephemeris which is "based on these 
tables), notwithstanding small errors in the absolute value of the 
obliquity. The small change in the obliquity between two 
solstices is also very accurately known. If then as is the un- 
known correction of the tabular obliquity, and the tabular values 
at the two solstices are £ and s', the true values are e -f as and 
e' + as ; and if the tabular declinations at two observations near 
the solstices are e — x and — ( s' — x f ), the true declinations will 
be d = e -f as — x and S' = — (s' + as — x'\ and by the formula 
jp = C H - 5 we shall have for the two observations 

9 — C + £ + Acr — X 

<p = C/ — s' — As + X’ 

the mean of which is 


P = *(C + C') + Ke-O ~ J (a* — ;r') 

a result which depends upon the small changes s — s' and x — x q 
both of which are accurately known. 

It is plain that, instead of computing these changes directly, it 
suffices to deduce the latitude from a number of observations 
near each solstice by employing the apparent declinations of the 
solar tables or the Ephemeris; then, if <p' is the mean value of 
the latitude found from all the observations at the northern 
solstice, and <p" the mean from all at the southern solstice, the 
true latitude will be 

<p —,i G*'+ <p") 

Every observation should be the mean of the observed zenith 
distances of both tlie upper and the lower limb of the sun, in 
order to be independent of the tabular semidiameter and to 
eliminate errors of observation as far as possible. 

SECOND METHOD. — BY A SINGLE ALTITUDE AT A GIVEN TIME. 

164. At the instant when the altitude is observed, the time is 
noted by the clock. The clock correction being known, we find 
the true local time, and hence the star’s hour angle, by the 
formula 

t === 0 — ct 

in which 0 is the sidereal time and uc the star’s right ascension. 
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If the sun is observed, t is simply the apparent solar time. We 
have, then, by the first equation of (14), 

sin <p sin d -f cos y cos <5 cos t = sin h 

in which <p is the only unknown quantity. To determine it, 
assume d and D to satisfy the conditions 

d sin D = sin <5 

d cos D = cos S cos t 

then the above equation becomes 

d cos ( '<p — D) = sin h 

which determines <p — _D, and hence also <p. For practical con- 
venience, however, put 


<p — D = ± y 

then, by eliminating rf, the solution may be put under the follow, 
ing form : 

tan D = tan <S sec t \ 

cos y — sin h sin D cosec d ) (281) 

<P D -t- y / 

The first of these equations fully determines D, which will be 
taken numerically less than 90°, positive or negative according 
to the sign of its tangent. As t should always be less than 00°, 
or 6 A , D will have the same sign as 3. 

The second equation is indeterminate as to the sign of 
since the cosine of + y and — y are the same. Hence we 
obtain by the third equation two values of the latitude. Only 
one of these values, however, is admissible when the other is 
numerically greater than 90°, which is the maximum limit of 
latitudes. When both values are within the limits + 90° and 
— 90°, the true solution is to be distinguished as that which 
agrees best with the approximate latitude, which is always suffi- 
ciently well known for this purpose, except in some peculiar 
cases at sea. 


Example 1 . — 1856 March 27, in the assumed latitude 23° S. 
and longitude 43° 14' W., the double altitude of the surfs lower 
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limb observed with the sextant and artificial horizon was 114° 
40' 30" at 4 h 21 m 15* by a Greenwich Chronometer, which was 
fast 2 m 30*. Index Correction of Sextant = — 1' 12", Barom. 
29.72 inches, Att. Therm. 61° F., Ext. Therm. 61° E. Required 
the true latitude. 


Sextant reading = 114° 40' 30" 

Chronometer 

4* 21* 15' 

Index eorr. — — 1 12 

Correction 

— 2 30 

114 39 18 

G-r. date, March 27, 4 18 45 

App. alt. Q_ — 57 19 39 

Longitude = 

2 52 56 

Semidiameter = -}- 16 3 

Local mean t. = 

1 25 49 

Bef. and par. = — 31 

Eq. of time = 

— 5 19 

h= 57 35 11 

App. time, t = 

1 20 30 

d = +2 51 30 

= 

: 20° r 30" 

log sec t 0.027360 



log tan d 8.698351 



log tan D 8.725711 

Jog cosec d 

1.302190 


log sin D 

8.725098 

GO 

CO 

Ol 

o 

CO 

+ 

II 

R 

log sin h 

9.926445 

y = 25 58 49 

log cos y 

9.953733 

D — y = <p — — 22 56 11 




Example 2. — 1856 Aug. 22 ; suppose the true altitude of 
Fomalhaut is found to be 29° 10' 0" when the local sidereal time 
is 21* 49 m 44* ; what is the latitude ? 

We have a = 22* 49™ 44*, whence f = — 1*0™ 0*; $= — 30° 22' 47". 5; 
D= — 31° 15' 13" r = ± 60° 0' 6", <p = + 28° 44' 53". The nega- 
tive value of y here gives <p = — 91° 15' 19" ; which is inadmissible. 

165. The observation of equal altitudes east and west of the 
meridian may be used not only for determining the time (Art. 
139), but also the latitude. For the half elapsed sidereal time 
between two such altitudes of a fixed star is at once the hour 
angle required in the method of the preceding article. When 
the sun is used in this way, the half difference between the 
apparent times of the observations is the hour angle, and the 
declination must be taken for noon, or more strictly for the 
mean of the times of observation. By thus employing the 
mean of the A.M. and P.M. hour angles and the mean of the 
corresponding declinations, we obtain sensibly the same result 
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as by computing each observation separately with its proper 
hour angle and declination and then taking the mean of the 
two resulting latitudes; and an error in the clock correction 
does not affect the final result. The clock rate, however, must 
be known, as it affects the elapsed interval. See also Art. 182. 


166. Effect of errors in the data upon the latitude computed from an 
observed altitude . — From the first of the equations (51) we find 


d(p = 


d : 

cos A 


sin q cos d 
cos A 


At -f 


cos q 
cos A 


dd 


or, since h = 90° — £, dk = — and sin q cos 8 = cos <p sin A, 

d<p = — sec A. dh — cos <p tan A. dt + eos q sec A . dd 

whence it appears that errors of altitude and time will have the 
least effect when A = 0 or 180°, that is, when the observation is 
in the meridian, and the greatest effect when the observation is 
on the prime vertical. If the same star is observed on both 
sides of the meridian and at equal distances from it, the coeffi- 
cient of dt will have opposite signs at the two observations, and 
hence a small error in the time will be wholly eliminated by 
taking the mean of the values of the latitude found from twa 
such observations. It is advisable, therefore, in taking a series 
of observations, to distribute them symmetrically with respect to 
the meridian. When they are all taken very near to the meri- 
dian, a special method of reduction is used, which will be 
treated of below as our Third Method of finding the latitude. 

The sign of sec A is different for stars north and south of 
the zenith: hence errors of altitude will he at least partially 
eliminated by taking the mean of the results found from stars 
near the meridian, both north and south of the zenith. A. 
constant error of the instrument may thus be wholly eliminated. 

As for the effect of the error dS , its coefficient is zero only 
vvhen q 90 and sec A is not infinite. This occurs -when a 
circumpolar star is observed at its elongation, where we have. 
Art. 18, 

sec A = -_ cos ^ 

]/[sin + <f) sin (<5 — ^)] 

tthich stows that sec A diminishes as 5 increases. In order 
tlicretore, to reduce tire effect of an error in the cle Q li nation 
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at the same time with that of errors of altitude and time, we 
should select a star as near the pole as possible, and observe it 
at or near its greatest elongation, on either side of the meridian. 
The proximity of the star to the pole enables us to facilitate the 
reduction of a series of observations, and we shall therefore 
treat specially of this case as our Fourth Method below. 


167. When several altitudes not very far from the meridian are 
observed in succession, if we wish to use their mean as a single 
altitude, the correction for second differences (Art. 151) must be 
applied. It is, however, preferable to incur the labor of a sepa- 
rate reduction of each altitude, as we shall then he able to com- 
pare the several results, and to discuss the probable errors of the 
observations and of the final mean. When the observations are 
very near to the meridian, this separate reduction is readily 
effected, with hut little additional labor, by the following method : 


THIRD METHOD. — BY REDUCTION TO THE MERIDIAN WHEN THE 
TIME IS GIVEN. 

168. To reduce an altitude , observed at a given time , , to the meridiem . — 
This is done in various ways. 

(A.) If in the formula, employed in Art. 164, 

sin. <p sin S -f- cos <p cos d cos t = sin h 

we substitute 


it becomes 


cos t = 1 — 2 sin 2 i t 


sin <p sin d -f cos y cos <5 — 2 cos <p cos d sin 3 i t = sin h 

But 

sin <p sin d + cos <p cos d = cos (jp — 8) or cos (<$ — <p[ ) 
Hence, if we put 


Ci = 9 — or fj = d — <p 

the above equation may be written 

cos Cj = sin h -f cos <p cos <5 (2 sin 2 k f) (282) 

If the star does not change its declination, ^ is the zenith 
distance of the star at its meridian passage ; and, being found by 
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this (({nation, we then have tlie latitude as fiom a meiidian 
ohsei vation by tlie formula 

or *=*—*! 

accoidmg as the zenith is noitli or south of the star 

"When tlie stai changes its decimation, tins method still holds* 
if ue take 8 for the time of observation , as is evident from our 
foimulfe, in which 3 is the decimation at the instant when the 
true altitude is h 

To compute the second member, a previous knowledge of the 
latitude is necessaiy As the term cos <p cos 8 (2 sm 2 J t) de- 
creases with i , if the observations aie not too fai fiom the 
meiidian, the enoi pioduced by using an appioximate value o£ 
(p will he lelatively small, so that the latitude found will be a 
closer approximation than the assumed one, and if the computa- 
tion be repeated wuth the new value, a still closei appioxmiation 
maybe made, and so on until the exact value is found 
This method is only convenient wheie the coniputei is pro- 
vided with a table of natuial sines and cosines, as well as a table 
ol log veised sines, or the logaiithmie values of 2 sm 2 t 

Example.— Same as Example 1, Art 164 h = 57° 35' 11", 
3 = + 2° 51' 80", t = l h 20™ 30 s Approximate value of <p — — 23°. 

log (2 sin 2 i t ) 8 785726 
log cos cp 9 964026 
nat sm h 0 844201 log cos d 9 999459 

nat no 0 056132 log 8 749211 

nat cos 0 900833 

C a = — 25° 47' 54" (zenith south of sun ) 
a =+ 2 51 30 

? — — 22 56 24 

differing hut 13" fiom the tine value, although the assumed 
latitude was m euor nearly 4'. Repeating the computation with 
— 22° 56' 24" as the approximate latitude, we find w~— 22° 56' 11", 
exactly as m Art. 164 

169 (B)We may also compute directly the reduction of the 
observed altitude to the meridian altitude Putting 

K ~ meiidian altitude = 90° 5 
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the form ula (282) gives 

sin h 1 — sin h = 2 cos <p cos d sin 3 $ t 

But we have 

sin h ± — sin h = 2 cos $ (h t -(- h ) sin & (/q — h) 

and hence 

cos (p cos d sin 2 i t 


sin i (7q — h) 


cos } (h 1 -f K) 


( 283 ) 


which gives the difference \ — h , or the correction of h to reduce 
it to /q ; but it requires in the second member an approximate 
value both of <p and of h v the latter being obtained from the 
assumed value of <p by the equation h L = 90° — (<p — d ); or, if 
the zenith is south of the star, by the equation h x = 90° •— (d — <p ). 

Example. — Same as the above. 


d = 

2 C 

>51' 

30" 


log 

sin 2 i t 



8.484696 

’OX. <p = - 

- 23 

00 

00 


log 

COS (p 



9.964026 

r 

n 

25 

51 

30 


log 

cos d 



9.999459 

K = 

64 

8 

30 


log 

sec i (/q 

+ 

h) 

0.312573 

£ (A + h) = 

60 

51 

50 


log 

sin i (/q 

— 

h) 

8.760754 

h.-h = 

6 

36 

33 





h = 

57 

35 

11 

d = 

2 

° 51' 30" 




K = 

64 

11 

44 

^1 = 

— 25 

48 16 








9 — 

22 

56 46 





This method does not approximate so rapidly as the preceding, 
but the objection is of little weight when the observations are 
very near the meridian. On the other hand, it has the great 
advantage of not requiring the use of the table of natural sines. 


170. (C.) Circummeridian altitudes . — When a number of altitudes 
are observed very near the meridian,* they are called circum- 
meridian altitudes. Each altitude reduced to the meridian gives 
nearly as accurate a result as if the observation were taken on the 
meridian. 

An approximate method of reducing such observations with 
the greatest ease is found by regarding the small arc i (7q — h) 
as sensibly equal to its sine ; that is, by putting 

sin } (Ai — h) = i ( h t — h) sin 1" 


* U° w Mar to the meridian will be determined in Art. 175, 
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and taking \ for i (h l -f A), from which it differs very little, so 
that (283) may he put under the form 


cos ip cos d 


cos \ 


The value in seconds of 


2 sin 2 } t 
sin 1" 


(284) 


2 sin 2 i t 
sin 1" 


is given in Table V. with the argument t. If A', A", A"', &c. are 
the observed altitudes (corrected for refraction, etc.); i\ l n , t"\ 
&c., the hour angles deduced from the observed clock times; 
m', m", m"\ &c., the values of m from the table ; and we put the 
constant factor 


^ COS (p COS d COS <p COS d \ 

cos A, sin C, J 

we have . \ — A' + Am' l ^^85^ 

A t = A" + Am" ( L ; 

\ = A'" + Am'" ) 

&c. / 

and the mean of all these equations gives 

^ A' -f~ A" -f A"' + e tc. ^ + m" 4- m^( + ^ c * 

n n 

in which n is the number of observations ; or 

\ = A 0 4“ Am 0 (286) 

in which A 0 denotes the mean of the observed altitudes corrected 
for refraction, &c., and m 0 the mean of the values of m. 

When A x has been thus found, the latitude is deduced as from 
any meridian altitude, only observing that for the sun the de- 
clination to be used is that which corresponds to the mean of 
the times of observation, as has already been remarked in Art. 
168. 

Example.— At the U. S. Haval Academy, 1849 June 22, cir- 
cummeridian altitudes of ft Urscte Minoris were observed with a 
Trougliton sextant from an artificial horizon, as in the following 
table. The times were noted by a sidereal chronometer which 
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was fast 1“ 46'. 7. The index correction of the sextant was 
— 14' 58", Barometer, 30.81 inches, Att. Therm. 65° F., Ext. 
Therm. 64° F. 

The right ascension of the star was 14 s 51” 14*.0 
Chronometer fast -f- 1 45 .7 

Chronometer time of star’s transit 14 52 59 .7 

The hour angles in the column t are found by taking the differ, 
cnee between each observed chronometer time and this chro- 
nometer time of transit. 


2 Alt. 

Chronom. 

108° 39' 40" 

14* 45™ 47*. 

39 50 

47 1 . 

40 40 

48 54.5 

41 0 

51 29.5 

41 0 

54 36.5 

40 30 

56 22. 

40 20 

57 43. 

40 0 

58 47.5 

40 0 

15 0 17.5 

39 20 

2 10. 


Mean 108 40 14 
Ind, corr. — 14 58 



108 

25 16 

Assumed 


54 

12 38 


Befr. 

Am 0 


— 42 .0 
+ 21 .5 

Approx. 



t 

m 

7 m 

12*. 7 

102.1 

5 

58.7 

70.2 

4 

5.2 - 

32.8 

1 

30.2 

4.4 

1 

36.8 

5.1 

3 

22.3 

22.3 

4 

43.3 

43.8 

5 

47.8 

66.0 

7 

17.8 

104.5 

9 

10.3 

165.1 

?n 0 — 61.63 


$ = 88° 59' 0" 

J = 74 46 36 .9 

Cj= 35 47 36 .9 log cos (j> 9.8906 

log cos d 9.4193 


^ = '54 12 17 .5 

Ci = — 35 47 42 .5 
6 = 74 46 36 .9 
<p = 38 58 54 .4 


log cosec Ci 0.2329 

log A 9.5428* 

log m 0 1.7898 

log Am 0 1.3326 


Remark 1 . — The reduction /i, — h increases as the denominator * 
of A decreases, that is, as the meridian zenith distance decreases. 
The preceding method, therefore, as it supposes the reduction to 
he small, should not he employed when the star passes very near 
the zenith, unless at the same time the observations are restricted 
to very small hour angles. It can be shown, however, from the 
more complete formulae to be given presently, that so long as 
the zenith distance is not less than 10°, the reduction computed 
by this method may amount to 4' 30" without being in error 
more than 1" ; and this degree of accuracy suffices for even the 
best observations made with the sextant. 
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Hem vuk 2 —If in (284) we put am = V sin 1" ?! (/ being in 
seconds of time), we have 


K — h 


eos cp cos d 225 
cos /q i 


sm 1" t 2 


at 2 


(287) 


m which « denotes the piocluct of all the constant facto is It 
follows fiom this foimula that near the meruhan the altitude vanes 
as the square of the hour angle , and not simply m proportion to the 
time Hence it is that near the m endian we cannot i educe a 
numbci of altitudes by taking their mean to coi respond to the 
mean of the times, as is done (m most cases without sensible 
enoi) when the ohseivations aie lemote fiom the meiidian 
The method of i eduction above exemplified amounts to sepa- 
lately reducing each altitude and then taking the mean ot all 
the results 


171 (D ) Gircummeridian altitudes mor e accurately reduced — The 
small coirection which the preceding method requires will be 
obtained by developing into senes the ngoious equation (282), 
This equation, when ve put £ = 90° — h — tiue zenith distance 
deduced fiom the observation, may be put under the foim 

cos Z = cos Z x — 2 cos <p cos <5 sin 2 J t 

which developed m senes* gives, neglecting sixth and higher 
powers of sm J t, 


* If we put y = 2 cos <j> cos 6 sin 2 J t, the equation to be developed is 

cos Z = cos Zi — U (a) 

• m winch Zi is constant and £ ma y be regarded as a function of y , so that by Mao- 
l Turin’s Theorem 

c = /lr = (/) +(U)y+ + (b) 

m which (/), ( — \, &c denote the values of fy and its differential coefficients when 
\dy ! 

y = 0 The equation (a) gives, by differentiation, 


sm ( — =1 
dy 

d% __ cos Z 


___ 1 
dy sm £ 


sin 2 £ dy 


sm 2 Z 
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„ cos <f cos <1 2 sin 2 J t 1 cos <p cos « \ 2 2 cot " sin* i t 

'■ = ' ) 0 »*) 

Ey tliis formula, first given by Delambre, the reduction to 
the meridian consists of two terms, the first of which is the same 
as that employed in the preceding method, and the second is the 
small correction 'which that method requires. These two terms, 
will he designated as the “ 1st Reduction” and “ 2d Reduction.” 


Putting 

2 sin 2 it 

m = n = 

sin 1" 

2 sin 4 i t 

sin 1" 


we have 

j cos <p cos <5 

ji — B = 

sin ^ 

A 2 cot f L 



Z x = C — Am -f- Bn 


(289) 


If a number of observations are taken, we have a number of 
equations of this form, the mean of which will be 


’i — -f- Bn 0 

in which is the arithmetical mean of the observed zenith dis- 
tances, wIq and the arithmetical means ot the values of ?n and 
n corresponding to the values of t. The values of n are also 
given in Table V. 

- Having found C„.wc have the latitude, as before, hy the formula 

\w which we must give f, the negative sign when the zenith is 
south of the star, and it must he remembered that for the sun 
(or any object whose proper motion is sensible) o must be the 
mean of the declinations belonging to the several observations, 


But when, y = 0 we have, by (a), £ = f,, so that (6) becomes 


f = Ci + 


sin ^ 2 sin 2 


+■ -H 1 ~h 3 cot 2 C, ) 

sin 5 


Cl 


(«) 


Restoring the value of y, this gives the development used in the text, observing that 
as ( and aie supposed to be in. seconds of arc, the terms of the series are divided 
hy sin 1" to reduce them to the same unit. 
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or, which is the same, the declination corresponding to the mean 
of the times of observation.* 

Finally, if the star is near the meridian below the pole, the 
hour angles should be reckoned from the instant of the lower 
transit. Recurring to the formula 

cos C = sin cp sin d -j- cos <p cos <5 cos t 

in which t is the hour angle reckoned from the upper transit, 
we observe that if this angle is reckoned from the lower transit 
we must put 180° — t instead of t, or — cos t for + cos t and then 
we have 

cos C = sin <p sin d — cos cp cos <5 cosf 
and, substituting as before, 

cos t = 1 — 2 sin 2 } t 

this gives 

cos C = — cos (jp 4* *) + 2 cos <p cos d sin 2 £ t 


or, since for lower culminations we have = 180° — (<p + 8) 
and cos = — cos (jp -f 8), 

cos C = cos + 2 eos <p cos d sin 2 J ^ 

which developed gives 


r , cos cp cos d 2 sin 2 £ t 
'■ Z H : i : — ” — h 


sin C 


sin 1" 


/ eos <p cos <5\ 2 
\ sin Ci / 


f eos <p cos S ^ 2 2 cot sin 4 £ t 
sin 1" 


or 


Cj = C -f- -4m -f Bn (snb polo) 


(290) 


which is computed by the same table, but both first and second 
reductions here have the same sign. 

If a star is observed with a sidereal chronometer the daily 
rate of which is so small as to he insensible during the time of 


* the mean declination is to be used, we may observe that for each 

observation we have put ^ ^ — d, and that if 5', <S", &c., the several declina- 

tions, the several equations of the form (289) will give 

<f> = 6 ' -f- £ ' — Am! -f- A 2 cot ^ n! 

4 = 5" -f £" — Am!' -f- A 1 cot ^ n" 

&c., 

the mean of which, if 6= mean of &, d", &c., will be 

^ = S + Co — Am^ -j- A* cot n 0 = d -f ^ 
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the observations, the hour angles t are found by merely taking 
the difference between each noted time and the chronometer 
time of the star’s transit, as in the example of Article 170. But 
if we wish to take account of the rate of the chronometer, it can 
be done without separately correcting each hour angle, as fol- 
lows: Let <3 The the rate of the chronometer in 24'“ (8T bein° 
positive for losing rate, Art. 187); then, if t is the hour angle 
given directly by the chronometer, and V the true hour angle, 
we have - 

t f : t = 24* : 24* — dT = 86400 s : 86400 s — - dT 

whence 

e=t. !— 1—1 

1 ST 

L 86400_ 

Instead of sin \t we must use sin \ V ; for which we shall ha^e. 
with all requisite precision, 


sin it' == sin § t ■ — , or sin 2 it' = sin 2 i t . 


Hence, if we put 



we shall have 



Am = k ■ 


cos ? cos <5 2 sin 2 } t 
sin C, * sin 1" 


so that if we compute A by the formula 


^ £ COS cp COS $ 




we can take m — — ~ for the actual chronometer intervals, 
further attention to the rate is required. 

The factor k can be given in a small table with the argument 
“rate,” in connection with the table for m, as in our Table Y. 

Ha star is observed with a mean time chronometer, the inter- 
vals are not only to be corrected for rate, but also to be reduced 

Vol. I.— 16 
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from moan to sidereal intervals by multiplying them by fi = 
1.00273791 (Art, 49); so that for siir 4 1 we must substitute k sin 2 
(£./.*£), or, with sufficient precision, k/i 2 sin 2 1 /. 

If the sun is observed with a moan time chronometer, the in- 
tervals are both to be corrected for rate and reduced from mean 
solar ‘to apparent solar intervals. The. mean interval di tiers 
from the apparent only by the change in the equation ot time 
during the interval, and this change may be combined with the 
rate of the chronometer. Denoting by oJE the increase ot the 
equation of time in 24 /l (remembering that E is to be regarded 
as positive when it is additive to apparent time), and by o I the 
rate of the chronometer on mean time, we may regard d r l oE 
as the rate of the chronometer on apparent time. Instead ot 
the factor k we shall then have a factor which is to be found 
by the formula 



which may be taken from the table for k by taking oT — dE as 
the argument. 

Finally, if the sun is observed with a sidereal chronometer, 
we must multiply sin 2 4 1 not. only by Id but. by - 

v ~ r" 

Denoting <l- "by i and \ by i', these rules may he collected, for 
the convenience of reference, as follows : 


Star by sidereal chron., A =k • 


cos <p cos <5 


sm i 


Star by mean time chron.. A= k n C0S - [log i —0.002375] 

sm ' f 

COS (p cos d 

i [log? 7 =9.997625] 


(291; 


Sun by mean time chron., A — kf- 
Sun by sidereal eh ron A = k’i 


sm ; t 
tJ v eos <p cos d 


sm 


for which log k will be taken from Table Y. with the argument 
rate of the chronometer = 3T; and log k 1 from the same table 
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argument d T oE — daily 1 ate of the chronometer 

d by the daily increase of the equation of time 


E — 1856 March 15, at a place assumed to be in lati- 
49' hT and longitude 122° 24' W , suppose the fol- 
iiith distances ot the sun s lower limb to have been 
with an Ertel universal instiument,* Baiom 29 85 
t Thcim 65° F, Ext Therm 63° F The chrono- 
^ukted to the local moan time, was, at noon, slow 
kVith a daily losing late of 6* 6 


zen dist 

8' 40" 7 

2 16 5 

57 28 3 
54 17 2 
52 38 
52 34 5 
54 28 6 

58 9 8 

3 0 3 
9 30 

59 18 5 


Chronometer 


t 

23* 37- 

1 35 s 

— 19" 

1 58* 8 

42 

8 

— 15 

30 8 

46 

29 5 

— 11 

4 3 

50 

46 5 

— 6 

47 3 

55 

16 

2 

17 8 

0 0 

87 5 

+ 3 

3 7 

5 

13 

7 

39 2 

9 

49 5 

12 

15 7 

14 

8 

16 

34 2 

18 

81 

20 

57 2 


t 0 = 

+ 0 

29 1 


m 



n 

788" 

3 

r 

' 49 

472 

4 

0 

54 

240 

6 

0 

14 

90 

5 

0 

02 

10 

4 

0 

00 

18 

4 

0 

00 

115 

0 

0 

03 

295 

1 

0 

21 

538 

9 

0 

70 

861 

4 

1 

80 

— 342 

60 « 0 

= 0 

49 


ction of time at the local noon being -f- 8™ 54* 6, we 


Mean time of app noon = 0* 8 W 54* 6 
Chronometer slow = 11 20 8 

Chi time of app noon =r23 57 38 8 

^renee between tins and the observed chronometer 
the horn angles t as above 

n of the hour angles being + 29* 1, the declination is 
n f Q1 die local appaient time O'* 0”‘ 29* 1, oi for the 
mean time Maich 15, 8 7 ‘ 18® 59* 7, whence 

(5 == — 1 0 48' 8" 8 
(Appioximate) <p = -f 37 49 0 

“ C t == 39 37 8 8 

ease of the equation of time in 24 7 ' is 8E = — 17’ 4, 


- , Altitude and Azimuth Instrument, foi tlie method of observing the 
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and, tlie chronometer rate being 8T— + 6 '. 6 , we have oT — §E 

— + 24 ’'°> with -which, as the argument “rate” in Table V. we 
find log k' = 0.00024. 

The computation of the latitude is now carried out as follows: 


log cos <p 9.89761 
log cos S 9.99979 
log cosec ?, 0.19540 
log k' 0.00024 
log A 0.09304 
log m 0 2.53479 
log Am 0 2.62783 


Mean observed zen. 

„ log A 2 0.1861 

log cot 7, 0.0821 

log JB 0.2682 

log 7i 0 9.6902 

log Bn a 9.9584 


ist. Q = 39° 59' 18".5 
r — p =+ 41 .8 

S = — 16 6 .5 
Am a = — 7 4 .4 

Bn 0 = 4" 0 .9 

f , = 89 36 50 .3 

<5 = — 1 48 8 .8 
<P = 37 48 41 .5 


The assumed value of <p being in error, the value of A is not 
quite correct; but a repetition of the computation with the value 

of <p just found does not in this case change the result so much 
as 0 'M. & 


172. (E.) Gauss’s method of reducing dreummeridian altitudes of 
the sun. The preceding method of reduction is both brief and 
accurate, and the latitude found is the mean of all the values 
tiat v ould be found by reducing each observation separately. 

ns separate reduction, however, is often preferred, notwith- 
standing the increased labor, as it enables us to compare the 
observations with each other, and to discuss the probable error 
o t le final lesult; and it is also a check against any gross error. 
But, if we separately reduce the observations by the preceding 
method, we must not only interpolate the refraction for each 
altitude, but also the declination for each hour angle. Gauss 
proposed a method by which the latter of these interpolations is 
avoicec . e showed that if we reckon the hour angles, not 
rom appaient noon, but from the instant when the sun reaches its 
maximum altitude, we can compute the reduction by the method 
a ove given, and use the meridian declination for all the observa- 
tmns Tins method is, indeed, not quite so exact as the preced- 

3 v 1 1 ? al hoW h be rendered quite perfect in 

piactice by the introduction of a small correction. 

■hi the rigorous formula 


cos c — sin a Sin 8 4 - cos <p cos 8 cos t 
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d is the decimation conespondmg to the hom angle i If then 

A5 = the hourly mciease of the decimation, positive when 
the sun is moving northivaid, 
f \ = the decimation at noon, 


and if t is expressed in seconds of tune, we have 


, * , t Ad 

O =r 0 -L ft /r 

1 T 3600 1 + 


where, since a § never exceeds 60", a- will not exceed 30" so long 
as t < 30 Hence we maj substitute, with great accuiacy, 

sin d = sin 5, -f- cos 5 X sin x 
cos S = cos 5, — sin $ 1 sin x 

and the above formula becomes 


cos * sm <p sm 5, 4“ cos <p cos o ^ cos t -J - sm (y — 3^ sin x 
4- 2 cos <p sm <1, sin 2 i t sm a 

The last teim is extiemely small, raicly affecting the value ot r 
by as much as 0 " 1 , and since r is propoitional to the lioui 
angle, and theiofoie has opposite signs for obsci vations on diftei- 
ent sides of the mendian, the effect of this teim will neaily or 
quite disappear fiom the moan of a seucs of observations pio- 
perly distributed before and after the mendian passage How 
we have ’ 


Let 


sin x = 


t a< 5 sin 1" 
3600 


15 1 sm 1" 

54000 


then, taking 
we have 


sin »> = 


Ai? 

54000 


si n Q — a,) 
COS <p cos 5, 


15 t sin 1" = sm t 4 - £ sin ’ t 


sin i = (sm t 4 - J, sin 3 1) sm ,1 2°? y - Coa 'h 

sm(p — , 5 ,) 

and the foimula foi cos £ becomes, by omitting the last term, 

cos f = sin ? sm 3 1 -f cos <p cos <5, (cos t 4 - sm t sm &) 

4* t 008 9 cos (5, sin’t sm 1 ? 
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The last term involving bin 3 t multiplied In the small quantity 
sin & is even less than the teim above 1 ejected Like that, also, 
it has opposite signs foi observations on difieient sides of the 
meridian, and will not affect the mean lesult of a piopeily 
arranged series of obseivations Rejecting it, theiefore, our for- 
mula becomes 


COS £ = Sin (f Sill + COR (P cos <\ cos ( t — ?$) 
+ 2 COS <p COS d 1 Sill 2 2 # 


The last teim here must also he i ejected if we wish to obtain the 

method as proposed by G-auss , hut, as it is always a positive 

teim and affects all the observations alike, I shall letain it, espe 
cially as it can he taken into account in an extremely simple 
manner. 

The maximum value of cos which conesponds to the 
maximum altitude, is given immediately by the above formula 
by putting t = $ Hence # is the hoar angle of the maximum altitude 
Putting: 

t' = t — /> 

we have 

cos C = cos ( <p — 8 ± ) — 2 cos <p cos sin 2 \ t f 

_ +2 cos <o cos d. sin 2 i $ 

Let 


cos <P cos ^ 2 sm 2 l ft 

sm — Sf sm 1" 


then our formula becomes 


cos C = cos ( <p — S') — 2 cos <p cos 8 X sm 2 1 H 

Tim equation is of the same form as that from which (288) was 
obtained, and theiefore when developed gives 


f _ r __ cos t QQS 2 SIn2 j f / CQfe g COS 8 1 V 2 cot Cj Sin 4 i t 
sin Cj sin 1" + \ sm ' / smf 

in which Cx = <P ~~ o'- Putting then, as before, 


A cos <p cos A _ 

A - R = A 2 cot C, 

sm £ 1 


(292) 


and taking m and n from Table V , or their logarithms fiom 
Table \ I , with the argument t f , which is the houi angle reckoned 
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from the instant the sun reaches its maximum altitude, we have 

Z x = Z — Am + Bn ('29:*') 

Since differs from tlie latitude by the constant quantity o\ its 
value found from each observation should be the same. Taking 
its mean value, we have 


* = + *' 

The angle ft, being very small, may be found with the utmost 
precision by the formula 


810000 sin 1" 


--= [9.40594] A "- 
A A 


(204) 


which gives ft in seconds of the chronometer when A. lias been 
computed by the formula (202). 

The most simple method of finding the corrected hour angles 
t' will be to add ft to the chronometer time of apparent noon, 
and then take the difference between this corrected time and 
each observed time. 

If we put 8' = 8 { + y, we have 


2 sin 2 } # 
""sin 1~ 


(295) 


which requires only one new logarithm to be taken, namely, the 
value of log m from Table VI. with the argument ft. We then 
have, finally, 

? = U h + y (296) 

Example. — The same as that of the preceding article. We 
have there employed the assumed latitude 37 ° 49 / ; but, since even 
a rough computation of two or three observations will give a 
nearer value, let us suppose we have found as a first approxima- 
tion <p = 87° 48' 45". With this and the meridian declination 
8 { — 1° 48' 9". 2, and log k' = 0.00024 as before, we now find, 

by (292), 

log A = 0.09310 log B = 0.2683 

We have also there found the chronometer time of apparent 
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noon — 23* 57“ 83’ 8 We now take from the Ephemens &8 =• 
4- 59".22, and hence, by (294), 

log a3 1 7725 
ar co log A 9 9069 
const log 9 4059 
# = 4- 12- 2 log A 10858 

Hence the chronometer time of the maximum altitude is 
23* 57“ 38* 8 + 12*.2 = 23* 57 m 46 s , which gives the horn angles 
V as below : 


l°g m log Am log n log Bn 

2 90274 2 99584 0 1900 0 4588 

2 68558 2 77868 9 7557 0 0240 

2 39718 2 49028 9 1776 9 4459 

1 98216 2 07526 8 3487 8 6170 

1 08891 1 18201 

1 20525 1 29835 

2 03730 213040 8 4553 8 7236 

2 45551 2 54861 9 2955 9 5638 

2 72077 2 81387 9 8260 0 0943 

2 92677 3 01987 0 2381 0 5064 

.The refraction may he computed from the tables first for a mean 
zenith distance, and then with its vaiiation m one minute (which 
will be found with sufficient accuracy from the table of mean 
refraction) its value for each zenith distance is leadily found 
The parallax, which is heie sensibly the same (= 5" 54) for all 
the observations, is subtracted from the refraction, and the results 
are given in the column r — p of the following computation 
ffiie numbers m the 3d and 4th columns aie found from their 
ogarithms above, and the last column contains the seveial 
values of the minimum zenith distance of the sun’s lower limb, 
formed by adding together the numbers of the preceding columns. 
To the mean of these we then apply the sun’s semidiameter, the 
meridian declination, and the collection y, which are all constant 
for the whole series of observations. 


- 20 m 11* 

15 43 

11 16 5 

6 59 5 
- 2 30 
+ 2 51 5 

7 27 

12 3 5 

16 22 
20 45 
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Obs’d f 


r — 

P 

Am 


Bn 


c, 


40° 

CP 

00 

7 

+ 42" 

1 

1 

H 

OO 

o 

' 5 

+ 2" 

9 

39° 

1 52' 

’ 55" 

' 2 

40 

2 16 

5 

41 

9 

10 0 

7 

1 

1 



58 

8 

39 

57 28 

3 

41 

8 

5 9 

2 

0 

3 



61 

2 

39 

54 17 

2 

41 

7 

1 58 

9 

0 

0 



60 

0 

39 

52 33 


41 

6 

0 15 

2 

0 

0 



59 

4 

39 

52 34 

5 

41 

6 

0 19 

9 

0 

0 



56 

2 

39 

54 28 

6 

41 

7 

2 15 

0 

0 

1 



55 

.4 

39 

58 9 

8 

41 

8 

5 53 

7 

0 

4 



58 

3 

40 

3 0 

3 

41 

9 

10 51 

4 

1 

2 



52 

.0 

40 

9 36 


42 

1 

17 26 

8 

3 

2 



54 

5 


2 sin 2 J 

9 


(Lower limb) Mean £ 

— 

39~ 

52 

57 

10 

log 

8 9090 


Semidiameter 

= ■ 

— 

16 

6 

49 

sin l h 






<5, 

= - 

- 1 

48 

9 

20 

log 

A 


0 0931 




y 

r=r ■ 

+ 


0 

10 

log 

y 


9 0021 




V 

== 

37 

48 

41 

51 


Tills iesu.lt agiees piecisely with that found before If we suppose 
all the observations to be of the same weight, we can now detei- 
mine the piobable enor of observation Denoting the difference 
between each value of £, and the mean of all by v, and the sum 
of the squares of v by [it?], accoidmg to the notation used in the 
method of least squares, we have 


V 

- 1" 

9 

vv 

3 61 

+ 1 

7 

2 89 

+ 4 

1 

16 81 

+ 2 

9 

8 41 

+ 2 

3 

5 29 

— 0 

9 

81 

— 1 

7 

2 89 

+ 1 

2 

144 

— 5 

1 

26 01 

- 2 

6 

6 76 


n = 10, [rr] = 74 92 


Mean error of a single observa- 
tion = yj = 2" 89 
vn — 1 

Mean error of the final value of 


2 89 

*~Vio 


= 0" 91 


Probable enor of a single obs = 2" 89 X 0 6745 = 1" 95 
“ “ of <p = 0 91 x 0 6745 = 0 61 

It must not be forgotten that the probable enor 1" 95 here 
repiesents the probable eiroi of obseriation only a constant enor 
of the instrument, affecting all the observations, will foim no 
pait of this enor, and the same is true of an erroi in the 
refraction 
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173 For the most refined determinations of the latitude, 
standard stais aie to be piefened to the sun Then decimations 
aie somewhat moie piecisely known , the mstiumeiit is m night 
obseivations less liable to the euois pioduced bj changes of 
temperatme during the obseivations, constant instrumental 
eirors and enors of lefiaction may be eliminated to a great 
extent by combining noith and south stais, 01 euois of decima- 
tion may be avoided by employing only cncumpolai stais at oi 
near their upper and lowei culminations In geneial, euois of 
ciicummeiidian altitudes aie eliminated under the same condi- 
tions as those of meridian observations, since the foimei aie 
1 educed to the mendian with the gieatest piecision Seethe 
next following article 

Foi a gieat numbei of nice deteimmations of the latitude by 
eircummeudian altitudes of stais noith and south of the zenith 
and of cncumpolar stais, see Puissaxt, Nonvelle Description Geo - 
metrique de la Fmnce 

174 EffeU of errors of zenith distance , declination , and time , upon 

the latitude found by circunmiendian altitudes — Differentiating (289), 
legardmg A as constant, and neglecting the vanations of the 
last teun, which is too small to be sensibly affected by small 
eirors of t , we have, since dcp — + dd, 

dtp = dZ d8 - Sm * (15 dt ) 

sm 1" 

The eriois d£ and do affect the resulting latitude by their whole 
amount. The coefficient of dt has opposite signs for east and 
west houi angles, and therefore, if the obseivations aie so taken 
as to consist of a number of pairs of equal zenith distances east 
and west of the meridian, a small constant error in the hour 
angles, arising from an impel tect clock connection, will be elimi- 
nated in the mean This condition is m piactice neaib satisfied 
when the same numbei of obseivations are taken on each side 
of the meiidian, the intervals of time between the successive 
observations being made as nearly equal as piaeticable 
An error in the assumed latitude which affects A is eliminated 
b\ lepeatmg the computation with the latitude found by the first 
computation An enoi in the decimation vlncli would affect A 
ib not to he supposed 
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175. To determine the limits within which the 'preceding methods of 
reducing circum-meridian altitudes are applicable. — First. In the 
method of Ait. 170 we employ only the “ first reduction” (= Am), 
which is the first term of the more complete reduction expressed 
by (288). The error of neglecting the “ second reduction” (= Bn) 
increases with the hour angle, and if this method is to be used it 
becomes necessary to determine the value of the hour angle at 
which this reduction would be sensible. We have 


Bn = A 2 cot 


^ 2 

1 sin 1" 


whence if we put b for Bn and 

_ . F — l/Tsin 1" tan E 

we derive 

F 1 

sin 2 * * = — Yb (298) 

Since = <p — S, F and A are but functions of <p and o ; and 
therefore by this formula we can compute the values of l for 
any assigned value of b, and for a series of values of y and d. 
1 ^ II. A gives the A r alues of t in minutes computed by (298) 

when b 1 '■ I hat is, calling /, the tabular hour angle and t 
the hour angle for any assigned limit of error b, we have 

F 

sm 2 1 h = — sin 2 i t = sin 2 \tp\/b 

As the limits are not required with great precision, we may sub- 
stitute for the last equation the following : 

t = t, Yb 

If we take b = 0".l, we have {, b = 0.56, or nearly -1 : hence the 
limiting hour angle at which the second reduction amounts to 0”.l is 
about § the angle given in Table VII. A. 

Example. — How far from the meridian may the observations 
in the example p. 237 he extended before the error of the 
method of reduction there employed amounts to 1"? With 
~ d~ 39°, d = -f- 75°, Table \ II. A gives t l = 30"\ Hence 
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the method is m that example eoirect within 1" if the observa- 
tions are taken within 30 m of the meiichan, and coircct within 
0" 1 if they are taken within 15 m of the mendian 


Second — In the moie exact methods of i eduction given in 
Arts 171 and 172, we have neglected the last teim of the 
development given m the note on page 239, which may he called 
a “ third reduction ” Denoting it by c, we have 


c = 

whence, if we put 


we deduce 


4/ 1 + 3 cot 1 
3 \ sin 1" 


A 3 Bin 5 i t 


K ■ 


Vr 


f sin 1" 


+ 3 cot 2 Cj 


sin 2 i t : 


K 


Vo 


(299) 


Table VII B gives the values of i, computed by this formula, for 
c = 1". Denoting the tabular value of t by t v we have 


sin 2 1 — sm 1 it — sin 2 $ t 1 Vo 

A 

or, with sufficient accuracy m most cases, 

t = t 1 Vc 

For c = 0" 1 we have Vo — 0 68, oi nearly § , and hence the 
limiting hour angle at wthich the third reduction (omitted in our 
most exact methods) would amount to 0" 1 is about % the angle 
given m Table VII B. 


. Example —How far from the mendian may the observations 

m the example p 243 be extended befoie the eiror of the 

method of reduction there employed amounts to 0" 1 ? With 

f ___ ’ 0 ^ 5 Table VII B gives t x — 89™, and § of this 

7, , “ so t at the method is m that example correct within 

1 when the observations are taken within 39- of the meridian; 

^tL oL C0 71 Ct Wlthm °" 1 when *Ee observations are taken 
within 26”* of the mendian 

The limiting hour angle foi a given limit of error diminishes 
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rapidly with the zenith distance , and hence m general very small 
zenith distances are to be avoided JBut the obseivations may be 
extended somewhat beyond the limits of our tables, since the 
eirois which aftect only the extreme obseivations are reduced m 
taking the mean of a senes 

FOURTH METHOD — BY THE POLE STAR 

176 The latitude may be deduced with accuracy from an alti- 
tude of the pole star obseived at any time whatevei, when this 
time is known The computation may bo peiformed by (281), 
but when a number of successive obseivations aie to be leduced, 
the following methods are to he pieferred If we put 

p = the star’s polar distance, 

we have, by (14), 

sin A = sin <p cos p -f- cos <p sin p cos t 

in which the hour angle t and the altitude h are denved from 
observation and <p is the requiied latitude Now, p being small 
(at piesent less than 1° 30'), we may develop <p in a senes of 
ascending powers of p, and then employ as many teims as we 
need to attain any given degiee of precision The altitude 
cannot difler from the latitude by moie than p if, then, we put 

<P= h — x 

x will be a small coirection of the same order of magnitude as p 
We have* ° 

sin ?>= sm (A —x) — sin A — x cos A — \ x* sm A + \ a; 5 cos A + &c 
cos <p = cos (A — x) = cos A + x sin A — \ x 2 cos A — £ x 3 sin A + &c 
sin p =p — Ip 3 -f &e 
cosp = 1 — ] p 1 -j- &c 

which substituted in the above formula for sm A give 

sin A = sin A — x cos A + p cos t cos A — -? (a 2 — 2 vp cos t +p 2 ) sin A -j- &e 

and fiom this we obtain the following general expression of the 
correction 


* PI Trig (403) and (400) 
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x — p cor t — * (,r 2 — 2 xp cos t «f- p 2 ) tan h 
+ g (^ 5 — 3 .r 2 p cos t -\m 3 #p a — p s cos /) 

+ 24 O 4 — 4 x 3 /? cos * + 6 x 2 p 2 — 4xps cos t + p*) tan h 

&0. (tf) 

For a first approximation, we take 

x = p cos # ( 6 ) 

and, substituting' this in the second term of (a), we find for a 
second approximation, neglecting the third powers of p and x, 

x = p cos t — Ip 2 sin 2 1 tan h (c) 

Substituting this value in the second and third terms of (&), we 
find, as a third approximation, 

x = p cos t — ip 2 sin 2 1 tan h + l ]> 3 cos t sin 2 1 (//) 

This value, substituted in the second, third, and fourth terms of 
(^)? g^ ves ? as a fourth approximation, 

x = p cos t — 4p 2 sin 2 1 tan h -f* i p 9 cos t sin 2 1 — £ p i sin 4 1 tan* h 
+ 24 T ji (4 — 9 sin 2 #) sin 2 1 tan h (e) 

In these formulae, to obtain x in seconds when p is given in 
seconds, we must multiply the terms in p 2 , p 3 , and _p 4 by sin 1 ", 
sin 2 1 ", sin 3 1 ", respectively. 

In order to determine the relative accuracy of these formula, 
let us examine the several terms of the last, which embraces all 
the others. The value of #, which makes the last term of (e) a 
maximum, will be found by putting the differential coefficient 
of (4 9 sin 2 1 ) sin 2 i equal to zero; whence 

4 sin t cos t (2 — 9 sin 2 *) = 0 

which is satisfied by t = 0, * = 90°, or sin 2 1 = f, the last of which 
alone makes the second differential coefficient negative. The 
maximum value of the term is, then, ^ p 4 sin 3 1 " tan A, which 
for p — 1 ° 30' == 5400" is 0 /r .0018 tan h. This can amount to 
0 .01 only when h is nearly 80°, — that is, when the latitude is 
nearly 80°. This term, therefore, is wholly inappreciable in 
every practical case. 
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The term Jy 4 sin 8 1" sin 4 / tan 3 h is a maximum for sin t == 1 
in which case, for p = 5400", it is 0".0121 tan 3 h. This amounts 
to 0".l when h — 64°, and to 1". when h — 77°. 

For the maximum of the term J- f sin 2 1" cos t sin 2 / we have, 
by putting the differentia] coefficient of cos / sin 2 / equal to zero, 

sin t (2 — 3 sin 2 /) = 0 

which gives sin 3 1 — S, and consequently cos t — v J- ; and hence 
the maximum value of this term is § ;> 3 sin 2 1" j/4 = 0".475. 
Hince the maximum values of this and the following term’s do 
not occur fertile same value of /, their aggregate will evidently 
never amount to 1" in any practical case. 

Hence, to find the latitude by the pole star within 1", we have the 
formula 

<p = h — p cos / -j- 4p 2 sin 1" sin 2 / tan h (300) 

I he hour angle t is to he deduced from the sidereal time © 
of the observation and the star’s right ascension a, by the 
formula 

t= © — a 

to facilitate the computation of the formula (300), tables are 
given in every volume of the British Nautical Almanac and the 
erlin Jalirbueh; but the formula is so simple that a direct 
computation consumes very little more time than the use of 
these tables, and it is certainly more accurate. 

Example.— (From the Nautical Almanac for 1861).— On March 
6, 18(51, in Longitude 37° W., at 7 A 48" 35» mean time, suppose 
the altitude ot Polaris , when corrected for the error of the in- 
atiunient, refraction, and dip of the horizon, to be 46° 17' 28 /; : 
required the latitude. 

Mean time 

Sid. time mean noon, March 6, 

Reduction for l h 43- 35 s 
Reduction for Long. 2 h 28- 
Sidereal time 
March 6, p = 1° 25' 32".7 


7* 43- 35*. 
22 56 17.9 
1 1G.2 
24 .3 

0 == 6 42 3 .4 

a = 1 7 39.0 


t 


5 34 24.4 
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Hence, by foimula (300), 

lo gp 3 71035 log P 2 74207 

log cos t 9 04704 log sin 2 1 9 9946 

log 1st term 2 75789 log tan ^ ® 0196 

log Jam 1" 4 3845 

h = 46° 17' 28" log 2d term 1 8194 

1st term = — 9 32 0 

2d “ = +16 0 

<P = 46 9 2 0 

By the Tables in the Almanac, <p — 46° 9' 1" 

177 If we take all the terms of (e) except the last, which we 
have shown to be insignificant, we have the formula 

<p = h — p cos t + 4.P 2 sin 1" sin 2 1 tan h 

— \p' sin 2 1" cos t sin 2 i t + ^p 4 sin 5 1" sin 4 1 tan 3 h (301) 

which is exact within 0".01 for all latitudes less than 75°, and 
serves for the i eduction of the most refined observations with 
first-class instruments 

If we have taken a number of altitudes in succession, tlie 
separate reduction of each by this formula will be very laborious 
To facilitate the opeiation, Peteesex has computed very con- 
venient tables, which are given m Schumachee’s Hulfstafeln , 
edited by "Warxstoree These tables give the values of the 
following quantities 

a = p Q cos t -f |p 0 3 sm 2 1" cos t sin 2 1 
P = 4 p* sm 1" sm 2 1 
l = ip (jp 2 —p*) mn 2 1" cos t sin 2 1 
p p* sm 3 1" sm 4 1 tan 3 h 

in which. j» 0 = 1° 80' = 5400" Then, putting 
A=i- 

To 

log A = log — 3 7823938 
the formula (301) becomes 

9 = h — (Aa + X) -j- tan 7i - f- ^ 
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Putting then 

SC ■ — A ix — ^ 
y = A 2 /3 tan h 4- fi 

we have (302) 

<p = h — x + y 

or, when the zenith distance £ is observed, 

x = A* - f A 
y = A */3 cot r -f- 
90° — <p = t; + x — y 

The first table gives a with the argument t j the second, B with 
the argument t; the third, A with the arguments y, and t; and 
the fourth, p with the arguments y and <p, <p being used for h iu 
so small a term. 

To reduce a series of altitudes or zenith distances by these 
tables, we take for h or £ the mean of the true altitudes or 
zenith distances ; for a and ft the means of the tabular numbers 
corresponding to the several hour angles, with which we find 
Aa and A 2 ft cot £. The mean values of the very small quanti- 
ties / and tx are sensibly the same as the values corresponding to 
the mean of the hour angles ; so that l is taken out but once for 
the arguments polar distance and mean hour angle, and p is 
taken with the arguments <p and the approximate value of y = 

A 2 ft cot £. Illustrative examples are given in connection with 
the tables. 

EOTH METHOD.— BY TWO ALTITUDES OP THE SAME STAR, OR DIE. 
FEKE'NT STARS ? AND THE ELAPSED TIME BETWEEN THE OBSEBVA- 
TIONS. 

178. Let Sand S', Fig. 25, be any two points of Fig- 25 . 
the celestial sphere, Z the zenith of the observer, 

P the pole. Suppose that the altitudes of stars seen 
at S and S', either at the same time or different 
times, are observed, and that the observer has the 
means of determining the angle SPS'; also that 
the right ascensions and declinations of the stars 
are known. From these data we can find both the latitude and the 
local time. A graphic solution (upon an artificial globe) is indeed 
quite simple, and it will throw light upon the analytic solution. 
With the known polar distances of the stars and the angle SPS', 

V 1 GL. I , — IT 
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let tli <3 triangle SPS' be constructed. From S and S' as poles 
describe small circles whose radii (on the surface of the sphere) 
are the given zenith distances of 8 and S' : these small circles inter- 
sect in the zenith Z of the observer, and, consequently, determine 
the distance PZ, or the co-latitude, and at the same time the hour 
angles ZPS and ZP8', from either of which with the star’s right 
ascension we deduce tlie local time. This graphic solution shows 
clearly that the problem has, in general, two solutions ; for the 
small circles described from & and S' as poles intersect in two 
points, and thus determine the zenith of another observer who 
at the same instants of time might have observed the same alti- 
tudes of the same stars. The analytic solution will, therefore, 
also give two values of the latitude; hut in practice the ob- 
server always has an approximate knowledge ot the latitude, 
which generally suffices to distinguish the true value. 

Let us consider first the most general case. 

(A.) Two different stars observed at different times . — Let 

h, V = the true altitudes, corrected for refraction, &e., 

T, T = the clock times of observation, 
aT 1 aT' = the corresponding corrections of the clock, 
a, a' = the right ascensions, and 

o, d’ = the declinations of the stars at the times of the 
obs ervation s res p ec ti v el y , 

t , t =the hour angles of the stars at the times of the 
observations respectively, 
l — f — t = the difference of the hour angles, 
tp — the latitude of the observer : 

then we have, if tlie .clock is sidereal, 

/ = T + AT — a 
f=f + Af-a' 

X =(T'—T) + 07" _ a 7) — (a' — a) (804) 

a formula which does not require a knowledge of the absolute 
values of a 7 and aT\ but only of their difference; that is, of 
the rate of the clock in the interval between the two obser- 
vations. 

If the clock is regulated to mean time, the interval T* — T -\- 
aT 1 ~ aT is to he converted into a sidereal interval by adding 
the acceleration, Art. 49. 

MTe have next to obtain formulae for determining ip and / or V 


BY TWO ALTITUDES. 


259 


from the data h, h', o, d', and 1 I shall give two general solu- 
tions, the first of which is the one commonly known. 


First Solution. Let the observed points 8 and S' he joined 
by an arc of a great circle SS'. In the triangle PSS' there are 
given the sides PS= 90° - d, PS' = 90° - d', and the angle SPS' 

We find the third side SS'—S, and the angle 
Pb b = P, by the formula; [a of Art. 10] 


cos B = sin S' sin $ -f eos S' cos <5 cos X 
sin B eos P = cos S' sin S — sin S' eos 3 cos X 
sin B sin P = cos S sin X 

or, adapted for logarithmic computation, 


m. sin M — sin 3 
m cos M = cos S cos X 
cos B = m cos (M — - S ' ) 
sin B cos P = m sin (M — S') 
sin B sin P = cos <5 sin X 


(305) 


jjL% 6 o!^ g X^no tbe ? ar f n0W kll0wn the three sides 

ZW—q lv *w“ 9 °, ~ 1 '’ SS,== B ’ and hence the angle 
Zb b Q } by the formula employed in Art. 22 : 


sinl<g = A /| ^ os H*’ 
How, putting 


+ A + P) sin j(h ' — h -f B) 
cos h' sin B 


) (306) 


:P~Q 


!_ a an 0 knOWn in the triangle PZS' the sides PS' = 90° 


ZS' 

PZ 


= 90° h', and the angle PS'Z = q, from which the side 

-90 -<p, and the angle S'PZ = t>, are found by the formulas 


sin <p 
cos <p cos f 
cos <p sin f 


: sin S' sin h' + cos S' eos h' cos q 
■■ COS S' sin A' — sin S' cos h' eos q 
■ cos A' sin q 


or, adapted for logarithmic computation, 


n sin N = sin k' 
n cos A= cos h' eos q 
sin 9 — n cos (A — S') 
cos <j> cos f = n sin (A — s') 
cos <p sin t' = cos h' sin q 


(307) 
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The formula (805) and (307) leave no doubt as to the quadrant 
in which the unknown quantities aie to be taken But we may 
take the radical m (306) with either the positive or the negative 
sign, and } Q , therefoie, either m the fiist oi fourth quadrant 
If we take J Q always m the fiist quadrant, the values of q will be 

q = P + Q 

and either value may be used in (307), whence two values of <p 
and t f That value of how T ever, which agiees best with the 
known approximate latitude is to be taken as the tine value. 
There is also another method of distinguishing which value of q 
will give the tiue solution, for, if A ' and A are the azimuths of 
S' and S, we have m the triangle ZSS' the angle SZS r — A' A ? 
and 

cos 7i 

sm O = sin (A! — • A) — 

sin M 

in which cos h and sm B are always positive Hence Q is posi- 
tive or negative according as A' — A is less oi gi eater than 180° 
The obseiver will geneially be able to decide this the only cases 
of doubt will be those wheie A' and A aie veiy nearly equal or 
where A r — A is veiy nearly 180° ; but, as we shall see hereafter, 
these cases aie very unfavorable for the deteimmation of the 
latitude, and are, therefore, always to be avoided in practice 
If the great circle SS' passes north of the zenith, we shall have 
A f — A negative, or greater than 180° hence we have also this 
criterion we must take q = P — Q or q = P-f Q according as the 
great circle SS' passes south or no? th of the zenith 

Second Solution — Bisect the arc /SS', Fig 25, in T , join PP 
and ZT \ and put 

C = ST — S' T ) 

JD = the decimation of T = 90° — PT, 

JE = the altitude of T= 90° — ZT y 
r = the hour angle of T — ZPT, 

P = the angle PTS> 

Q = the angle ZTS , 
q = the angle PTZ 

We have in the triangle PS S' [Sph Trig (25)] 

sm* C = sm 2 i (5 — S') cos 2 J l -f- cos 2 i (<5 + S') sm 2 i X 
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or, adapted for logarithmic computation, by introducing an 
auxiliary angle E, 

sin G sin E = sin J (5 — S') cos } X 1 

sin C cos E = cos J (5 + S') sin H j ( 3C>8 ) 

^ In the triangle SET we have the angle PTS = P, and there- 
fore in the triangle S'PTwe have the angle PTS' = 180° — P, 
the cosine of which will be = — cos P: hence, from these 
triangles we have the equations 

sin D cos C -f- cos D sin C cos P = sin S 

sin D cos C — cos E sin C cos P = sin S' 

whence 

2 sin D cos C = sin S -f- sin d' 

2 cos P sin C cos P = sin S — sin d' 

sin D = sin + s') cos j- (3 — 5') 
cos C 

cos P = S21A1L+1H umiCS-S 1 ) 
cos D sin 0 

which determine D and P after Chaa been found from (308). 

In precisely the same manner we derive from the triangles 
ZTS and ZTS' the equations 



gm H _ sin j (A + V) cos l(h — h') \ 

cos C I 

> ( 310 ) 

cos Q = cos 1 ( A + jQ Sin j (h — ft') ( 

cos IP sin C ) 


Then in the triangle PTZ we have the angle PTZ, by the 
formula 

q = P-Q 


aud hence the equations 


sin <p — sin D sin E -f- cos D cos E cos q 

cos <p cos t — cos D sin II — sin D cos E cos q 

cos <? sin r = cos E sin q 
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To adapt these for logarithmic computation, let^ and y be deter 
mined by the conditions* 

cos ft sin y = cos & 008 ? ) 

cos ft cos y = sm H V (311) 

sm ft = cos S sin q ) 


then <p and r are found by the equations 

sm <p— cos ft sm ( B -f- y) 
cos <p cos r = cos ft cos (D + y) 
COS €p Sill r = sm ft 


(812J 


To find the hour angles t and t', let 

X = T~-i(t'+t) 

then, since — t ), we have 

i X -f- x = r — t — the angle TPS , 
i A — x — t' — r = the angle TPS', 

and fiom the triangles PTS and PTS' we have 

sm (1 X 4- x) sm P sm ( j- X — x) sm P 

sm 0 cos d sm C cos $' 

whence 

sm CM +■ x) — sm(U-j) cos d' — cos 3 

smf J X -\-x) •+ sm(l X — a) cos d' -f cos <5 

and, consequently, 


tan x = tan } (d -f $') tan J (<5 — #') tan i l (313) 

Hence, finally, 

As m the first solution, the value of q will become = P -f- Q 
when the arc joining thexbseived places of the stars passes noitli 
of the zenith 


Example — 1856 Maich 5, m the assumed Latitude 39° 17' H 
and Longitude 3* 6" 86 - W , suppose the following altitudes 

Tlie equations ^11 ) can always be satisfied, since tlje sum of tlieir squat ©s gnres 
tlie identical equation 1 = 1 
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(already corrected for refraction) to have been obtained; the 
time being noted by a mean solar chronometer whose daily rate 
was 10*. 32 losing. The star Arcturus was not far from the prime 
vertical east of the meridian ; Spica was near the meridian. 

Arcturus, h = 18° 6' 30" Chronometer T — 40 M 24”. 8 

Spica, h' = 40 4 43 “ T' — 14 38 16 .7 

T' — T = 4 57 5lTo 
^ = + 19° 55' 44". 6 Corr. for rate = _|_ 2 .1 

~ — 19 24 39 .5 Red. to aid. time = — j— 48 .9 

Sid. interval = 4 58 42 .9 
o. = 14* 9 m 6*.79 a~a' = 0 51 29 .1 

a’ = 13 17 37 .72 / = 5 50 12 .0 

= 87° 33' 0". 

According to our Jirst solution, we obtain, 

by (305), B = 91° 15' 52".5 JP = 69° 57' 54" 7 

and, by (306), q = 64 51 24 ' 8 


whence Q = 

5 6 

29 

.9 

Then, by (307), we find 




(0 = 39° 17' 20" f = 5° 3' 0" 

= 0* 

20’" 

*12*. 

a! 

= 18 

17 

87 .72 

Sidereal time of the observation of Spica 

= 18 

37 

49 .72 

Sidereal time at mean Greenwich noon 

= 22 

53 

39 .83 


14 

44 

9.89 

Acceleration for 14* 44“ 9*.89 

- — 

2 

24.85 

“ longitude 

= — 


59 .23 

Mean time of the observation of Spica 

=iT 

40 

54 .81 

Chronometer correction at that time, a V 

=■+ 

2 

38U1 


According to the second solution, we prepare the quantities 

JA=43°46'30" S')— 4°45'32".6 \(h- \-h')= 29° 5'36"5 

i(<5— »') = 15 10 12.1 | (A — 70 = — 10 59 6 .5 

with which we find, by (308), (309), and (310), 

log tan E — 9.437854 B — 6° 34' 32".0 

log sin O =9.854225 P — 68 27 22 2 

log cos a = 9.844639 Q — 108 35 12 

log sin //= 9.834176 y=:_40 7 ao 

log cos //= 9.863785 
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(The auxiliaries C and H are not themselves inquired we take 
then cosines from the table, employing the sines as arguments ) 
We now find, by (311), (312), (313), and (314), 


log sm /3 = ?i9 673029 
log cos jS = 9 945532 

r = 39° 18' 4".0 
D + r = 45 52 36 0 
? = 39 17 20 


r = 322° 30' 51" 3 
a. — 1 14 21 3 

T — x = 321 16 30 
= 21 A 25“ 6* 
ii = 2 55 6 

t == 18 30 0 

t'= 0 20 12 


agreeing pieeisely with the lesults of the first solution 

179 In the observation of lunar distances, as we shall see 
hereafter, the altitudes of the moon and a stai aie obseivcd at 
the same instant with the distance of the objects The ob- 
served distance is reduced to the tiue geocentric distance, which 
is the arc B of the above first solution, or 2 C of the second The 
observation of a lunar distance with the altitudes of the objects 
furnishes, therefore, the data for finding the latitude, the local 
time, and the longitude. 

180 (B.) A fixed, star observed at two different times — In this case 
the decimation is the same at both obsei rations, and the geneial 
formulae of the preceding articles take much moie simple forms 
The hour angle A is in this case meiely the elapsed sidereal time 
between the observations, the formula (304), since a = a', 
becoming here 

A = (T'— T) + (aT'-aT) (315) 

Putting <?' for b m (308) and (309), we find 12=0, cos P = 0, 
P= 90°; and G and D aie found by the equations 


sin G = cos S sm £ A, 


sm D = 


sm S 
eos C 


(316) 


Since we have q = P- Q = 90° - Q, the last two equations of 

(oil) give 


mu t 3 cos JEL cos Q 7 cos y = sin If sec 0 
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which, by (310), become* 


am p = — * + jO Sin iJA ~ jO 

sm 0 

cos r = smK^ + /Q cos j (A-~AQ 
cos £ cos (7 


(817) 


Then p and r are found, "by (312), 01 rather by the following 


sm <p = cos fi Sill (D + y) \ 

+ nn tan p sm 0 / (318) 

xan r = — oi sm r = — t 

cos (Z) — J— y') cos ^c> i 

The hour angles at the two observations are 


t — t — ) 

*' = t + } t } (319) 

Heie y, being determined by its cosine, may be eithei a posi- 
tive or a negative angle, and we obtain two values of the latitude 
by taking either D + yoi D - r m (318) The first value will 
be taken when the great cncle joining the two positions of the 
star passes noith of the zenith , the second, when it passes south 
of the zenith 

The solution may "be slightly varied "by finding D hy the 
formula 


tan D = 


tan d 
cos J A 


(320) 


obtained directly from the triangle PTS (Fig 25), which is right- 
angled at T when the declinations are equal We can then dis- 
pense with C'by wilting the formula (317) as follows: 


sm yS = ~ t ^ Sln 1 Ql ~ '} 
cos 5 sin i A 

cos y = sin b (J 1 -f" jQ cos j (Ji — h r ) sm Z> 
cos /? sin d 


(321) 


* The foimulse (315), (316), and (317) aie essentially the same as those first 
given fot this case by JI Ct iti e i in his Munml du NmxyaUur, Nantes, 1818 
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181 (CL) The sun obse'i ted at tm dtjfe) mt Umeb — In tins case 
the houi angle / is the elapsed appaient solai time. If then the 
times T and T r aie obseived bj a mean solai clnonometei, and 
the equation ot time at the two obsenations is e and e' (positive 
when additive to apparent time), v e have 

X = (T'~ T) -f (aI' - aT) — (e ' — e) (322) 

Taking then the declinations o and o' lor the two times ot obser- 
vation, we can proceed by the geneial methods of Ait 178. 

But, as the decimations cliftei veiy little, we can assume then 
mean — ne. the declination at the middle instant between the 
observations — as a constant declination, and compute at least an 
approximate value of the latitude by the simple foimuke foi a 
fixed stai m the preceding aiticle We can, hovevei, leadily 
correct the lesultmg latitude foi the enoi of this assumption 
To obtain the collection, we leciu to the ngoious foimuhe of om 
second solution m Art 178 The change of the sun’s dedmation 
being never gi cater than V pei houi, we may put cos \ (d - o') 
= 1- Making this substitution in (308) and (309), and putting 3 
foi § (S -f $') feo that d will signify the mean of the decimations, 
and ao foi |-(d / — 3) so that ao will signify one-halt the aureate 
of the sun’s decimation fiom the fust to the second observation 
(positive when the sun is moving noithward), we shall have 

1 (5 - o 

sin Ad 

cos d tan i X 

But a<5 diminishes with /, so that E always lemams a small 
quantity of the same ordei as ao , and hence w r e may also put 
cos 2?=1 Thus the second equation of (308) gives 

sin C = cos o sin l X 


cos C 

which are the same as (316), as given foi the case where the 
decimation is absoluteh hn unable Hence no sensible erroi is 
pioduceil m the \ allies ot C and D by the use of the mean de- 


and the first of (309) 


Ao — — 

tan E — — 
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clination. But by the second equation of (309) P will no longer 
be exactly 90° : if then we put 


P = 90° + aP 


we have, by that equation, 


or simply 


„ cos <5 sin a£ sinA<$ 

sin a P = = 

cos P sin C cos D sin J >1 


cos D sin i X 

Then, since q = P — we have 

q = 90° — Q + aP 

The rigorous formula for the latitude is 

sin <p = sin D sin II -f cos D cos H cos q 

in which when we use the mean declination we take q = 90° - 
Q : therefore, to find the correction of <p corresponding to a cor- 
rection of q = a P, we have by differentiating this equation, L 
and H being invariable, 


cos <p .&<p = — cos D cos H sin q . a P 

a3 cos H cos Q 

sin i X 


We have found in the preceding article sin 
and hence 


A <p — 


a« sin ft 
cos <p sin i X 


cos H cos Q; 


(823) 


In the case of the sun, therefore, we compute the approximate 
latitude <p by the formula (316), (317), and (318), employing for d 
the mean declination. We then find cup by (323) (which in- 
volves very little additional labor, since the logarithms of sin /3 
and sin iM have already occurred in the previous computation), 
and then we have the true latitude 


(p — <p — j— A <| o 

If we wish also to correct the hour angle r found by this 
method, we have, from the second equation of (47) applied to 
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the triangle PTZ (taking b and c to denote the sides PT and 
Z T, which are heie constant), 

cos R cos A . t, 

At = &Jr 

COS <p 

iii which A is tlie azimuth, of the point T But we have in the 
tiiangle PTZ 

cos H cos A = sin <p cos D cos r — cos <p sm D 

Substituting this and the value of aP, we have 

At = - (tan <p cos r — tan JD) 

smjr 


and, substituting the value of tan D (320), 


a<5 / 

at = I tan <p cos r — 

ami A 


tan d 
cos J A 


When this coirection is added to r, we have the value that would 
be found by the ligorous formulae, and we have then to apply 
also the collection x according to (314) In the piesent case we 
have, by (313), 

x = — a<$ tan S tan % A 

and the complete formulae foi the hour angles t and V become 


Putting 


t = r -f- At — X — i A 

t t — j— At — x — j j~ \ A 


y — At — X 


we find, by substituting the above values of at and x , 


and then we have 


y = a<5 


tan <p cos r 
sin i A 


tan 5 \ 
tan i A / 


t — r-f y — iA 
^ =r ~by + ii 


(324) 
} (325) 


Tlie eorrections A<p and y aie computed with sufficient accu- 
racy with four-place logarithms, and, theiefore, add but little to 
the laboi of the computation Nevertheless, when both latitude 
and time aie lequiied with the gieatest piecision, it will be pre- 
feiable to compute by the ngoi oiib loimulae 
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Exvmple— 1856 Mai eh 10, m Lat 24° N, Long 30° TV, 
suppose we obtain two altitudes of tlie sun as follous, all coirec- 
tions being applied find the latitude 


At app time 0* 30“ h = 61° 11' 38" 3 (<J)= — 3° 51' 52" 8 

,c _4 30 / ( ' = 18 46 35 8 (,$')= — 3 47 57 4 

= 2» 0“ K^ + ^) = a9 59 7 1 ^ = — B 4£r~53 1 

= 80° 0' i (h — A') = 21 12 31 3 a«5 = + 1' 57" 7 


The following is the foim of computation by the foimuhe 
(316), (317), and (318), employed by Bowditch in his Pt aciieal 
Navigator , the reciprocals of the equations (316) and of the 
second of (317) being used to avoid taking anthmetical comple- 
ments This foim is convenient when the tables give the secants 
and cosecants, as is usual in nautical works 


cosec £ A 0 301030 
sec 6 0 000972 

cosec C 0 302002 
cos £ (A -f A') 9 884347 
sin £ (A — A') 9 558428 
sin (3 9 744777 


cos 9 937854 

cosec 0 192065 D = — 4° 25' 21" 3 
sec 0 030459 

cos 9 919829 

sec 0 080207 y = 33 45 38 0 

D + y=z 29 20 16 7 

0 = 24° 2' 23" 2 


cosec n\ 175024 
cos 9 937854 
cosec ri\ 112878 

cos 9 919829 

sm 9 C901C1 
sin 9 609990 


If tlie approximate latitude had not been given, we might also 
have taken D — y — — 38° 10' 59" 3, and then we should have 
had 


cos ft 9 919829 
sm (D — y) n9 791113 
<P = — 30° 55' 44" 3 sin y >t< 71,942 

To correct the first value of the latitude for the change of 
declination, we have, by (323), 


log a<5 2 0708 

sin ft 9 7448 

cosec J 4 0 3010 

sec (p 0 0394 

Ay = — 143" 2 log a ? a2~1560 

and hence the true latitude is 

<p' = 24° 2' 23" 2 — 2' 23" 2 = 24° O' 0" 
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■vvh.ic.li. agrees exactly with the value computed by the ugoious 
tormnlw. 

The appioximate tune is io und by the last equation of (318) 
■with but one new logarithm we have 

sin /5 9 744777 
cos <? 9 960596 
r = 37° 28' 28" sin r 9 784181 

By (824) and. (825), we find 


log 

2 0708 

log ^ 2 0708 

cosee 4 

4 0 3010 

cot ] a 0 2886 

tan (p 

9 6494 

tan 5 nS 8259 

COS r 

9 8996 

— 13" 7 nl 1358 

+ 83" 8 

1 9208 



y = + 83" 3 — (— 13" 7) = -f 97" 

r + y = 37° 3 O' 0" = 2* 80“ 0* 

t = 0* 30”* O’ t' = 4* 30” 0* 

which are perfectly exact 

182 (D ) Tiro equal altitudes of the same stai , oi of the sun — This 
ease is a veiy useful one m piaetiee with the sextant when equal 
altitudes have been taken for detei mining the time by the method 
of Art. 140 By putting h> = h in the formulae (317), we find 
sin /3 = 0, cos (3 = 1, and hence (318) gives sm <p = sin ( D -)- p), or 
? — D + r We have, therefoi e, foi this case, by (320) and (321), 



which is the method of Art 164 applied as pioposed m Ait. 165. 
We give r the double sign, and obtain two values of the latitude, 
for the reasons already stated 

The time will be most conveniently found by Art 140 The 
method theie given is, however, embiaced in the solution of the 
present problem. For, since wc here have sm j3 = 0, we also 
have r = 0, and the houi angles given by (325) become 


f = y — i x 
? — y i A 
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tlie mean of which gives 

i (f + O — y = 0 

that is, )j is the correction of the mean of the times of obser- 
vation to obtain the time of appaient noon = 0 ;< This collection 
was denoted in Ait 140 by aT 0 , and since cos z = 0, the foimula 
(824) gi\es, when divided by 15 to leduce it to seconds of time, 

ny a o tan <p tan d 

a 1 Q = — | 

15 sin i; 15 tan J A 

wdnch is identical with (202) Thus it appears that (262) is but a 
particuhu case of the formula (324), which I suppose to be new 
.1 lie latitude found by (32b) will lecpine no collection, since 
sin ft = 0, and therefoie A<p — 0 

Notp Ihe preceding solution* of tlie problem of finding the latitude and 
time by two altitudes leave nothing to be desired on the score of completeness and 
accuracy , but some bnef appioximatrv e methods, used only by navigators, will be 
treated of among the methods of finding the latitude at sea, and m Chapter VIII 

183 I pioeeed to discus*, the effect of euois in the data upon 
the latitude and time detei mined by two altitudes, and hence 
also the conditions most favoiable to acemaey 

-fijjcus of altitude Since the hour angles t and t' are connected 
hy the relation V — t + 1, the errors of altitude produce the same 
euois m both, foi, X being collect, we have dt' = dt, and for 
eithei of these we may also put dr, since we have, m the second 
s-eneial solution of Ait 1T8, r - a: = *(*+*'), and x is not 
affected by euois ot altitude Now, we have the geneial relations 

sin ^ = sin cp sin d -j- cos 0 cos d cos t ) 

sm h' = sm cp sin d' -f cos <f cos d'a os t' j 

which, by differentiation lelatively to A, <p } and L give Tsee 
equations (51)] 


dh = — cos Ad& — cos 0 sin A dr 
dh f = — cos AUI0 — cos 0 am A! dr 


m which A and A ' denote the azimuths of the two stars, or of 
the same star at the two obseivations 
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Eliminating dr and dtp successively, ive find 


d<p 

cos cpdr 


A ' a + ^. A 


sin (A* — A) sin ( A ' — A) 

cos A' COS A 

sin ( A' — A) sm ( A — A ) 


dh r 

dh 



These equations show that, in order to reduce the effect of errors 
of altitude as much as possible, we must make sin (A* — A) as 
great as possible, and hence A' — A, the difference of the azi- 
muths, should be as nearly 90° as possible. 

If we suppose A f — A — 90°, we have 


d<p = — sin A dll -f- sin A did 
cos cpdr =: cos .<4/ dh — cos A did 


and, under the same supposition, if one of the altitudes is near 
the meridian the other will be near the prime vertical. If, then, 
the altitude h is near the meridian, sin A will be small while 
sin A / is nearly unity, and the error d<p will depend chiefly on 
the term sin A'dh. At the same time, cos A will be nearly unity 
and cos A 2 * * * * 7 small, so that the error dr will depend chiefly on the 
term cos Adhh Hence the accuracy of the resulting latitude will 
depend chiefly upon that of the altitude near the meridian; and 
the accuracy of the time chiefly upon that of the altitude near 
the prime vertical. 

If the observations are taken upon the same star observed at 
equal distances from the meridian, we have A' = — A , and the 
general expressions (328) become 


dh + dh! 
2 cos A 


2 sin A 

The most favorable condition for determining both latitude 

and time from equal altitudes is sin A = cos A, or A = 45°. 

. Errors in observed clock times .— An error in the observed 

time may be resolved into an error of altitude ; for if we say that 

dT is the error of T at the observation of the altitude h. it 
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amounts to saying eithei that the time T— dT eoi responds to 
the altitude h, 01 that T conesponds to the altitude h -f dh, dh 
being the meiease of altitude in the interval dT We may, 
theiefore, consider the time T as correctly observed while li is in 
enor by the quantity ~ dh Conveisely, we may assume that 
the altitudes aie correct while the times are enoneous The 
discussion of the enois undei the latter foim, while it can lead 
to no newiesults, is, neveitlieless, sufficiently intei estmg We 
have, fiom the toimula (304), 


dX = dT' — dT 

The geneial equations (327), upon the supposition that h and A 
aie coirect, give 


0 — — cos A dtp — cos <p sin A dt 
0 = — cos A'd<p — cos <p sm A' (dt -f dX ) 


where we put dt + dX foi dt', since t' = t + X Eliminating dt, we 
find 


, cos <p sin A' sin A 

d v = r -~- dx 

sin (fi' — A ) 

(329) 

Eliminating dtp, 

and similarly 

dt- - Bm A ' cos A dx 
sin ( A' — A ) 

At’ - 8m A cos A ’ dx 

sm ( A ' — A ) 


But we have fiom the formula t — x = J (t -f- 1') 


and hence 

dr = i (dt + dt') 



,u—. sm (A' A) dX 
sin (A' — A ) 2 

(330) 

If -we denote the clock collection at the time T 
have 

by we shall 

and 

d = t + a — T 



d& = dt — dT 
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or, if we deduce d from the second observation, the rate being 
supposed correct, 

= dV — d T' 


The mean is 


dft — dr — § (dT d 2 1 ') 


Substituting the value of d- and also dX — dT' dT, we find, 
after reduction, 

sin A cos A' dT _ sin A’ co s -4 dV (881) 

sin (A' — A) sin ( A ' — A) 

The conclusions above obtained as to the conditions favorable to 
the accurate determination of either the latitude or the time are, 
evidently, confirmed by the equations (829) and (881). In addi- 
tion, we may observe that if dT f = dl\ we have d<p — 0 and 
( id = dT: a constant error in noting the clock time produces no 
error in the latitude, but affects the clock correction by its v hole 
amount. 

Errors of declination . — These errors may also be resolved into 
errors of altitude. By differentiating the equations (327) rela- 
tively to h and <5, we find 

dh = cos qdd, dh ! = cos#'d<5' 


in which q and q f are the parallactic angles at the two observa- 
tions respectively. If these values are substituted in (328), the 
resulting values of d<p and dr will be the corrections required in 
the latitude and hour angle for the errors dd and dd' ;* and, de- 
noting these corrections by tup and at, we have 


tup = 


Bin 4' CQ8_ g _ ^ d& , 

sin (A' — A) sin (A' — - A) 


cos <p Ar = 


cos A' cos q ^ cos A cos q' 
sin (A' — A) sin ( A! — A) 


(332) 


If the observation h is on the meridian, and h' on the prime 
vertical, we have a rp = — dd ; and in the same case we have, by 


* Tbe error of a quantity and the correction for this error are too frequently con- 
founded. They are numerically equal, but have opposite signs. If a should be 
a — ar, it is too greatly x; its error is -j- %; but the correction to reduce it to its 
true value is — ar. 
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+dh ’ and the total correc tion of the latitude 
1 . ’ precisely the same as if the meridian observation 

were the only one. Hence there is no advantage in combining 
an observation on the meridian with another remote from it, in 
the determination of latitude: a simple meridian observation, 

n reSI w TV 7 ^ ° f cimimmeridian observations, is always 
prefeiable if the time is approximately known. 

nloved t ll e SUn / S 0bserved and the mean declination is em- 

it a J <' - " = * «•- - - * 


a 9 = sin A' cos q -f sin A cos </ 


which, by substituting 


sin (A! — A) 


• Ao 


becomes 


sin A! = siri 4 CQS 3 „ iri , _ sin q cos 8 
cos 9 sinA 

— sin (q' q ) cos 8 

sin (A' — A) cos <p ' A 


( 383 ) 

This is but another expression of the correction (328). 

, "7" the 81111 18 observed, instead of employ-ini the mean 

dec mat, on we employ the declination beloatfj to ’the JaZ 
a tende, which we may suppose to he *, we "shall have J7 », 

^ and ’ denoting the correction of the latitude in 
this case by A'p, we have, by (382), 


aV = - 2 * inA 009 <?' 
sin (A' — A) 


• Ad = __ ?L s * n ? cos z! COS 3 


. a3 


U “‘ “”f7* wil 7> ettmerieally less than I 

— the same side 5 «“ 


or 


whence 


2 sin q cos q' < sin (q' -f. 

2 sin q cos < sin q' cos q -f. cos q' sin q 
tan q tan q' 


W “°l* di 7the 7 iafled Wh “ * “ the S^tohWtade 
If the observations are on different sides of the 
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meridian, q and q f will have opposite signs, and we shall luue, 
liumencally, sm (?' — ?) instead oi sm(r/' + q) The condition 
a'c o<C&(p, then, lequnes that 

2 sm q cos q' < sm q r eos q — cos q' sm q 
01 

tan q < -j tan 

Therefore a <p r will he gi eater than a <p only when the observa- 
tions aie on opposite sides of the mouduni and tan q > J tan q f 
In eases wheie an approximate lesult suffices, as at sea, and the 
connection Apis omitted to save computation, it will bo expedient 
to employ the declination at the gieatei altitude, except m the 
single ease just mentioned * But to distinguish this case i\ith 
accmacj we should have to compute the angles# and q f , and 
therefoie an appioximate cuteiion must suffice Hinoo the 
paiallactic angles mciease with the hour angles, we may substi- 
tute for the condition tan q > Jtan q f the more simple one 
t > | f, which gives 



or (/ and il being only the numerical values of the hour angles) 


*>T 

Hence we derive this very simple practical lule employ the sun's 
declination at the gi eater altitude, except when the time of this altitude 
is feather fiom noon than the middle time , in which case employ the 
mean declination . 

The gieatest enor committed under this rule is (nearly) the 
value of a <p m (323), when r — t But since m this case 3 1 -=- 
and t + V ~ /, we have t = l X, and thei efoi e sm /3 — eos cp bin r 
= cospsm£A. This reduces (323) to ±<p ^ — J-a£ sec^A* 
Since A will seldom exc eed 6 7i , a d will not exceed 3 7 , and the 
maximum enor will not exceed V 6. In most cases the error 
will be under 1', a degiee of approximation usually quite suffi- 
cient at sea Nevertheless, the computation of the correction 
&<f by oui toimula (323) is so simple that the careful navigator 


* Dowd itch and navigators generally employ in. all cases tlie mean declination, 
but the ahene discussion pioves that, if the cases are not to he distinguished, it wll 
he bettei always to employ the decimation at the greater altitude 
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will piefei to employ the mean declination and to obtain the 
exact result by applying this coireetion in all cases 


SIXTH METHOD —BY TWO ALTITUDES OF THE SAME OR DIFFERENT 
STARS, WITH TIIE DIFFERENCE OF THEIR AZIMUTHS 

184 Instead of noting the times conesponding to the observed 
altitudes, we may obseive the azimuths, both altitude and azi- 
muth being obtained at once by the Altitude and Azimuth 
Instillment 01 the Umveisal Instrument The mstiument gives 
t le diffei ence of azimuths = X The computation of the latitude 
and the absolute azimuth A of one of the stais may then be 
p G1 formed by the foimulie of the preceding method, only intei- 
changmg altitudes and decimations and putting 180° — A for t 
When A has been found, we may also hnd t by the usual methods 


SEVENTH METHOD BY TWO DIFFERENT STARS OBSERVED AT THE 
SAME ALTITUDE WHEN THE TIME IS GIVEN 

185 By this method the latitude is found from the decimations 
of the two stars and then horn angles deduced hom the times 
of observation, without employing the altitude itself \ so that the lesult 
is flee fiom constant enois (of giaduation, &c ) of the mstiument 
with which the altitude is obseived Let 


O, O the sidereal times of the obseivations, 
a a' = the light ascensions of the stais, 

8, d' = the declinations “ « 

t r — the hour angles “ <c 

h — tho altitude of eithoi stai, 

9 = tho latitude , 


then, the horn angles being found by the equations 


we have 


t=0_ a f=e'~ a ' 

sin h = sin if sin 8 cos <p cos 8 cos t 
sin h = sin <p &m 3 r -J- cos y> cos S' cos f 


From the diffeience of these we deduce 


tan <p (sin 8' — sin 5) = cos 8 cos t — cos 8' cos t' 

= 2 ( G0S d — cos 8') (cos t -f cos f) 
-f- 4 (COb 8 -j- cos 5') (co& t — cos f) 
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and, l»y resolving the quantities in parentheses into then factors, 

tan v = tan i (S' + S) cos J (f -f* f ) cos J (f — t) 

+ cot J (£' — S) sin 1 (*' + f) sm 1 (tf' — /) 

If now we put 

m sm if = sm J (f — 0 cot i (S' — 3 ) 
m cos M= cos §• (if — t) tan & (S' -f- 6) 

we have 

tan (p = m cos [ l (t -f- t) — if] 

The equations (384) deteimmem and if, and then the latitude is 
found by (335) in a veiy simple mannei 
It is important to determine the conditions which must govern 
the selection of the stars and the time at which they are to be 
ohseived Foi this purpose we differentiate the above expres- 
sions for sin h relatively to (p and t The eiror in the horn angles 
is composed of the enoi of observation and the enoi of the clock 
correction If we put 

T ' T’ = the obseived (sidereal) clock time, 
a J 7 = the clock correction, 

ST = the rate of the dock m a unit of clock time, 
we shall have 


} (334) 
( 336 ) 


t= T-h A r--», if = V 4- Af + ^T(T'— T) — / 

Differentiating these, assuming that the rate of the clock is suffi- 
ciently well known, we have 


dt = dT + d±T, dt r = dT -f d *T 

in which dT y dT f are the enors m the observed times, and 7 
the error m the clock coirection. The diffeiential equations aie 
then 

dh = — cos A d<p — cos <p sm A dT — cos <p sin A d aT 
dh~ — cos A'd<p — cos <p sin A! dT f — cos <p sin A'd & T 

in which A and A f are the azimuths of the stars The difference 
of these equations gives 


de 


sm A 


-1 dT+ 


sin A! 


cos J. — cos A 


dT r - 


sm A! — sm A 


d&T 


disc 


cos 1 — cosi' 


cos A f — cos J. 



BY TWO EQUAL ALTITUDES 


279 


The deuominatoi cos A — cos A' is a maximum when one of 
the azimuths is zeio and the othei 180°, that is, when one of the 
stais is south and the other noith of the obseivei To satisf\ 
this condition as neaily as possible, two stais aie to be selected 
the mean of whose decimations is neaily equal to the latitude, 
and the common altitude at which they aie to be ob&eived will 
be equal to 01 but little less than the meridian altitude of the 
stai which culminates faitliest fiom the zenith It is desnable, 
also, that the diffeienee of light ascensions should not be gieat 

The coefficient of cUT is equal to — cot \{A’ + A), which is 
zeio when §{A' + A) is 90° oi 270° hence, "when the obseiva- 
tions are equally distant fiom the pi line veitical, one noith and 
the othei south, small eriois in the clock correction have no 
sensible effect 

TV hen the latitude has been found by this method, we mav 
deteunuie the whole enoi of the liistiument with which the 
altitude is obseived, foi eithei of the fundamental equations 
will give the tiue altitude, which inci eased by the lefraction wnll 
be that which a peifect instillment would give 


186 With the zenith telescope (see Vol II ) the two stais 
may be obseived at neatly the same zenith distance, the small 
diffeienee of zenith distance being detoi mined by the level and 
the nnci ometei The preceding method may still be used by 
collecting the time of one of the obsoi vations If at the ob- 
sei ved times 7) T' the zenith distances aie £ and the times 
when the same altitudes would be obseived aie either 


or, 


T and T' -f — 

cos (p sm A ' 

r f r 

T H — and T 

cos <p sm A 


wheie £ 1S given directly by the instillment With the 
houi angles deduced fiom these times we may then proceed by 
(334) and (835) 

But it will be still bettei to compute an appioximate latitude 
by the formulae (334) and (335), employing the actually observed 
limes, and then to eoireet this latitude foi the difference of 
zenith distance 
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By differentiating the formula 

tan <p (sin — sin d) = cos d cos t — cos d f cos f 
relatively to (p and t\ we have 


sec 2 <p (sin o' — sin S) d<p = cos d f sin f dt f = sin C sin A ' df 


Hence, substituting 

r rt 

df = dT = — 

cos <p sin A ! 

we find 


d(p — 


i (C — f ') sin C cos <p 


sin § ($' — d) cos 3 (<5' -f d) 
and the true latitude will be <p + dxp. 


(336) 


EIGHTH METHOD. — BY THREE OR MORE DIEFERENT STARS OBSERVED 
AT THE SAME ALTITUDE WHEN THE TIME IS NOT GIVEN. 


18 ( . To find both the latitude and the clock correction from t he clock 
times when three different stars arrive at the same altitude. 

As in the preceding method, we do not employ the common 
altitude itself; and, as we have one more observation, we can de- 
termine the time as well as the latitude, 
let 8, S', S n , Pig. 26, be the three points of the celestial 
Fi 26 s P here ’ equidistant from the zenith Z, at which 
lgm * P the stars are observed. Let 



T, T'j T" = the clock times of the observations, 
aT = the clock correction to sidereal time at 
the time T } 

^ = the rate of the clock in a unit of 
clock time, 

a, a, a r = the right ascensions of the stars, 
d f , 5 ,f = the declinations “ “ 

b t n = the hour angles u u 

h = the altitude, 

9 = the latitude. 


Also, let 


A = f __ t = BPS’, 

;j z=t"—t = SPS"; 

then, since the sidereal times of the observations are 
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Q = T + aT 

©' = T 4. a T+ 8T(T’ — T ) 

©" = T" + a T + 8T(T"—T) 

and the hour angles are 

t=e — a> <'=©_»', t"= ©" _ a ", 

we have 

A = T' — T + ST (T' — T) — (a' - a) 

A'= T " — T + ST (T"~ T ) — (a" — a) 

The angles X and /' aie thus found fioni the obseived clock 
times, the clock late, and the light ascensions of the stars The 
horn angles of the stars being t, t + X, and t -f X>, we have 


sin h = sin <p sin 8 -f- cos <p cos S cos t 
sm h = sin <p sin S’ -f- cos <p cos S' cos (t -f- A) 
sm h — sin <p sin S" -j- cos <p cos S” cos (t -j- 1') 

Subtracting the first of these fioni the second, we have an equa- 
tion of the same fonn as that treated in Ait 185, only heie we 
have l — X instead of V , and hence, by (384), we have 


to sin M = sin JA cot 2 (S' — 8) 
to cos M = cos J A tan } (S' -f <S) 

and putting 

JST = J A — M 

we have, by (385), 


| (337) 
(338) 


tan <p = m cos (t -f- A) (339 s ) 

In the same manner, from the fiist and third observations we 
have 


to' sin M' = sin $ A' cot 3 (8"— S') 
to' cosJf' = cos | A' tan § (8" -f 8 ) 

JT’=U'~ M' 
tan <p = to' cos (t -f N') 


| (340) 

(341) 

(342) 


The pioblem is then reduced to the solution of the two equa- 
tions (339) and (342), involving the two unknown quantities 
¥ and t If we put 

K cos (t 4- IV) = — 
m 
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there follows also 


k cos (t + IT) = — 
m f 


and these two equations are of the form treated of in PI. Trig. 
Art. 179, according to which, if the auxiliary S is determined hy 
the condition 


we shall have 


tan # 


7H 


( 343 ) 


tan p + i<iN- \- N'y] = tan (45° — cot * (A' — iV) (344) 

which determines t, from which the clock correction is found hy 
the formula 

if = a + t— T 

The latitude is then found from either (339) or (342).* 

To determine the conditions which shall govern the selection 
of the stars, we have, as in Art. 185, 

dh = ~ cos A d<p — cos <p sin A dT — cos <p sin A d a T 
dh— — cos A' dtp — eos <p sin A! dT — cos p sin A’ d a T 
dh = — cos A" dp — cos <p sin A" dT" — eos p sin A" d a T 

By the elimination of (UT, we deduce the following: 

(sm A — sin A') dh = sin {A' — A ) d<p — eos <p sin A' sin A [dT — dT ) 
(sin A'" — sin A") dh = sin (A” — A' ) dp — cos * sin A" sin A' (dT" — dT' ) 
(sin A" — sin A ) dh — sin (.4 — A") dp — cos p sin A sin A" (dT — dT") 

Adding these three equations together, and putting 

2 K = sin (A' — A) +■ sin ( A " — A’) -f- sin (4 — A") 

we find 

JL _ sin A (sin 4" - sin 4') sin 4' (sin 4 _ sin 4") 

cos*" + ^ L dT' 

4- Sin A " ( 5in £ ~ sip A > dT " 

2 K 

eliminating dtp from the same three equations, we shall find 

. . * T „ his simpIe and eIe S aat solution is due to Gauss, Monatluhe Corresponded, Vol. 
a VIII. p. 287. 
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2K ‘IK 
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, sm A" (cos A — cos A') 

-f- 1 — dT 

2K 

The denominator 2 jfiTis a maximum when the three difteience« 
of azimuth aie each 120°,* which is tlierefoie the most tavoi aide 
condition foi detei mining both the latitude and the time In 
general, small difiei ences of azimuth aie to be avoided 
Gauss adds the following impoitant piactical lemarks It is 
cleai that stais whose altitude vanes slowly are quite as available 
as those which use oi fall lapully, for the essential condition is 
not so much that the pi case instant w hen the stai leaches a 
supposed place should be noted, as that at the time which is 
noted the star should not be sensibly distant fiom that place 
We may, theiefoie, without sciuple select one of the stars neai 
its culmination, oi the Pole stai at am time, and we can then 
easily satisfy the above condition Moieovei, at least one of the 
stais will always change its altitude lapidlj when the condition 
of widely different azimuths is satisfied 

The stars piopei to be obseived may be leadily selected with 
the aid of an artificial globe, and m geuoial so that the internals 
of time between the obseivations shall bo so small that niegu- 
lanties of the clock oi an enoi m the assumed late shall not 
have aii) sensible influence 

Having selected tlie stais, the clock times when they severally 
ai live at the assumed altitude aie to be computed in advance 
within a minute oi two, so that the obseivei may he leady foi 
each observation at the proper time This is quickly done with 
four-place loganthms by the foimula (26T), m which <p and r 
will have the same values foi the three stais 


* For *7 putting <r = A! - A, a' = A" - A', we hwe 

2 K = sm a + sm a' — sin ( a -f a') 

»nd, differentiating with reference to a and a\ the conditions of maximum or mini- 
mum are 

cos a — cos ( a -f a') = 0 
cos a' — cos (a -J- a') — 0 


which give either « = a' = 0 or a = a’ = 120°, and the latter evidently belongs to 
Hie case ot maximum 
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If it is desired to compute the differential formulas, the follow- 
ing form will be convenient. We have 

K = — 2 sin } (A’ — A) sin } (A" — A') sin .} (A — A") 


dtp sin A cos \ {A" -f- A ') sin J (A" — A') , _ 

15 cos <p ~ K ' ' 

sin A' cos 4 (_A -f- A”) sin 1 (A. — A/') 


sin A" cos § (. A ' -f A ) sin § (A! — ff) 
+ _ 


d&T — 


+ 

+ 


sin A sin £ f A" -f- A 1 ) sin } (A" — A') _ 

K 

sin A' sin J ( J. -f ff") sin i (A — A") , m , 
K 

sin ff" sin j- (ff' j- yl) sin $ (y ff — yl) 


where dtp is divided by 15, since it will he expressed in seconds 
of arc, while dT, dT', and dT" are in seconds of time. If wo 
first compute the coefficients of the value of d&'J\ those of 
dtp will be found by multiplying the former respectively by 
cot ■§■ [A’ -f- A n ), cot J (-1 + A"), and cot J (A' A), and also by 

15 cos <p. It is well to remark, also, for the purpose of verifica- 
tion, that the sum of the three coefficients in the formula for df 
must be == 0, and the sum of those in the formula for d*T must 
be = — 1. 

The substitution of dX for dT' — dT, and did for dT"~AT, 
will reduce the above expressions to a more simple form, which 
I leave to the reader. 


Example.— To illustrate the above method, Gauss took the 
following observations, with a sextant and mercurial horizon, at 
Gottingen, August 27, 1808. The double altitude on the sextant 
was 105° 18' 55". The time was noted by a sidereal clock 
whose rate was so small as not to require notice. 
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<x Andiomedce T = 2P 33™ 26* 
a £7rsa? Mmons T' = 21 47 30 
a Lyice 7"= 22 5 21 

The apparent places of the stars were as follows 

a 4/uh omedai a = 23'* 58™ 33' 33 <j = 28° 2' 14" 8 

a Ut see Mum i6 »' = 0 55 4 70 5' = 88 17 5 7 

o.Lyice a" = 18 30 28 96 S"=38 37 6 6 

Hence Are lind 

i A = — 5° 18' 25" 28 J A' = 44° 59' 55".28 

*(<5' — $) = 30 7 25 45 JO 5 "— *) = 5 17 25.90 

i (<5' + «) = 58 9 40 25 J (3" -f 3) = 33 19 40 .70 

log cot K- 5 '— «) 02363973 log cot J(«" — a) 1 0333869 
log sin J A /i8 9661070 log sin] A' 9 8494751 

log m sm M k 9 2025043 log m' sm M' 0 8828620 

log tan}(i'-f S) 0 2069331 log tan } (3" -J- 8) 9 8179461 
log eos 1 A 9 9981343 log eos ] A' 9 8494949 

log m cos M 0 2050674 log m' cos M' 9 6674410 

log tan AT n8 9974369 log tan M r 1 2154210 

log cos M 9 9978645 log sin M' 9 9991963 

l°g 0 2072029 log m' 0 8836657 

4/= — 5° 40' 37" 96 M' = 86° 30' 55" 07 

iX-M = JV= -p 0 22 12 68 JA' — M'=N '=— 41 30 59 79 

# = 11° 53' 41" 28 log ~ = log tan >5> 9 3235372 

45° — # = 33 6 18 72 log tan (45 ° — &) 9 8142617 

i (A 7 ' — A T ) =-- — 20 56 36 24 log cot l (AT' — A") nO 4171063 

t r i (A r ' + M) = — 59 35 14 71 log tan [t + J (A r '+A r )l nO 2313680 

i (A" 4- AT) = — 20 34 23 56 

f= — 39 0 51 15 2 1 36 m 3' 41 

» = 23 58 33 33 

t + a =. © = 21 22 29 92 

T= 21 33 26 

Clock correction a.T= — 10 56 08 

Then, to find the latitude, we have 



280 


LATITUDE. 


t 4- A r = — 38°38'38".47 
log cos (t + N) 9.8926738 

log m 0.2072029 

log tan <p 0.0998767 


t 4- jV' — _ 80° 3 V 50".94 

log cos (t -f A”) 9.2162110 

log rn' 0.8836657 

log tan <p 0.0998767 


<P = 51° 31' 51". 46 

If with these results we compute the true altitude of the 
stars, we find from each h — 52° 37' 21".2. The refraction was 
42". 7, and hence the apparent altitude = 52° 38' 8".9. The 
double altitude observed was, therefore, 105° 16' 7".8. The 
index correction of the sextant was — 3' 30", and hence the 
double altitude given by the instrument was 105° 15' 25", 
which was, consequently, too small by 43". 

To compute the differential equations, we find 

A = 293° 45'. 2 A! = 182° 9'.1 A" — 90° 17'.9 
and hence 

d<? = + 3.808 dT — 0.288 dT’ — 3.519 d.T" 
dAT= — 0.391 dT — 0.007 dT' — 0.602 d.T" 

by which we see that an error of one second in each of the 
times would produce at the most hut 7".6 error in the latitude, 
and one second in the clock correction. 


188. Solution of the preceding problem, by Cagnoli’s formulae.— 
After Gauss had published the solution above given, he was 
himself the first to observe* that Cagnoli’s formulae for the 
solution of a very different problemf might be applied directly 
to this. 

When the altitude is also computed, Cagnoli’s formulae have 

Pi 26 (iM sliglltly ^vantage over those of Gauss. To 
deduce them, let q, q\ q" be the parallactic angles 
at the three stars, or (Fig. 26) let 



q = PSZ, 
and also put 


q' = PS'Z, q" = PS"Z, 


Q = i {PS" S' 
Q' = } (PS"S ■ 
Q" = i ( PS'S 


- PS'S") 

■ PSS") 

■ PSS') 


* Monatlicke Corresponded , Vol. XIX. p. 87. 

•rstr pi.... .1 . ..I.. , P .i, it. 

Z.‘ “ q “ 1 ““ of “» ■*•*■-*• 
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dioii, since ZSS , ZS S , and ZSS n are isosceles triangles, we 
have ° 

q + PSS' = PS'S — ({ 
q' + PS'S" = PS" S’ — q" 
q 4 - PSS" = PS"S - q" 

whence 

q ■+ q' = 2 Q" 
cl + q" = 2 Q 

Sf'4? =2 Q’ 

2 + 2 ' H- q" = Q + G' + <?" 

q = - G + <2' + G" 

( i = G-G'H-G" 

2"= G+G' — G" 

Now, G> GS G " -ai'e found fiorn the tnangles PS"S', PS"S, 
and PS'S, by Napier’s Analogies (Spk Tug Ait 73), thus 



tan Q 


sm £ (d" — <s') 
cos $(is" -j- 3') 


cot 1 (A — ;) 


tan Q 1 — 


sm J (3" — S) 

r-h — cot IX 

cos 1 (i 3 " -f 5) 


tan Q" = 


sin H (5' — 3) 
cos 1 (S' -f- 3) 


cot i X 


(346) 


where 1, P are the angles at the pole found as in the preceding 
article With these values of Q, Q Q", those of q, q and q n 
become known by (845) 

We have also 


whence 


and from this 


or 


cos <p sm (t -f- X) = cos h sm q ' 
cos ^sint = cos h sm q 

sm (t -f- A) sm q ' 

sin t sin q 

sm (£ - (- A) -f- sin t sin q f -j- sm q 

sm (t -f A) — sm t sm q f — sm q 

tan (t-{- J A) tan i (q' -f- q) 

tan J (< tf — q) 


tan i X 
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Substituting the values of q and q f in terms of. Q , this gives 
tan (i t + ify ~ tan JA tan Q" cot ( Q — Q ') 
or, substituting the value of tan Q ", 

tan (t + iA) = - — — ■ ~ cot ( Q Q ') (847) 

cos i(r 4 V 

which determines t 4 i ^ whence t and the clock correction. We 
can now find the latitude and altitude from any one of the 
triangles PSZ , PS'Z, PS"Z , by Napier’s Analogies (Sph. Trig. 
Art. 80) : thus, from we have 

tan J (y - j- Tl) 


tan i(<p — h) 

and then (p = J 4 h) 4 f (<p — h ), A = | (f 4 A) — J — h). 

As all the angles are determined by their tangents, an am- 
biguity exists as to the semicircle in which they are to be taken; 
but, as Gauss remarks, we may choose arbitrarily (taking, for 
example, Q , Q', Q n always less than 90°, positive or negative 
according to the signs of their tangents), and then, according to 
the results, will have in some cases to make the following 
changes : 

1. If the values of <p and h found by (348) are such that 
cos^ and sin A have opposite signs, we must substitute 
180° 4 q for q and repeat the computation of these two equa- 
tions. In this repetition the same logarithms will occur as 
before, but differently placed. 

2. If the values of <p and h exceed 90°, we must take their 
supplements to the next multiple of ISO 0 . 

3* The latitude is to be taken as north or south according 
as sin p and sin h have the same or different signs. 

No ambiguity, however, exists in practice as to HP, found 
J (347), since Q Q r can differ from its true value only by 
180°, and this difference does not change the sign of cot ( Q — Q') : 
lienee tan (t + H) will come out with "its true sign; and between 


eos j (t 4 q) 
cos $ ( t — q) 

sin i (t — q) 
sin b(t + q) 


tan (45° 4 & 
cot (45° 4 H) 


(348) 
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tke two values of t+hj, differing by 180°, or 12% the observer 
will be at no loss to choose, as he cannot be uncertain of his 
time by 12* 

Example —Taking the example of the preceding article we 
shall hud " ’ ’ 

Q = 37° 5/' 9" 3 <2'= -f 6° 17' 51" 66 Q." — — 84° 25' 23" 81 

1 = — Q -f Q' _j_ Q" — __ 40 o 10' 22" 85 
t = — 39 0 51 27 

K* -f g) = — 39° 35' 37" 06 i (t — q) — o° 34' 45" 79 

i 0 + A) = 52 4 36 35 i (? — A) = — 0 32 44 84 

P = 51 31 51 5 A = 52 37 21 2 

189. 1 / ice have observed more than thee stars at the same altitude 

we have more than sufficient data for the determination of the 
latitude, but by combining all the obseivations we may obtain 
a more accurate result than fiom only three. This combination 
is effected by the method of least squares, according to which 
we assume approximate values of the unknown quantities and 
then determine the most probable corrections of these values or 
those which best satisfy all the observations 
Let T, T', T " , T'" , &c be the observed times by the clock 
when the several stars reach the same altitude Let a Z'be the 
assumed clock correction at some assumed epoch = T a , oZ’the 
known late Let <p and h be the assumed approximate values of 
the latitude and altitude. With <p and h, which will be the same 
for all the stars, and with the declinations S, S', S", &c , compute 
the hour angles t, V, t", kc and the azimuths A, A', A", to. If 
the assumed values weie all coirect and the observations pei feet 
we should have « + <= T -f aT + ST(T— T 0 ), foi each of these 
quantities then represents the sidereal time of observation , but 
if f, h, and a T lequue the corrections dip , dh, and dt\T, and if 
dt is the conesponding correction of t, we s hal l have 

* A t + dt = T A + d*T-\- 8T{T— T t ) 

The relation between dp, dh, and dt is 

dh = — cos Ad<p — 15 cos <p sin Adt 
and a similar equation of condition exists for each star In all 

Vol 1—19 
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these equations, dh and d<p aie the same, but di is difteient for 
each If we put 

/ = T + ±T + dT (T — T^—C a + t) 

f == T + ±T + ST(T' - T 0 ) — (a' + t ) 

f" = T" -+ aT + ( T" - r # ) — + n 

&c 

which are all known quantities, we have 

dt = / + duT, dt'=f -f 

and the equations of condition become 

dh-j-cosA d<p -)-15cos^sin A d a r+ 15 cos ?>sin A f =0 
dh -f- cos A' d<p -{- 15 cos <p sin A! d a f + 15 eos^ sin A 1 f =0 
dh -)- cos A" d<p -f- 15cos^sin^L" d a T + 15 cos <p sin A" /" = 0 
&c 

fiom which, by the method of least sqnaies, the most probable 
values of dh , dp, and d aie deteimmed The true values ot 
the altitude, latitude, and clock collection will then be h -f dh, 
ip -j- dp, aT+ (/a T 

The houi angles will be computed most accurately by (269), 
which is the same as the following: 

t an 2 j ^ __ sin l (£ — <p - 1- d) sin } (C -\- <p — ff) 
cos J (C -f- <p <5) cos ] (C — ^ — <f) 

m which £ = 90° — h , and the azimuths by 



tan 2 h A == 


sin § (!T — -j~ <5) cos 1 (* — <p — <5) 
cos § (C -f- <p -f- d) sin J (£ -|- ^ — <S) 


Since <p and £ are constant, it will be convenient to put 


then 


£ — i (C + <p) 

m _ sin (c + i*) 

cos (b + i d) 


n = 8111 (^ — H) 
cos (c — }<*) 


tan 2 J t = win 


tan 2 \ A = — 
n 


(351) 


The barometer and thermometer should be observed with each 
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altitude, and if they indicate a sensible change in the lefiaetion 
a coirection foi this change must be intioduced into the equations 
of condition. Thus, if r 0 is the lefi action foi the altitude h ior 
the mean height of the baiometer and thermometei duung the 
whole senes, while for one of the stars it is i , then the assumed 
altitude lequnes foi that stai not onlj the coriection dh, but also 
the correction » - » 0 Hence, if we find the i enactions j, r', 

&c foi all the observations, and take then mean r 0 , we have only 
to add to the equations of condition lespectively the quantities 
r ~ r„, i> — r 0 , r" — ? 0 , & c 

If any one of the stars is obseived at an altitude \ slightly 
different from the common altitude h, we coirect the coi respond 
ing equation of condition by adding the quantity h — 1 q 

190 We may also apply the pieeedmg method to the case 
wheie there are but three observations The final equations are 
then nothing moie than the three equations of condition them- 
selves, fiom which the unknown quantities will be found by 
simple elimination It will easily be seen that this elimination 
leads to the expiessions for d<p and (IaT already given on p 284, 
if we there exchange dT, dT', and dT" foi and f" lespect- 
ively We can simplify the computation by assuming a T so as 
to make one of the quantities / /', f" zero Thus, we shall 
have/= 0 if we determine a T by the foimula 

+ t-[T + sT(T— T 0 )] (852) 

then, finding/' and/" with this value, and putting 

U sin £ A' cos f A! 

sin £(j4' — A ) sin £ ( A " — A ') 

k „ __ am £ A" cos j AT 

sin £ (A" — ~A) sin } (if" — 4') •' 

we shall have the following formulae 

— Id sin £ (A + A") + Id’ sin £ (A' + A) 

— Id cos £ (A + A") + k" cos } (Ad -f A ) 

+ V cos £ ( A " — A') — k" cos £ (2/ — A) 



d Ar = 
d(p 

15 cos <p 

dh __ 
15 cos <p 


( 353 ) 
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Exvjiple — T aking tlie three observations above employed, 
and assuming the appioximate values 

a T = — ll” 1 0 s , r = 51° 32' 0", h = 52° 37' 0", 

we shall find, by (351), 

t— — 2 h 36“ 5* 50 f = — 3 1 19“ 55* 65 t" = 3 1 23“ 58* 25 
A = — 66° 15' 2 A' = — 177° 50' 2 JL" = 90° 18' 1 

By (349), putting in tins ease 8T= 0, we then have 

/= — 1*88 /' = + 80* 95 /" = — 6*21 

and tlie equations of condition (350) become 

dh 4-04027 d v — 8 5410 dt^T + 15 68 = 0 
dh — 0 9993 d<p — 0 3522 <7aT — 28 51 = 0 
dh — 0 0053 d<p 4- 9 3308 d&T — 57 94 = 0 

whence 

cZaT= + 3*92 d<p = — 8" 58 dh = + 21" 31 

and the true values of the lequired quantities aie, therefore, 

a T = — 10“ 56* 08 p = 51° 31' 51" 42 h = 52° 37' 21" 31 

agieemg almost perfectly with the values before found 

Since m this example theie aie but thiee obseivations, we 
may also employ the foimulie (353), fust assuming 

a T = — 10“ 58*17 

which is the value given by (352) With this we find 

/' = 4- 82* 78 /" = _ 4* 38 

log V = 0 4199 log k" = nO 4932 

and by (353) we shall find 

dAT=4-2*09 d<p = — 8" 58 dh = 4- 21" 31 

Hence the tiue clock correction is — 10“ 58’ 17 4- 2* 09 = 
10“ 56*.08; and the values of the latitude and altitude also 
agiee with the former values 
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191. We may heie observe tliat, theoretically, the latitude 
might he found also from three different altitudes of the same 
star and the differences of azimuth , for we should then have 

sm d = sm <p sin h -f- cos <p cos h cos A 
sm d = sm <p sin N -f cos <p cos A' cos (A - f A ) 
sm d = sm tp sm h" -f cos <p cos A" cos (A + A') 

n\ which A is the azimuth of the stai at the fust observation, 
and the differences of azimuth A and X f are supposed to he given 
The solution of Ait. 187 may he applied to these equations by 
writing A foi d and A for t 

Again, there might be found fiom three different altitudes of 
the same star not only the latitude and time, hut also the decli- 
nation of the stai 5 for we then have 

sm h = sm <p sm d cos <p cos d cos t 
sm N == sm <p sm 5 -f- cos <p cos d cos (t -f A) 
sm h" = sm cp sm £ -f cos <p cos d cos (t -f A') 

fiom which we can readily deduce (p, t , and o But the method 
is of no practical value, as the eirois of observation have too 
much influence upon the result 

NINTH METHOD. — BY THE TRANSITS OF STARS OVER VERTICAL 

CIRCLES 

192 ¥e may observe the time of transit of a star over any 
ratical circle with a transit instrument (oi with an altitude and 
azimuth liistiument, or common theodolite), for when the rota- 
tion axis is honzontal, the collimation axis will, as the mstiu- 
ment i evolves, desciibe the plane of a veitical ciicle Foi any 
want of horizontally of the lotation axis, or othei defects of 
adjustment, collections must he applied to the obseived time of 
tiansit over the mstiumeut to reduce it to the time of transit 
ovei the assumed vertical cnele These collections will he 
treated of m their proper places m Vol II , and I shall heie 
assume that the observation lias been connected, and gives the 
clock time T of transit over some assumed veitical cnele the 
azimuth of which is A The clock conection a T being known, 
we have the stai’s hour angle by the foimula 

t =?= T — j- A T — a 
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and then, the declination of the star being given, we have the 
equation [from (14)] 

cos t sm (p — tan <5 cos <p — sm t cot A (354) 

If, then, A is also known, the latitude <p can he found by this 
equation Let ns inquire under what conditions an accurate 
result is to he expected hy this method By differentiating the 
equation, we find [see (51)] 

, cos q cos 8 ^ tan f , A , sin q 

d<p = dt dA -j 5 — - do 

cos C Sin A sm A cos C sin A 

from which it appeals that sm A and cos £ must be as gieat as 
possible The most favorable case is, tlieiefore, that m which 
the assumed veitical circle is th spume vertical, and the stai’s 
declination diffeis hut little fiom the latitude , for we then have 
A = 90° and £ small. Indeed, these conditions not only increase 
the denommatoi of the coefficient of dt, but also diminish its 
numeiator, since, by (10), we have 

cos q cos 8 — sm C sm <p cos C cos <p cos A 

which vanishes wholly when the star passes thiough the zenith 
Moreovei, if the same star is observed at both its east and west 
tiansits ovei the prime vertical, we shah have at one transit sm 
A = — 1, at the other sm A = -f 1, and the mean of the two 
resulting values of the latitude will, theiefoic, be wholly fiee 
fiom the effect of a constant error m the clock times, that is, of 
an enor m the clock correction It is then neeessaiy only that 
the rate should be known This method, fhcicfoie, admits of a 
high degree of precision, and requiies foi its successful applica- 
tion only a tiansit instrument, of inodeiate dimensions, and a 
time-piece Its advantages weie first cleaily demonstrated by 
Bessel* in the year 1824 , but it appears that veiy eaily m the 
last century Eomer had mounted a tiansit msti ument m the 
prime vertical foi the pui pose of detemnmng the decimations of 
stars fiom their tiansits, the latitude being given The details 
of this impoitant method will be given m Vol II , under 
“ Transit Instrument.’’ 


* A&tronom Nach , Vol III p 9 
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193. It may sometimes be possible to observe transits only over 
some vertical circle the azimuth of which is undetermined. We 
must then observe either two stars, or the same star on opposite 
sides of the meridian. We shall then have the two equations 

cos t .tan A sin <p — tan 8 . tan A cos <p = sin t 
cos t' . tan A sin <p — tan 8 f . tan A cos <p = sin t' 

from which the two unknown quantities A and p can he deter- 
mined. If the same star is observed, we shall only have to put 
§' = d. Regarding tan A sin cp and tan A cos (p as the unknown 
quantities, we have, hy eliminating them in succession, 

, . . sin t sin d f cos 8 — sin f cos V sin 8 

tan A sin <p = — 

cos t sin d r cos 8 — cos f cos 8 f sin 8 


tan A cos <p 


sin (tf — t) cos <5' cos 8 


cos t sin 8' cos 8 — cos tf cos <$' sin 8 

If we introduce the auxiliaries m and df, such that 

m sin 11 = sin ( d ' -f S') sin $ (if — t) 
m cos M = sin ($' — 8) eos i (t f — t) 


}(355) 


we shall easily find 

m sin [i (tf -f 1) — if] = sin t sin 8 f cos d — sin t cos 8 r sin 8 

m cos [£ (tf -f 1 ) — if] = cos t sin 8 f cos d — cos t r cos 8 r sin 8 

m sin [J (tf — t ) — if] = — sin (t f — t) cos 8' sin 8 

and hence 

tan A sin <p — tan [£ (tf -ft) — M ] 


tan A cos <p = 


sin [£ (t r — t) — if] cot d 


(856) 


cos [J (if -(- t) — if] 

which determine A and <p by a simple logarithmic computation. 
The solution will be still more convenient in the following form : 

sin (8 r -f 8) 


tan M = tan \ (t f — t) 


tan <p 

tan A 


tan d 


sin (8 f — - 8) 

sin [ j (tf -ft) — if] 
sin (tf — t) — if] 

tan [ b (f -ft) — if] 
sin f 


( 357 ) 
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If the same star is observed at each of its transits ovei the 
same vertical circle, we have d'=S, and lienee tan M — <yo. 
M = 90° , which gives 


tan 9 = tan (5 — Ml + 

cos i ( t ' — jt) 


tan 4. 




sin ^ 


(3D8) 


If the same star is observed twice on the prime veitical, we 
must have V + t = 0, since tan A = oo ; and then, 


tan 9 = 


tan d 

cos J (£' — t) 


tan S 
cos 


(859) 


which follows also from (854) when cot -4 = 0, or, geometrically, 
from the light triangle formed by the zenith, the pole, and the 
star, as m Art 19 

If the latitude is given, we can find the time fiom the transits 
of two stars over any (undetermined) vertical encle by the second 
equation of (357), which gives 


sm [i (f + t) - Jf] = £ sin [i (t'~ 0 _ jn 

tan $ 

foi the observation furnishes the elapsed time, and hence V — t, 
and this equation determines ~f t), and hence both t and V \ 
If the latitude and time are given, we can find the decimation 
of a star observed twice on the same vertical circle, hy (358) 
When the observation is made m the pume vertical, this becomes 
one of the most perfect methods of determining decimations 
See Yol II , Transit Instrument m the Prime Vertical 


194 The following hiief appioximative methods of deter- 
mining the latitude may be found useful in ceitain cases 


TENTH METHOD BY ALTITUDES HEAR THE MERIDIAN WHEN THE 
TIME IS HOT KNOWN, 

195. (A.) By two altitudes near the meridian and the chronometer 
mes ( J the observations, when the rate of the chronometer is Lnown^ 
but not its correction 
Let 

h, h f = the true altitudes, 

T } T' = the clnonometei tunes, 
r= ] (T r — T) 
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then, t and t' being the (unknown.) hour angles of the observations, 
we have, by (287), appioximately, 

h ^ = A — J— dt 2 
\ — A' + at' 2 

m which h t is the meridian altitude, and 

225 sm 1" cos to cos 6 

a = 

2 cos A 1 

The mean of these equations is 

A,=i(A+A')+«n^ij + (t±iji 

and their difference gives 

Ji — ti = a (t f — t ) (t! -|- t) 

But we have 

r = 1 (Z* — T) = h(f — t) 

in which we suppose the interval T f — T to he corrected for the 
rate of the chronometer Hence 

t+t _ i(h~ h f ) 

2 ar 

which, substituted in the above expiession for A 1? gives 

\ = }(A 4- A') + (IT S + [i (A — A ')T (360) 

a t 2 

According to this foimula, the mean of the two altitudes is 
reduced to the meudian by adding two collections 1st, the 
quantity ar 2 , which is nothing moie than the common “reduc- 
tion to the meridian” computed with the half elapsed time as the 
hour angle , 2d, the square of one-foui th the difference of the 
altitudes divided hy the first correction 

If we employ the form (285) foi the reduction, we have 

h 1= =i(h + y) + An + - (h ^J — ( 361 > 

in which 

, cos <p cos S 2 sm 2 i r 

cos h ± sin 1" 

and m is taken fiom Table Y or log m fiom Table YI 



298 


LATITT DE 


Example 1 — Fiom the observations m the example of Art, 
171, I select the following, which are veiy near the meridian 


Obsd alts Q 

True alts O 


Chronometer 

50° 

5' 42" 8 h' = 

50° 21' 7" 6 


23* 50” 46' 5 

50 

7 25 5 h = 

50 22 50 4 


0 0 37 5 


i(li — h!) = 

25 7 

T = 

4 55 5 


i(h + h') = 

50 21 59 0 




Adi = 

+ 59 0 

log m 

1 6778 


2d con = 

+ 11 2 

log A 

0 0930 


K = 

50 23 9 2 

log Am 

1 7708 


f. = 

39 86 50 8 

log [1 (7t 

— A')] 1 2 8198 


K =- 

- 1 48 9 2 

log 2d con 1 0490 


<p = 

37 48 41 6 



Example 2 — In the same example, the first and last observa- 

tions, 

which are quite remote from the mendian, aie as follows 


Obsd alts O 

Tiue alts O 


Clnono meter 


49° 51' 19"3 

h = 50° 6' 43" 

7 

23* 37* 35* 


49 50 24 

h’ = 50 5 48 

4 

0 18 31 


i(h — 

A') = 13 

8 T — 

= 20 28 


which give 4771 = 16' 58", and the 2d corr =0"2, whence 
p = 37° 48' 37" 

This simple appioxnnative method may frequently he useful 
to the travel lei, and especially at sea, wlieie the mcndian obser- 
vation has been lost in consequence of flying clouds At sea, 
however, the computation need not be earned out so minutely 
as the above, and the method becomes even more simple See 
Art 204 

M V Caillet* gives a method for the same purpose, which is 
leadily deduced from the above Put 


A = A' — A 
then (360) becomes 


T r — T = 2r 


j. x i ^ i Ur ' 3 A 2 

\ = h + - 4 . — + . 


4a i 


■- h + £+. av '^ 
4az' 2 


Trailedt Navigation (2d edition. Pans, 1857), p 019, 
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or, putting 


2 sin 2 i T f 

m = 

sin 1" 


Am = a r' 2 


K — h + 


4- Am) 2 
4 Am 


(862) 


in which A is the altitude farthest from the meridian. Although 
this reduces the two corrections of (361) to a single one, the 
computation is not quite so simple. 

196. (B.) By three altitudes near the meridian and the chronometer 
times of the observations , when neither the correction nor the rate of the 
efvrojiometer is known . — In this case we assume only that the chro- 
nometer goes uniformly during the time occupied by the observa- 
tions. Let 


h, h', h n = the true altitudes, 

T, T r , T" == the chronometer times, 

T l — the chronometer time of the greatest altitude. 

If we introduce the factor for rate = k, according to Art. 171, 
the formula for the reduction to the meridian by Gauss’s method 
is, approximately, 

h 1 = h akt 2 


in which t is the time reckoned from the greatest altitude. De- 
noting ah by a, we have then, from the three observations, 

\ = h + a(T - T Y y ) 

\ = /i' + a (2P' — T^y V (863) 

h l= = h"+ a(T" ~ Tf 2 ) 

which three equations suffice to determine the three unknown 
quantities a, T v and h v By subtracting the second from the 
first, and the third from the second, we obtain 

K ~~ k ’ =*(T' + I 7 ) — 2oT 

rj£! r£ v 1 ' 1 

V V* 

= a(T" 4- Z") — 2 a T t 

rjitf rpt \ i s l 

and the difference of these is 


h' — h" 


T' 


T 


= » (T" — T) 
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If, then, we put 

b = l^L 


h' — h" 


/JW rjif 


we have 


= the mean change of altitude m one second 
of the chronometei fiom the first to the 
second obseivation, 

— ditto fiom the second to the third obscr 
vation, 


rjvr r£ 


Ts 


T + T 


— oi T, 


fjnr | rpu 


(364) 


Having thus found T v we can find h x from any one ol‘ the equa- 
tions (363), all of which will give the same result if the compu- 
tation is coirect * 


Example — From the obseivations m the example of Art 171 
I select the following thiee observations: 

Obsd alts _Q True alts Q 

50° 5' 42" 8 h = 50° 21' 7' 

50 7 27 h! = 50 22 51 

h" = 50 22 50 
T — T = 269' 

T" — T‘ = 321 
T" — T = 591 
= 23*53“ 1*3 


50 7 25 5 
h —ft = — 104" 3 
h'~h" = . f 1 5 


9 

4 
'5 

5 


4(^+ T') 

b 

~ — + 


Chronometer 

T = 23* 50- 46* 5 
T' = 23 55 16 
T" = 0 0 37 5 

b — — 0 3869 
c = 4- 0 0047 
c-b = -\- 03916 


4 52 0 


T \ = 23 57 53 3 
T- T l = - 7-6‘s 

o, (T — 


logCT 1 - 

logo(T- 


log a — 6 8213 

- T t f = 5 2604 

- T t y = 2 0817 


h = 

50° 

21' 

7" 

6 

\y= 

+ 

2 

0 

7 

K = 

50 

23 

8 

3 

Ci = 

39 

36 

51 

7 

K = - 

-1 

48 

9 

2 

<p = 

37 

48 

42 

6 


172 i?37M8' ValU6S f ° Und fl ° m theSe altitudes m Art 

Vol ^ niTVfc eSS ® lltlally t ‘ le sam « as tiat proposed by Limsow (Astronomic, 
the change of fW]^ ere 1€n ere(i ^ applicable to the sun without considering 
LTan lm> hy mtl0duCIC g ^rm fox the reduct.cn to the 
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197 (0) By two alidades ot zenith distances near the meridian 
and the difference of the azimuths — If tlie obseiver lias no clirono- 
raetei, he may still obtain his latitude by circimimendian alti- 
tudes, if lie obseives the altitudes with a universal instrument 
and reads the hoiizontal circle at each obsexvation, taking care 
of course, that the stai is always obseived at the middle veitical 
thiead As this instrument generally gives directly the zenith 
distances, we shall substitute £ for 90° — h Ve have the equa- 
tion 

sm S = sm ip cos C — cos <p sin C cos A 
— sm (v> — C) + 2 cos <p sm C sin 2 M 

whence 


cos i (9 -f- i — 0 sm J [c — (yp — 5)] = cos <p sm ? sin 1 J A 


But 


and hence 


9 — <5 = C ± = the meridian zenith distance, 


sin i (: - Q = - gl? BinC8m **^ 
cos p - i(c - CJ] 


(865) 


which expresses the i eduction to the meridian = C ~ Ci when 
tlie absolute azimuth A is given. If the observation is veiy 
near the meridian, we may neglect J (C — Ci) m the denominator 
of the second member, and take 


£ cos ip sin £, 2 sin 2 £ A 

1 cos S sin 1" 

or, putting 

cos ffl sin C, sin 1" 

a = - - 

cos $ 2 


( 866 ) 


C — ^ = aA 2 (367) 

from which it follows that near the meridian the reduction of the 
zenith distance vanes as the square of the azimuth 
Now, when we have taken two observations, we have 


C, = C — aA 2 
C, = S' — aA' 2 


whence, putting 


r = J(A' — A) 
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we deduce tlie following equation, analogous to (360), 

c, = i (C + O — ar‘— ~ (B68) 

Ct T 2 

Here r is equal to one-half the difference of the readings of the 
horizontal circle, and is therefore known ; and the computation 
is entirely similar to that of the formula (360). 

198. (D.) By three altitudes or zenith distances near the meridian 
and the differences of azimuths . 

Supposing the observations taken with a universal instru- 
ment, let 


C', C" = the true zenith distances, 

A , A\ A" = the readings of the horizontal circle, 


we shall have, by the preceding article, 


-a(A -AJ 
Ct = e -a (A' — A t y 
Z x = C" — a (it" — 

in which is the (unknown) circle reading in the meridian, 
and a is the (unknown) change of zenith distance for 1" of azi- 
muth. These equations are solved in the same manner as (363); 
and hence we have the formulas 



b 



c = 


c" — e 

A" — A! 


a 



b_ 

A 


A, 


_A + A f 


b_ 

2a 


or A t = 


A' + A" 
2 



(370) 


which determine a and A, after which ^is found by any one of 
the equations (369).* 


ul. X (i8‘ , 4^ ne0t '° n ' S6e ^ art ^ e ^ kiTTRQw in Zach’s Monatliche Correspondenz, 
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ELEVENTH METHOD. — BY THE BATE OF CHANGE OP ALTITUDES NEAK 
THE PRIME VERTICAL.* 

199. We have, Art. 149, 

dZ . , 

= cos (p sin A 

1 odt 


If then we observe two altitudes near the prime vertical in quick 
succession, noting the times by a stop-watch with as great pre- 
cision as possible, and denote the difference of the altitudes, or 
of the zenith distances, by and the difference of the times by 
w r e shall have 

dx 

cos <p = cosec A (371) 

15 at J 


The observation being made near the pr me vertical, an error in 
the supposed azimuth A will have but small influence upon the 
result. If the observation is exactly in the prime vertical, or 
within a few minutes of it, we may put 


dZ 

COS <p = 

15 dt 


(372) 


This exceedingly simple method, though not susceptible of 
great precision, may be very useful to the navigator, as it is 
available when the sun is exactly east or west, and, consequently, 
when no other method is practicable, and, moreover, requires 
no previous knowledge of the time or the approximate latitude, 
or of the star's declination. f 

Example. — 1853 July 3, Prestel observed, near the prime 
vertical, the time required by the sun to change its altitude by a 
quantity equal to its apparent diameter, by observing with a 
sextant first the contact of the lower limb with its image in an 
artificial horizon, and then the contact of the upper limb with 


*■ Prestel, in Astron. Nack Vol. XXXVII. p. 281. 

f Since the star’s declination is not required, this method has the additional 
advantage (which may at times be of great importance to the traveller) of being 
practicable without the me of the Ephemerit. This feature entitles this method to a 
prominent place in works on navigation. 
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its image, the sextant reading being the same at both observa- 
tions, namely, 80° 15' 0" lie found 


Chronometer 


Contact of lower limb, 4 A 43™ 34 s P M 
1 upper u 4 47 5 5 

3 31 5 


The sun's diameter was 31/ 32" Hence we have 


dZ = 3T 32" = 1892" 
dt = 31* 5 = 211*5 


<P = 53° 28' 5 


log 3 2769 

ai co log 7 6747 

log -J, 8 8239 

log cos 9 7755 


The azimuth, howevei, was not exactly 90°, hut about 88° 2b', 
Heuee we shall have, more exactly. 


9 7755 

A = 88° 20' log cosec A 0 0002 

<P = 53 22 3 log cos <p 9 7757 

It is evident that the method will be more precise m high lati- 
tudes than in low ones. 

EIXDING- THE LATITUDE AT SEA 

First Method — By Meridian Altitudes 

200 This is the most common, as well as the simplest and 
most reliable, of the methods used by the navigator The alti- 
tude is obseived with the sextant (or quadrant) from the sea 
honzon, and, in addition to the corrections used on shore, the 
dip of the honzon is to be applied The true altitude being 
deduced, the latitude is found by (277) or (278), Art. 161 
At sea the time is seldom so well known as to enable the 
navigator to take the star at the piecise instant of its meridian 
passage But the meridian altitude of a star is distinguished as 
the gieaiest , to secure which the obseiver commences to measure 
the star s altitude some minutes before the approximately com- 
puted time of passage, and continues to observe it until he per- 
ceives it to be falling The greatest of all his measures is then 
assumed as the meridian altitude 
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The most common practice in the case of the sun is to bring 
the lower limb, reflected in the mirrors of the instrument, to 
touch the sea horizon seen directly (a few minutes before noon), 
and then by the tangent screw to follow the sun as long as it 
rises, never reversing the motion of the screw ; as soon as the 
sun begins to fall, the limb will appear “to dip” in the sea by 
lapping over the line marking the horizon. Hence, when the 
sun “ dips,” the observation is complete, and the instrument is 
read off. But, as the waves of the sea cause the ship to rise and 
fall, the depression of the sea horizon is constantly fluctuating 
by the small amount due to the change in the height of the 
observer’s eye: it is, consequently, impossible to keep the sun’s 
reflected image in constant contact with the horizon. Expe- 
rienced observers advise, therefore, to observe and read off 
separate altitudes in rapid §uccession, continuing until the 
numbers read off decidedly decrease ; the greatest is then taken 
as the meridian altitude,* or, still more accurately, the mean of 
the greatest and the two immediately adjacent may be taken as 
the meridian altitude, free from the inequalities produced by the 
motion of the eye. 

201. The greatest altitude, however, is not the meridian alti- 
tude, except in the case of a fixed star. To find the correction 
for a change of declination, we have, for the time (#) from noon 
when the sun is at the greatest altitude, the formula (294), or 

^ sin ( <p — <5) 

810000 sin 1" cos <p cos d 

in which aS is the hourly change of declination expressed In 
seconds. The reduction of the maximum altitude to the meri- 
dian altitude is the quantity y, Art. 172, or 

(15#) 2 sinl" cos <p cos 5 
^ 2 sin (< <p — 8) 

These formulae give # in seconds of time and y in seconds of arc. 
For nautical use, let 

a = the change of altitude (expressed in seconds of arc) in 
one minute of time from the meridian; 

* Raper, Practice of Navigation (4th edition, 1852), p. 226. 

Vol. I.—20 
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then, by (287), putting / = 60% 


and therefore 


810000 sin 1" cos <f cob 9 
2 sin {<p — S') 



a3\ ! JL_ 
60 ) 4 a 


( 373 ) 


The value of a is given m Bowditch’s Navigator, Table XXXII , 
with the arguments <p and d 

If we expiess Ad iu minutes of arc, we shall have d in minutes of 
time and y in seconds of arc, by the formulae* 



y = 


(MY 

4a 


(374) 


These formulae may he used also for the moon oi a planet The 
gieatest value of a o foi the sun is 1', namely, at the equinoxes 
when d = 0 , and in this case, if the latitude is 70°, we have 
a = 0 7 and 

1 " 

V = — = 0" 36 

4 X 07 


a quantity altogether insensible in nautical piactiee. 

For the moon, howevei, we may have a3 — 18', and foi 
<p = 70° the least value of a = 0 6, whence 

= C 18 ) 1 _ 135" = 2' 15" 

9 4x06 

Even tins (which, it must be obseived, is foi an extreme ease) 
is usually neglected by navigators, who regard obsei rations of 
the moon for latitude as but approximations, on account of the 
frequent indetei ruinate character of the sea horizon as seen 
under the moon f 


202 When the ship is m motion, the change of latitude pro- 
duces the same effect upon the obseived maximum altitude as 
an equal change of decimation Thus, as in the last example 
of the preceding aiticle, if a ship in latitude 70° sail due lioitli 


* Bowditch, Practical Navigator, p 169 

+ iUpEit, Practice of Navigation (4th edition), pp 177, 220, 210 
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or due south at the rate of 18 miles per hour, the maximum 
altitude will exceed the meridian altitude by 2 r 15". 


Second Method . — By Reduction to the Meridian when the Time is 

given . 

203. When the meridian observation is lost in consequence 
of clouds, cireummeridian altitudes may sometimes be obtained. 
The most convenient method of reducing them at sea is that of 
Bowditch. In his Table XXXII. he gives the value of a com- 
puted by (373) ; and in Table XXXIII. the value of t 2 , t being 
reduced to minutes. Each observed altitude h is then reduced 
to the meridian altitude \ by the formula (287), or 

\ = h + at 1 (375) 

and a number of altitudes are reduced at once by the same 
formula, by taking for h the mean of all the altitudes, and for t 2 
the mean of all the values of t 2 . If the observer has no tables, 
he can readily compute a by the formula 


a = 1".9635 C . 0S ; C0S i = [0.2930] (376) 

sm(> — <5) L J sin {(p — d) K J 

Bowditch’s table for t 2 extends, however, only to t = 13 m . 
When the observations are more than 13™ from the meridian, 
he reduces the observation to the meridian by the formula (282), 


cos = sin h -f- cos cp cos d (2 sin 2 § Q 


employing a table of log. versed sines for the value of 2 sin 2 J/; 
a table of natural sines for sin h and cos and the table of 
logarithms of numbers for the value of the last term. I prefer 
the formula (283), 


sin $ (A x — h) = 


cos <p cos d sin 2 i t 
cos i (7q + K) 


which effects the reduction by a single table. 

Third Method . — By Two Altitudes near the Meridian when the Time 

is not known . 

204. As it frequently happens at sea that the local time is 
uncertain, the method I have proposed in Art. 195 will be found 
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of gieat use to the navigatoi^ Any two altitudes h and h' being 
observed neai the mendian, r being one-half the chronometer 
mteival between them, coneeted for rate, expressed in. minutes, 
and a being found by (3TC), 01 fiom Bowditch’s Table XXXII , 
we have the mendian altitude by the formula 


ft, = }(* + *') + «** + 


[ Uft - ft ')] 2 

ar 2 


which may be computed without the use of logarithms 

Example — The approximate latitude being 38° X, the de- 
clination at noon 1° 48' 9" S , the height of the eye above the 
sea 19 feet, suppose the following observations taken 


Chronometer 


o 


T = 8* 0™ 22* 5 h = 50° 11' 40" 

T — 8* 10 m 13 s 5 h' = 50 10 0 

2) 9 51 0 h — h' = 1 40 

r = 4 55 5 1 (ft — ft') = 25 

r> = 24 2 i. ( h + ft') = 50 10 50 

a = 2" 4 ar 1 = 1st coir = 58 

[1 (ft — ft')] 2 = 625 — 2d “ = 11 

Mend alt O = 50 11 59 
Dip = — 4 16 

Semidiameter = — J— 16 6 

Befi and par = — 42 

ft, = 50 23 7 

C, = 39 36 53 X 
S l = 1 48 9 S 

<P = 3 7 48 44 X, 


The accuracy of the result depends in a gieat degree upon 
the aecuiacy with which the difference of altitude is obtained 
It in the above example this difference had been 2' 40", or 1' 
too gieat, we should have found £(A — h') = 40", and the 2d 
coneetion = iggs = 28" consequently the resulting latitude 
would have been only 17" too small Since the same causes of 
error, such as displacement of the sea honzon by extiaordmaiy 
refiaction, unknown instrumental errors, &c , afleet both altitudes 
alike, the difference will usually he obtained, even at sea, within 
a quantity much less than 1'. The most favoi able case is that 
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in which, the altitudes are equal and the 2d correction, conse- 
quently) zero. It will he well, therefore, always to endeavor to 
obtain altitudes on opposite sides of the meridian. 

We may also obtain the time, approximately, from the same 
observation ; for the mean of the hour angles is, Art. 195, 


i (f 4- 0 


ar 


which is the apparent time from noon at the middle instant 
between the observations, (in minutes, r being in minutes, h — h' 
and a being in seconds) ; and this time will be before or after noon 
according as the second altitude is greater or less than the first. 
Thus, in our example, we have 

25 ==3 . I 

ar 2.4 X 4-9 

or the apparent time at the middle instant was 2“ 6 s after noon. 
The first observation was, therefore, 2“ 49 s before noon, and the 
second 7 m 1* after noon. 


Fourth Method. — By Three Altitudes near the Meridian token the 
Time is not known. 

205. The method of Art. 196 does not require even the rate 
of the chronometer to be known ; but it is hardly simple enough 
for a common nautical method. But a very simple method will 
ne obtained if we take three altitudes at equal intervals of time. 
Suppose the second altitude is observed at the (unknown) time 
T from the meridian passage, the first at the time T x, the 
third at the time T+ x; then we have, by (363), 

= 7l -p a ( T xf 
h' + a T ' 2 

h,= h" + 'a(T+xy 

Snbtracting the half sum of the first and third equations from 
the second, we deduce 

aX ‘ 2 = h’ - i(h +h") 
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The difference of the hist and third gives 

or = uh-jn 
x 

aT2 = lHh-ny 

a l 2 


which substituted in the second equation gives h x 

If then we put ctfoi cur 2 , the computation is expiessed by tne 
following simple foimulae: 


a = h'— i(h + h") 





Example — T he following three altitudes were observed at 
equal intervals of time near the mendian 

h = 43° 8' 20" h! = 43° 15' 30" A" = 43° 4' 0" 

i (h + A") =43 6 10 

a = 9 20 = 560" 

i (h — h")= 1 5 = 65 

Hence the reduction of the middle altitude to the meridian is 


[HA - A")] 2 _ 65 2 
a ~ 560 


which added to h f gives 


Aj= 43° 15' 38" 

Instead of equal intervals of time, we may employ eqnal inter- 
vals of azimuth (Art 197), and still leduce the altitudes by (377), 
but this would be piacticable only on land 

Fifth Method — By a Single Altitude at a given Time 

206 This is the method of Art 164, which, however, should 
be restricted, at sea, to altitudes taken not more than one hour 
fiom the meridian, as the time is always impel fectly known and 
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the error in the latitude produced by an error in the time 
increases very rapidly as the star leaves the meridian and ap- 
proaches the prime vertical (Art. 166), and the method fails 
altogether when the star is in the prime vertical. It may, how* 
ever, sometimes be very important to determine the latitude, at 
least approximately, when the sun is nearly east or west; and 
then the following method may be used. 

Sixth Method . — By the change of Altitude near the Prime Vertical 

207. This is the method of Art. 199. In the morning, when 
the sun has arrived within 1° of the prime vertical as observed 
with the ship’s compass, bring the image of the sun’s upper 
limb, reflected by the sextant mirrors, into contact with the sea 
horizon, and note the time ; let the sextant reading remain un- 
changed, and note the time when the contact of the lower limb 
occurs. In the afternoon, begin with the lower limb. Then, 
taking the sun’s semidiameter — S from the almanac, and put- 
ting the difference of the chronometer times = r, we have 

cos </> = — = [9.1249] - (378) 

I5r T 

This is evidently but a rough method, only to be resorted to in 
cases of emergency. With the greatest care in observing the 
contacts, and in latitudes not less than 45°, the result cannot be 
depended upon within from five to ten minutes; but even this 
degree of accuracy may, in many cases at sea, be quite satis- 
factory. 

Seventh Method.— By the Pole Star. 

208. This method, though confined in its application to north 
latitudes, is very useful at sea, as it is available at all times when 
the star is visible and the horizon sufficiently distinct, and does 
not require a more accurate knowledge of the time than is 
usually possessed on shipboard. The complete discussion of it 
has been given in Art. 176; but for those who wish only the 
nautical method, and have passed over that article, I add the 
following simple investigation, which is sufficiently precise for 
the purpose. 

Let ZN, Fig. 27, be the meridian ; £ the zenith of the ob- 
server ; j P the pole ; AA the horizon ; S the star, which describes 
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a small cncle ST about the pole at the dis- 
tance PS~p } ZSA the vertical cncle of the 
star at the time of the observation, 8 A the 
tme altitude = A, deduced fiom the observed, 
SPZ the stai’s hour angle — t, PN the lati- 
tude — cp . 

Draw SB perpendicular to the meridian* 
then, since SP is small m the case of the pole 
star (about 1° 80'), we may legard PSB as a 


plane triangle, and hence we have 

PB — PS cos SPB = p cos t 
and, since BN differs very little from 8 A, 


that is,* 

If we put 


we have 
and hence 


PN = BN — PB = SA — PB 

<p = h — p cos t 

© = the sidereal time, 
a = the star’s light ascension, 

t = © — a 

9 = A — p COS (© — ») 


(379) 


If then p and a he regarded as constant, the term p cos (0 — a) 
may he given m a table with, the aigument 0, as m Bowditcii’s 
Havigator, p 206 But the polar distance and right ascension 
of the pole star vary so rapidly that m a few years such a table 
affoids but a rucle appioximation. The dnect computation of 
the formula with the values of p and oc obtained fiom the 
Ephemens for the day of the observation is preferable 


Example. — 1856 March 10, fiom an altitude of Polaris ob- 
served from the sea honzon, the tme altitude h was deduced as 
below. The time was noted by a Gieenwich cliionometcr 
winch was fast 5 wl 30 s The longitude was 150° 0' "W* 


* If ve compare this •with the more exact formula (300), we see that the error of 
the nautical method is Jp 2 sin 1 " sin 2 Ztaii h, which is a maximum foi t = 00 ° 
Taking p = 1° 80', this maximum is 70" 7 tan <j>, which amounts to 8 ' when 0 “ 
68 ° 80' 
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Chronometer 

19* 

12" 

42* 


h 

= 31° 

10'. 

Correction 

— 

5 

30 





Gr. M. T. 

19 

7 

12 p = 1= 

1 27' 18" 




Longitude 

10 

0 

0 = 87' .3 




Local M. T. 

9 

7 

12 logp 

1.9410 




Sid. T. Gr. noon 

28 

13 

23 log cos t 

W9.5284 




Corr. for 19* 7 m 

+ 

3 

8 log p cos t 

n 1.464 5 - 

— p QOSt 

= + 

29 .1 

0 = 

8 

23 

~48 


<P 

= 31 

39 I 

a = 

1 

5 

44 





t — 

7 

17 

59 





• — 

109 c 

'29' 

45" 






Eighth Method.— By Tioo Altitudes icith the elapsed Time between 

them . 

209. This method may be successfully applied at sea, and is 
the most reliable of all methods, next to that of meridian or cir- 
cummeridian altitudes. The formulae fully discussed in Arts. 
178 to 183 may be directly applied when the position of the ship 
has not changed between the observations. 

But, since there should be a considerable difference of azimuth 
between the observations, the change of the ship’s position in 
the interval will generally be sufficiently great to require notice. 
All that is necessary is to apply a correction to the altitude ob- 
served at the first position of the ship, to reduce it to what it would 
have been if observed at the second position at the same instant. 
To obtain this correction, let Z' , Fig. 28, be 
the zenith of the observer at the first observa- 
tion, S the star at that time; Z his zenith at 
the second observation, and S' the star at that 
time. The first observation gives the zenith 
distance Z'S , the second the zenith distance 
ZS'. Joining the points S and S' with the 
pole P, it is evident that the hour angle SPS' 
is obtained from the observed difference of 
the times of observation precisely as if the 
observer had been at rest. We have, there- 
fore, only to find ZS in order to have all the data necessary for 
computing the latitude of Z by the general methods. 

The number of nautical miles run by the ship is the number 
of minutes in the arc ZZ' ; and, since this will always be a suffi- 


Eig. 28 . 


p 
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ciently small number, if we draw ZA perpendicular to SZ\ we 
may regard ZAZ r as a plane tuangle, and take 

ZS = Z'S — AZ' 
or 

ZS = Z'S — ZZ f cos ZZ'S (380) 

The angle ZZ'S is the difference between tlie azimuth of the 
star at the fiist observation and the course of the ship, and this 
azimuth is obtained with sufficient accuracy by the compass * 

Employing the zenith distance thus reduced and the other 
data as observed, the latitude computed by the general method 
will be that of the second place of observation In the same 
manner we can reduce the second zenith distance to the place of 
the first, and then the latitude of the first place will be lound 

210 The problem of finding the latitude from two altitudes is 
most frequently applied at sea in the case wheie the sun is the 
observed body, the observation of the meiidian altitude having 
been lost. The computation is then best cariied out by the 
formula (315), (316), (317), (318), employing for b the mean 
decimation of the sun , — i e the decimation at the middle time 
between the two observations, — and then applying to the result- 
ing latitude the coirection a <p found by the formula (823). To 
save the navigator all consideration of the algebraic signs in 
computing this correction, it will be sufficient to observe the 
following rule* 1st When the second altitude is the greater, apply 
this conection to the computed latitude as a northing when the 
sun is moving towards the north , and as a southing when the sun 
is moving towards the south , 2d When the first altitude is the 
greater , apply the collection as a southing when the sun is moving 
towards the north , and as a northing when the sun is moving 
towards the south 


"* If we wish, a more rigorous process, we must consider the spherical triangle 
ZZ'S, m which we have the observed zenith distance Z'S = (c s ), the required zenith 
distance ZS = C, the distance run the ship Z'Z — d, the difference of the stai s 
azimuth and the ship’s coinse ZZ'S' = a , and hence 

cos £ = cos £' cos d -|- sm £' sin d cos a 
which developed gives 

C = C' — d cos a -{- 1 d 1 sm 1 " cot £' sm 2 a 
the last term of which expit^scs the oiror of the foi inula gncn m the text 
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If the computer chooses to neglect this correction, he should 
employ the mean declination only when the middle time is 
nearer to noon than the time of the greater altitude. In all ot un- 
cases he should employ the declination for the time ot the 
greater altitude (Art. 183). 

211. Dou wes’s method of “double altitudes .”*— This is a brief 
method of computing the latitude from two altitudes of the sun, 
which, though not always accurate, is yet sufficiently so wlien 
the interval between the observations is not more than 1\ and 
one of them is less than 1* from the meridian. 

Let h and h' he the true altitudes, d the declination at the 
middle time, T and T' the chronometer times of the observa- 
tions, i and V the hour angles. The elapsed apparent time A is 
found from the times Land T> by (322), but it is usually sufh- 
cient to take X=T’-T. We then have l'=t + t; and by the 
first of (14) we have 

sin h = sin (f sin 8 -j- cos <p cos <5 cos t 
sin h f = sin <p sin 8 -f cos <p cos d cos (t -f- 


The difference of these equations gives 

s i n h __ gin h f = 2 cos (p cos 8 sin (t + H) sin i A 


If we put t 0 = the middle time, or 


we deduce 


t 0 =t+ i A 


2 sin t 0 


sin h — sin /?/ 

cos <p cos 8 sin J A 


(381) 


which gives t 0 by employing the supposed latitude for <? m the 
second member. W e then have 


t = t 0 -a 


and the meridian zenith distance & is found from the greater 
altitude h by tbe formula (Art. 168) 


cos S, = sin h -p cos <p cos <5 (2 sin 5 1 f) 


-* The method of finding the latitude by two altitudes is commonly ^Hedbynavi- 
gators “the method of double altitudes, ”-an obvious misnomer, as double means 

t"wice the same. 
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and finally the latitude by the formula <p — ^ -f d. Since we 
employ an assumed approximate latitude, we shall have to repeat 

the process when the computed latitude differs much from the 
assumed. 

This is the form of the method as proposed by Douwes and 
adopted in Bowditch’s Navigator; but the following form is still 
more simple, as it requires only the table of logarithmic sines. 
lhe formula for t 0 may be written thus : 


then, as before, 


sin t Q = CQS + sin j (h — h') 
• cos <p cos d sin 


fo Q ol the reductio11 of h t0 the meridian altitude L is found by 
C288), 1 J 

sin ~h)= cos l cos £ sinH t 
cos ^ (h^ -j- 

Adding h — h to h, we have the meridian altitude, from which 
tie latitude is deduced in the usual manner. If the greater 
atitude is within, the limits of eircummeridian altitudes, it will 
oi course be reduced by (284). 

The chief objection to this method is that the computation 
must be repeated when the assumed latitude is much in error. 
It can also be shown that unless the observations are taken as 
near to the meridian as we have above supposed, the computed 
alue of the latitude may m certain peculiar cases be more in 
erroi ian t le assumed value, so that successively computed 
values will more and more diverge from the truth. The methods 

be preferred 111 ^ P recedda £ articles are, therefore, generally to 


212. The latitude 
the simple method 
Chapter WTT, 


may also he found from two altitudes by 
pioposed by Captain Sumiteh, for which see 
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CHAPTER VII 

FINDING THE LONGITUDE BY ASTRONOMICAL OBSERVATIONS 

218. The longitude of a point on the earth’s surface is the 
angle at the pole included between the meridian of the point 
and some assumed jhst mlrichan The difference of longitude 
ot any two points is the angle included by their meridians 
These definitions have been tacitly assumed m Ait 45, where 
we have established the geneial equation 

L=T 0 — T (882) 

m which (Art 47) T 0 and T aie the local times (both solai oi 
both sidereal) leckoned respectively at the fust meiidian, and at 
that of any point of the eaith’s sui face, and L is the west 
longitude of the point. 

As an astronomical question, the determination either of an 
absolute longitude fiom the fust meridian, or of a difference of 
longitude m general, resolves itself into the determination of 
the difference of the time i eekoned at the two meridians at the 
same absolute instant.* The various methods of finding the 
longitude which aie tieated of in this chapter differ only m the 
mode by which the comparison of the times at the two meridians 
is effected 

FIRST METHOD — BY PORTABIE CHRONOMETERS 

214. The cliffeience of longitude between two places A and 
B being required, let a chronometer he accurately legulated at 
A , that is, let its coriection on the time at that place and its 
daily late be determined by the methods of Chapter V , then 
let the chionometer be tiansported to _B, and let its correction 


* The asti onomical difference of longitude may differ from tlie geodetic -difference 
foi the same reason that the astronomical latitude differs from the geodetic. Arts 8$ 
and ICO 



longitude. 


18 


mi the time at tliat place be determined at any instant. Tlie 
mie reckoned at A at this last instant is also known from the 
correction and rate first found, provided the rate has not changed 
m ? (importation ; and hence the difference of times at the same 
absolute instant, and consequently the difference of longitude, 
are found. & ’ 

Let 

dT = the correction and rate determined at A at the 
time T, by the chronometer, 

&T' = the correction determined at B at the time 

T f = T + t 7 t being the interval by the chro- 
nometer ; 

then, at the instant T+ t the true time 


at a is 
“ B 


-L + t + A T-j- 

T + t -f A V 


and hence the difterence of longitude is 

i = AT+tAT- if (883) 

Thus, the longitude is expressed as the difference of the two 
chronometer corrections at the two places; and the absolute 
indications of the chronometer do not enter, except so far as 
iey may be required in determining the interval with which 
he accumulated rate is computed. In this expression dT is the 

nrl ° f the C : hrommeter ( au llour > or a day, solar or sidereal), 

and 1 T must be expressed in that unit. 

li!vf AMPL + " ^ Greenwich, May 5, mean noon, a mean time 
hionometer marks 23" 49“' 42*.75, and its rate in 24 chronometer 
oms h as been found to be gaining 2'.671. At Cambridge, Mass., 

- £ y J, mean noon, the same chronometer marks 4 A 34“ 47® 28- 
what is the longitude of Cambridge ? 

We have ' 

T=May 4, 23* 49»- 42*.75 a T= +0" 10*»17*.25 dT = — 2-.671 
1 + t= = 1(, 4 34 47.28 

Hence 

A T -j- t . 8T = -j- 0* 9» 44*.67 
A T> = — 4 84 47 .28 


12 d 4"45 m 4*. 53 = 12*198 


i = + 4 44 31.95 
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Note. — It is proper to distinguish whether the given rate is the rate in a chrono- 
meter unit or in a true unit, of time; although the difference will not be appreciable 
unless the rate is unusually great. If the rate is 20' in 24/* by the chronometer, it will 
be 20* db 0* 005 in 24 A of solar time. 

215. When the chronometer is carried from point to point 
without stopping to rate it at each, it is convenient to prepare a 
table of its correction for noon of each day at the first station, 
from which the correction for the time of any observation at a 
transient station may be found by simple interpolation. 

After reaching* the last station, it is proper to re-cl etermine the 
rate, which will seldom agree precisely with that found at the 
first. In the absence of any other data affecting' the rate, we 
may assume that it has changed uniformly during the whole 
time. It is convenient to compute the longitudes first upon the 
supposition of a constant rate, and then to correct them for the 
variation of rate, as follows. Let 


a Tj ST = the correction and rate at the time I 7 , found at 
the first station, 

d'T = the rate found at the last station at the time 

T+n, 

and put 


d'T — d T 

oc = 

n 


(384) 


then x is the increase of rate in a unit of time. If an observa- 
tion at an intermediate station is taken at the time T + t % we 
must compute the accumulated rate for the interval /, which is 
effected by multiplying the mean rate during this interval by the 
interval. But, upon the supposition of a uniform increase, the 
mean rate from the time T to the time T+ ti s the rate at the 
middle instant T and this rate is Hence the 

chronometer correction on the time at the first station at the 
instant T + t of the supposed observation is 

aT + t(dT-\- itx) = *T + t.dT+ \t*x (385) 

A longitude assigned to an intermediate station at the time 
t, by employing the original rate o T 7 , will therefore require 
the correction -f- i t 2 x : observing always the algebraic signs of x 
and the longitude. 
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If a number m of chronometers have been employed, and each 
determination of a longitude is tlie mean of the m values which 
they have severally given, the longitude assigned upon the sup- 
position of constant rates is to be corrected by the quantity 

v ± C ^ c ' + X m 

2 X m 

in which x v x 2 , &c. are the increments of the rates of the several 
chronometers in a unit of time. If then we put 

s = the sum of all the total increments during the whole 
interval n, or the sum of the values of d'T — <5 Pf or 
the several chronometers, 

__ 5 

^ 2 mi 

we shall have 

Correction of a longitude at a time T + t = f.q (386) 

Example.* — In a voyage between La Griiayra and Carthagena, 
calling on the way at Porto Cahello and Curagoa, the following 
observations having been made, the relative longitudes are re- 
quired. 

By observations at La Guayra on May 22 and 28, the cor- 
rections and rates of chronometers Jp. \ M, and P at the mean 
epoch May 24^.885 were as follows: 


AT 6T 

Chron. F. — 4 A 83 m 7 4 .80 (K77 

M . ; — 4 0 17.40 —4.54 

P. —5 9 43.70 — 1,47 


On arrival at Porto Cahello, the corrections on the mean time 
at that place on June 5^.870 were ascertained to he — 

a'T 

F. — 4* 37 m 15*.80 

M. —4 5 31.28 

P. —5 14 13.38 

At Cura§oa the corrections on June 12^.890 were 


* Shadvelx, Notes on the Management of Chronometers, p. 111. 
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A'T 

P. — 4 # 40"* 59*.20 

M. —4 9 55.53 

P —5 18 3.24 

And finally, at Carthagena, observations on tlie 25th and 29th 
of Ju-ne gave the corrections and rates at the mean epoch June 
27 d .O as follows : 




AT 

S'T 

p. 

— 5* 

7 m 23*.55 

4- 0*.85 

M. 

— 4 

37 47.98 

— 5 .90 

P. 

— 5 

44 34.42 

-f 0.30 


Employing the rates found at La Guayra, the corrections of the 
chronometers on June 5 rf .870 at Porto Cabello (for which we 
have i = 1P.985), and the resulting difference of longitude, 
are, by formula (883), are ar, follows : 



Ar-f t.&T 

P. Cabello 

— La Guayra. 

F. 

— 4* 32“ 58*.57 

4- 4™ 

17‘.23 

M. 

— 4 1 11.81 

19 .47 

P. 

— 5 10 1.32 

Mean -f- 4 

12 .06 

16 .25 


"With the same rates, we have on June 12.890 at Cura§oa (for 
t = 14.005) the corrections and the corresponding difference of 
longitude, as follows: 


A T-\- t. ST 
F. — 4* 32“ 53*.17 

M. —41 43.68 

P. —4 10 11.64 


Cura^oa — La Guayra. 

-f 8 m 6*.03 
8 11.85 
7 51.60 
Mean -f 8 8 .16 


With the same rates, we have on June 27 d at Carthagena (for 
t = 33 d . 115) the corrections and the corresponding difference of 
longitude, as follows: 


A T -f- t. ST Carthagena. — La Guayra. 


F. 

— 4* 32 m 42*. 30 

•+ 34 m 

41*.25 

- 

M. 

— 4 2 47 .74 

35 

0.24 


P. 

— 5 10 32.38 

34 

2.04 



Mean -|- 34 34 .51 


Yol. I. — 21 
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1ST onv, to correct these results for the cliauges in the rates of 
the chronometers, we have, in the interval n = 33.115, 



<YT — ST 

F. 

+ (K08 

M. 

— 1 .86 

F. 

+ 1 .77 


s = + 0 .49 


and, consequently, 

+ °'* 49 

f_ 2xSX 33.115 


-f 0*.002466 


Applying the correction t 2 q to the several results, the true 
differences of longitude from La Guayra are found as follows: 


Approx, diff. long. 

P. Cabello + 4™ 16'.25 

Cura 90 a +8 3.16 

Cartliagena -j- 34 34 .51 


t‘i.q Corrected cliff, long. 

-j- 0 s .S5 -f 4”* 16 s . 60 
_j_ 0 .89 _j_ 8 4 .05 

4 2 .70 -f 34 37 .21 


But it is usually preferable to carry out the result by each 
chronometer separately, in order to judge of the weight, to he 
attached to the final mean by the agreement of the several indi- 
vidual values. For this purpose we have here, by the formula 
(384), for n = 38.115, 

\x 

F. -f 0.00121 

M. — 0.02054 

F. -j- 0.02673 


and hence the correction id 2 , xis, for the several eases, as follows : 



P. Cabello* 

Cura$oa. 

Cart bagena. 

F. 

+ 0‘.17 

-f 0.44 

+ l*-32 

M. 

— 2 .95 

— 7 .41 

22 .52 

P. 

4 3.84 

+ 9.65 

+ 29.81 

Applying these corrections 

severally to the 

above approximate 

results, we have, for the differences of longitude from La Guayra, 


P. Cabello. 

Cura9o*i. 

Carthftgena. 

F. 

4 4” 17*.40 

4 8 ”* 6 * .47 

4 34”* 42*. 57 

M. 

16.52 

4 .44 

37.72 

P. 

15.90 

1.25 

31.35 

Means -|- 4 16 .61 

4 8 4 .05 

4 34 37.21 


agreeing precisely with the corrected means found above. 
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If tlie chronometers have been exposed to considerable 
changes of temperature, the proper correction - may be intro- 
duced by the method of Art. 223. 


216. Chronometric expeditions between two points. — Where a dif- 
ference of longitude is to be determined with the greatest 
possible precision, a large number of chronometers are trans- 
ported back and forth between the extreme points. There are 
two classes of errors of chronometers which are to be eliminated: 
1st, th a accidental errors, or variations of rate which follow no 
law, and may be either positive or negative ; 2d, the constant 
errors, or variations of rate which, for any given chronometer, 
appear with the same sign and of the same amount when the 
c ironometer is transported from place to place ; in other words, 
a constant acceleration, or a constant retardation, as compared 
with the rates found when the chronometer is at rest. The 
accidental errors are eliminated in a great degree by employing 
a large number of chronometers, the probability being that such 
errors will have different signs for different chronometers. The 
constant errors cannot be determined by comparing the rates at 
the two extreme points, since these rates are found only when 
the chronometer is at rest; but if the chronometers are trans- 
ported m both directions, from east to west and from west to 
east, a constant error in their travelling rates will affect the differ- 
ence of longitude with opposite signs in the two journeys, and 
will disappear when the mean is taken. These considerations 
have given rise to extensive expeditions, of which probably the 
most thoroughly executed was that carried out hy Struve, in 
1843, between Pulkova and Alton a.* In this expedition sixty- 
eight chronometers were transported eight times from Pulkova 
to Altona and back, making sixteen voyages in all, giving the 
difference of longitude between the centre of the Pulkova Obser- 
vatory and tlie Altona Observatory 1 7 ‘ 21“ 32 < ’.527, with a probable 
error of only 0’.O39. 

Chronometrie expeditions between Liverpool (England) and 


* Expedition chronometrique exgcuiSt par ordre de Sa Majeste L’Empermr Nicolas T. 
pour la determination de la longitude geographique relative de I’obsenaloire central de 
untie. St. Petersburg, 1844. 

Foi an account of tlie carefully executed expedition under Professor Airy to deter- 
mine (lie longitude of Valentia in Ireland, see the Appendix to the Greenwich 
Observations of 1845. 
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Cambridge (U. R.) were instituted in the years Is 4U, ’,> 11 , ‘,'.1, and 
’55 by the U. S. Coast Survey, under the superintendence of 
Professor A. D. Baciie. Tlie results of the expeditions of IX-l'.t, 
’50, and ’51, discussed by Mr. 0. I*. Bond,*' proved the necessity 
of introducing a correction for the temperature to which the 
chronometers were exposed during the voyages, and purtieulnr 
attention was therefore paid to this [mint in tin* expedition of 
1855, tlie details of which wore arranged by Mr. \V. (’. Bom». 
The results of six voyages, — three in eaeh direction, — -according 
to the discussion of Mr. 0. P. Bois'n.t were as follows: 

bmigit title. 

Voyages from Liverpool to Cambridge 4* 32 M 31*. P2 
“ “ Cambridge to Liverpool l 32 .‘il .75 

Mean 4 32 31 .84 

with a probable error of O’. lb. In this expedition fifty ebrono. 
meters were used. The greater prolmhio error of the result, as 
compared with Struve’s, is sufficiently explained by the greater 
length of the voyages and their smaller number. 

217 . The following is essentially Struve’s method of conduct- 
ing the expeditions and discussing the results. 

Before embarking the chronometers at the tirst station (.4), 
they arc carefully compared with a standard clock the correction 
of which on the time at that station has been obtained with 
the greatest precision by transits of well-determined stars. (See 
Vol. IL, “ Transit Instrument.’’) Upon their arrival at the second 
station (U), they are compared with the standard clock at that 
station.j From these two comparisons the chronometer correc- 
tions at the two stations become known, and, if the rates are 
known, a value of the longitude is found by each chronometer 
by (383). But here it is to bo observed that the rate of a chro- 
nometer is rarely the same when in motion as when at rest. It 
is necessary, therefore, to find its tnnrl/int/ nrtr (or mi mh\ as it 
is called when the chronometer is transported by sea). This 
might he effected by finding— -first, the correction of the ehrono- 

* Report, of the Superintendent of tlie U. S. Count Survey for IH.VI, Appendix No 42. 

f Report of the Superintendent of tho U. S. Count. Survey for lH.'.ti, p. 182. 

t For the method of comparing chronometer!) and clucks with the greatest pre- 
cision, see Vol. II. 
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meter at the station A immediately before starting; secondly , its 
correction at B immediately upon its arrival there ; and thirdly, 
having, without any delay at B, returned directly to A, finding 
again its correction there immediately upon arriving. The dif- 
ference between the two corrections at A is the whole travelling 
rate during the elapsed time, and this rate would be used in 
making the comparison with the correction obtained at B, and 
in deducing the longitude by (383). 

But, since the chronometer cannot generally be immediately 
returned from B, its correction for that station should be found 
both upon its arrival there and again just before leaving, and 
the travelling rate inferred only from the time the instrument is 
in motion. Tor- this purpose, let us suppose that we have found 

at the times t, t', t", f", 

the cliron. corrections a, b, b’, al , 

the correction a at the station A before leaving ; b upon arriving 
at B; b f before leaving B; and «' upon the return to A. The 
times t, t', f, l'", being all reckoned at the same meridian, if we 
now put 


m- = the mean travelling rate of the chronometer in a unit 
of time, 

X = the longitude of B west of A, 

we shall have, upon the supposition that the mean travelling 
rate is the same for both the east and west voyages, 


A — CC 771 ( tf — t ) — b 

L — a’ — m (t m — t n ) — b' 

Trom these two equations the two unknown quantities m and X 
become known. Putting 


we find, first, 


r—f—t r " = t’"—t" 

a)- (y- ft) 

T -)- r" 


( 387 ) 


in which the numerator evidently expresses the whole travelling 
rate, and the denominator the whole travelling time. Then, 
putting 
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we have 


(a) — a 4- wr 
X = (a) — b 



in which (a) is the interpolated value of the chronometer correc- 
tion on the time at A, for the same absolute instant t f to which 
the correction b on the time at B corresponds. 


Example. — In the first two voyages of Struve’s expedition 
between Pulkova and Altona in 1843, the corrections of the 
chronometer “Hauth 31” were found, by comparison with the 
standard clocks at the two stations, as below. The dates are all. 
in Pulkova time, as shown by one of the chronometers em- 
ployed in the comparison : 


At Pulkova (A), t — May 19, 21A54 

“ Altona (J5), f = “ 24, 22 .66 

“ Altona (5), t" = “ 26, 10 .72 

“ Pulkova (A), t"= (c 31, 0 .00 


a = + 0* 6 W 38*. 10 
6 = — 1 14 39 .92 
&'= — 1 14 36.77 
a' = + 0 7 9.58 


Hence 

T = 5 4 1\12 == 5*.047, a' — a = + 31-.48 

*" = 4 13 .28 == 4 .553, V — b = + 3 .15 


31*.48 — 3*.15 28*.83 

m = = : 

5.047 + 4.553 9.6 


2-.951 


a = + 0* 6“ 38*. 10 
mr = -f- 14.89 

(< a ) = + 0 6 52.99 

b = — 1 14 39.92 


X=z(a)—b = + l 21 32 .91 


218. In the above, the rate of the chronometer is assumed to 
he constant, and the problem is treated as one of simple inter- 
polation. But most chronometers exhibit more or less accelera- 
tion or retardation in successive voyages, and a strict interpola- 
tion requires that we should have regard to second differences. 
If we always start from the station A, as in the above example, 
using only simple interpolation, we commit a small error, which 
always affects the longitude in the same way so long as the 
variation of the chronometer’s rate preserves the same sign. 
But if we commence the next computation with the station J8, 
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so that the two chronometer corrections at A are intermediate 
between the two at J3, then the error in the longitude will have 
a different sign, and the mean of the two values of the longitude 
will be, partially at least, freed from the influence of the acce- 
leration or retardation. To show this more clearly under an 
algebraic form, let us suppose that we have, omitting the inter- 
vals of rest at the two stations, 

at the times t, 

the chron. corrections «, 
intervals 
and that 

}X = daily rate of the chronometer at the time t y 
2/9 = the daily acceleration of the rate after the time t , 

the true values of the four corrections, observing that b and b f 
refer to the meridian of _B, will be, according to the law of uni- 
formly accelerating motion, 

a = a 

b = a -(- /jtr -f- /?r 2 — X 

a' = a + M(r + r') + j?(r +r') a 

b f = Cl IJ. (t -j- t' -j- T ,r y /? (t -j- T f -j- t "') 2 X 

If now we find the value of (a) corresponding to b (that is, for 
the time V) by simple interpolation between the values of a 
and a', we have 

«-*+(£?)* 

= a + /it + /9. r (t /) 

from which we obtain the erroneous longitude 

A' = (a) — b — A -(- IStt’ 

Hence the error in the longitude, by simple interpolation and 
commencing with the station A, is dV = /9rr'. 

In the next place, if we commence at the station B, with the 
correction b, employing simple interpolation between b and b', 
to find the correction (6) for the time t" corresponding to a we 
have 
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= Cl -f- [i (t -)- T ') + ft (" 2 + 2rr' -(- t' 2 -f- t't") — A 
and ve find the erroneous longitude 


A" = a' — (b) = A — J&r" 

Hence the error by simple interpolation, commencing with the 
station B, is dl" — — /?tV' ; and the error in the mean of the 
two longitudes is 

H&X+&X") = — r") 

an error which disappears altogether when the intervals r and r" 
are equal. Since the voyages are of very nearly equal duration, 
it follows that "by computing the longitude, as proposed by 
Struve, commencing alternately at the two stations, the final 
result will be free from the effect of any regular acceleration or 
retardation of the chronometers. 


Example. — From the “ Expedition Chronometrique” we take 
the following values for the chronometer “ Ha uth 31,” being 
the combination next following after that given in the example 
of the preceding article, commencing now with the station JB, or 
Altona : 


At Altona (A), t = May 26, 10*72 

“ Pulkova (A), f — “ 31, 0 .00 

“ Pulkova (A), t" = June 3 , 5 .62 

“ Altona (JB), t"= “ 7, 20 .52 


b — — P 14“ 36'. 77 
a = 4 - 0 7 9.58 

a'= 4 - 0 7 19.36 

V= — 1 14 0.35 


Here 


t = 4 d 13*.28 = 44553 b' — b = + 36'.42 

t"=z 4 14.90 =4.621 a! — a= 4 - 9.78 


m 


36'.42 — 9*78 26'.64 

4.553 4 - 4.621 ~ 9 A^i = + 2 '‘ 904 


b = — 1* 14“ 86*.77 

= + 13.22 

(b) = — 1 14 23 .55 
g = 4Q 7 9,58 

A = a — (b) = 4 1 21 33 .13 

The mean of this result anrl that of Art. 217 is A = 1 h 21“ 33*. 02. 
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219. Relative weight of the longitudes determined in different voyages 
by. the same chronometer . — From the above it appears that the 
problem of finding the longitude by chronometers is one of 
interpolation. If the irregularities of the chronometer are 
regarded as accidental, the mean error of an interpolated value 
of the correction may be expressed by the formula* 


-+* £ 



where r and r' have the same signification as in the preceding 
article, and e is the mean (accidental) error in a unit of time. 
The weight of such an interpolated value of the correction, and, 
therefore, also the weight of a value of the longitude deduced 
from it, is inversely proportional to the square of this error, and 
may, therefore, be expressed under the form 


p = Jc • 


r + t' 
it' 


where k is a constant arbitrarily taken for the whole expedition, 
so as to give p convenient values, since it is only the relative 
weights of the different voyages which are in question. 

But if the chronometer variations are no longer accidental, 
but follow some law though unknown, a special investigation 
may serve to give empirically a more suitable expression of the 
weight than the above. Thus, according to Struve’s investiga- 
tions in the case of certain clocks, the weight of an interpolated 
value of the correction for these clocks could be well expressed 
by the formulaf 



But even this expression he found could not be generally applied ; 
and he finally adopted the following form for the chronometric 
expedition : 


K 

T]/t7' 


(389) 


in which T is the duration of an entire voyage, including the 


* See Vol. II., “Chronometer.” 
f fixpeditiem Chron., p. 102. 
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tune of rest at one of the stations, r, r" are tlie travelling times 
of the voyage to and from a station, and K is an aibitraiy 
constant. 

Although this is but an empmcal foimula, itiepiesents well 
the several conditions of the problem Foi , the weight ot 
a lesulting longitude must decrease as the length of the voyage 
inei eases, and, second, it must become greater as the difference 
between the two tiavellmg times r, t n deeieases, since (as is 
shown m Vol II, u Chionometer”) an interpolated v<iluc of a 
clock correction is piobably most in erroi for the middle time 
between the two instants at which its collections aie given. 

220 Combination oj Jesuits obtained by the same chonomdo , 
accoi ding to their weights — Let A", /J n . be the several values 
of the longitude found by the same chi onometei, accoi dmg to 
the method of Aits 217 and 218, and then 

weights by foinmla (389) (oi any othei formula which ma\ he 
found to lepresent the actual condition of the voyages), then, 
according to the method of least squares, the most piohable 
value of the longitude by this chronometei is 

L = + + _ (S90) 

/ + f + r + 

and if the difference between this value and each particular 
value be found, putting 

A' — L = v r , A" — Jj = v", X" — Jj = v'", &c 

n = the number of values ot A, 
e —the mean eiroi of L y 
r = the probable eiroi of L , 

then we shall have 

« = \ L— [P y 3 r - r = 0 6745 e (391) 

v o -i) cn 

where [p] denotes the sum of p', p n , &c , and [pvv] the sum of 
p'v'v'yjp' W', &c 

221. Combination oj the Jesuits obtained by different chronometers , 
accoi ding to then weights — The weights ot the results by difieieut 
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chronometers are inversely proportional to the squares of then 

mean errors. The weight P of a longitude L will, therefore be 
expressed generally by ’ 

P=* 


in which k is arbitrary. For simplicity, we may assume k = 1 
and then by the above value of s we shall have 


yn 


- P LPJ 


|jnn>] 


(392) 


If, then, IJ, L", L"’ are the values found by the several 

chronometers by (390), P>, P", P<’< their weights by (-392), 

the most probable final value of the longitude is 


Then, putting 


P'L' -f P "L" -f P"’L'" -|- . 
P' +■ P" -p p 7 " _j_. 


(393'' 


L' L 0 = V', L" — L 0 = F", L"'-l 0 =r>" &e. 

fV= the number of values of L, 

E = the mean error of L a , 

R — the probable error of L 0 , 

we have 

* = >l(2 r-*Hr] z = 0JS74SJS m> 

222. I propose to illustrate the preceding formulae by applying 
them to two chronometers of Struve’s expedition, namelv, 
“Dent 1774 and “Haut-h 31.” In the following table the 
longitudes found by beginning at Pulkova are marked P, those 
found by beginning at Altona are marked A, and the numeral 
accent denotes the number of the voyage. The weights p in the 
second column are as given by Struve, who computed them hy 
the formula (389), taking K — 34560 (the intervals T, r, z" being 
in hours), which is a convenient value, as it makes the weight of 
a voyage of nearly mean duration equal to unity; namely, for 
T — 288*, r = t' = 120*. If we express T, r, t", in days, we take 


_ 34560 
(24 y 


= 60 
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and we shall have Struve’s values of p by the formula 


P = 


60 

Tv'tY' 


( 395 ) 


Thus, for the first voyage, we have, from the data in the example 
of Art. 217, 

T = t"'— t = ll d 2*46 = ll d 103 
7=3:5^.047 r"= 44553 

whence, hy (395), 


11.103 Y (5.047 X 4.553) 

The values of L ' and L" are found hy (390). In applying 
. fhi® formula, it is not necessary to multiply the entire longitudes 
hy their weights, but only those figures which differ in the 
several values. Thus, hy “Dent 1774” we have 


L’ = 1* 21™ 30* + 2 *' 51 x L1 ° 
= 1*21" 30* -\- 2*.46 


-f 2‘.83 X 1-02 + 2 S .09 X 1-14 + kc. 
1.10 + 1.02 + 1.14 + &e. 


pt 

At 

Pit 

A» 

piii 

Ain 

piv 

Air 

P^ 

A* 

pvi 

A* 

pvii 

A.** 

pviii 

Aviii 


Weight. 

P 

Longitudes hy 
Chronometer 
Pent 1774. 

V 

pvv 

Longitudes by 
Chronometer 
Hauth 31. 

V 

pvv 

1.13 
1.06 
1.16 
1.02 

1.14 
1.05 

1.19 
0.06 
1.09 
0.86 
1.00 
1.16 

1.20 
1.09 
0.76 
0.41 

1* 21™ 32*.51 
32.83 
32 .09 
32 .25 
31.69 

32.77 
32.79 
32.54 

32.94 
31 .93 
32 .34 

32.95 1 
31 .86 

33.77 

+ O'. 05 
+ 0.37 

— 0.37 

— 0.21 

— 0.77 
H-0.31 
+ 0.33 
+ 0.08 
4- 0.48 

— 0 .53 

— 0 .12 
4-0.49 
— 0.60 
+■1.31 

0.003 

0.140 

0.156 

0.046 

0.706 

0.092 

0.119 

0.005 

0.230 

0.309 

0.017 

0.262 

0.274 

0.704 

1* 21 m 32*. 91 
33.13 
33 .36 
33.12 
32 .55 

31 .56 

32 .70 
34.16 

32 .23 
31 .65 

33 .38 

31 .97 
33 .16 

31 .78 
30.92 

+ 0*.30 
+ 0.52 
+ 0.75 
+ 0.51 
— 0.06 

— 1.05 
+ 0.09 
+ 1.55 

— 0.38 

— 0.96 
+ 0.77 

— 0.64 
+ 0.55 

— 0.83 

— 1.69 

0.102 

0.287 

0.619 

0.265 

0.004 

1.158 

0.010 

2.306 

0.157 

0.737 

0.593 

0.451 

0.363 

0.751 

2.171 

1A 21"* 32’.46 = 3.063 

«=14 [>] = 13.91 

13 X 13.91 

* 3 063 - 59 - 04 

± O'. 09 

V 1 

£" = 1* 21™ 32*. 61 [>!)!)] =9.974 ’ 
n = 15 [>] = 15.69 

p.-UX’M » 

9. 974 

„ , .6745 

r = dz =t0*.14 

v/i>" 
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3+3 


Combining these two results, we have, by (393), 


Z 0 =l h 21” 32* + 


0*.46 X 59 + 0*.61 X 22 
59 + 22 


= 1* 21“ 32*. 501 


with the probable error, by (394), 

B — ± 0.067 


This agrees very nearly with the final result from the sixty-eight 
chronometers. 


223. In the preceding method, the sea rate is inferred from 
two comparisons of the chronometer made at the same place 
before and after the voyages to and from the second place ; and 
the correction of the chronometer on the time of the first place 
at the instant when it is compared with the time of the second 
place is interpolated upon the theory that the rate has changed 
uniformly. This theory is insufficient when the temperature to 
which the chronometer is exposed is not constant during the 
two voyages, or nearly so. I shall, therefore, add the method 
of introducing the correction for temperature in eases where 
circumstances may seem to require it. 

According to the experience of M. Lieusson, the rate m of a 
chronometer at a given temperature ■& may be expressed by the 
formula (see Yol. II., “ Chronometer”) 

in — m 0 + k (4 — # 0 ) 2 — k't (396) 

in which <? 0 is the temperature for which the balance is compen- 
sated, m 0 the rate determined at that temperature at the epoch 
t = 0,l being the time from this epoch for which the rate ni is 
required, k the constant coefficient of temperature, and k' that 
of acceleration of the chronometer resulting from thickening of 
the oil or other gradual changes which are supposed to he pro- 
portional to the time. 

It is evident that, since every change of temperature produces 
an increase ofra, the term k (& — will not disappear even when 
the mean value of d is the same as & 0 . It is necessary, therefore, 
to determine the sum of the effects of all the changes. Let us, 
therefore, determine the accumulated rate for a given period of 
time r. Let m 0 he the rate at the middle of this period, in which 
case we have in the formula t = 0. A strict theory requires that 
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we should know the temperature at every instant ; but, in default 
of this, let us assume that the period r is divided into sufficiently 
small intervals, and that the temperature is observed in each. 
Let us suppose n equal intervals whose sum is r, and denote the 
observed values of & by # (1) , $ (2) , # <3) . . . . # (71) . The rate 

in the 1st interval is [?n 0 -j- k — ?S 0 ) 2 ] X — 

“ 2d “ [m 0 -f- k (?9< 2 > — # 0 ) a ] X — 

&c. &c. 

in the nth interval is [m 0 -f- k (3 [n) — ?^) 2 ] X 

and the accumulated rate in the time r is the sum of these 
quantities, 

= »v + **„(* — *.)'£ 

where 2 h (<? — i ? 0 ) 2 denotes the sum of the n values of (d — d 0 f. 
To make this expression exact, we should have an infinite number 

of infinitesimal intervals, or we must put - = dr, and substitute 

c n 1 

the integral sign J' for the summation symbol 2: thus, the exact 
expression for the whole rate iu the time r is 

»V + (? — *„) 2 dr (397) 

This integral cannot be found in general terms, since $ cannot 
be expressed as a function of r ; but we can obtain an approxi- 
mate expression for it, as follows. Let 3 l be the mean of all the 
observed values of 3 ; then we have 

^ (* “ *o)* = S n C0h~ »o) + 0 - W 

= S n (*1 - V + ^ 2 (A ~ #o) (* — A) + r (tf - ^ 

in which # 0 is constant, and, therefore, for n values we have 
2 n (&i— # 0 ) 2 = 7i ( # 0 ) 2 . Moreover, since is the mean of all 
the values of 3, we have (& — 3 X ) = 0, and, consequently, also 

{A “ * 0 ) («? #0 = 2 (# x — # 0 ) I n (# — A) = 0 ; and the above 

expression becomes 


-« 0 * — AY = » — hY + 2 % (# — AY 
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Hence, also, 

(* ~ »„Y ~ = ^ (A ~ V + ~*n (* - V ~ 
or, for an infinite value of w, 


J 0 T 0* - *o) 2 dr = r (* - 0 O )* + fj (# - dr 


Thus, the required integral depends upon the integralj^ T ($— 

which, may be approximately found from the observed values of 
# by the theory of least squares. For, if we treat the values of 
d — as the errors of the observed values of $, and denote the 
mean error (according to the received acceptation of that term 
in the method of least squares) by e, we have 


71 — 1 


(898) 


in which n is the actual number of observed values of &. If we 
assume that a more extended series of values, or indeed an infi- 
nite series, would exhibit the same mean error (which will be 
the more nearly true the greater the number w), we assume the 
general relation 

l' N (# — tfj) 1 = (-AT — V) e 2 


in which N is any number. Hence, also, 


w - 


jsr 


: re z 


N— 1 
JT 


and, making N infinite, 


J7 (>» — dr = re* (399) 

Substituting this value, the formula (397) becomes 
m 0 T 4- Ji t {i\ — i\) 2 -f lire 2 

or [w 0 + k (» f / 1 — ^ 0 ) 2 + ke 2 ]r (400) 

from which it appears that m 0 + k {d- x — & 0 ) 2 + ke 2 is the mean rate 
in a unit of time for the interval r, m 0 being the rate at the 
middle of the interval for a temperature & = & 0 . For any subse- 
quent interval r', we must, according to (396), replace m 0 by 
m 0 — k r t , t being the interval from the middle of r to the middle 
of r f . 
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Now, lei us suppose that the chronometoi conection is obtained 
by astiononueal observations at the station A , at the times r J\ 
and T 2 , befoie starting upon the voyage, and again aftei leaching 
the station J3, at the times T 3 and T 0 these times being all 
leckoned at the same mendian let a 15 a 2 , a v be the observed 
corrections, and put 

T $ -T t = r, T s -T^r', T A -T 3 =r" 

so that r and r n are the shore intervals and z’ the sea interval 
let the adopted epoch of the late m 0 be the middle of the sea 
interval r', then, by (400), with the eoriection Vt y the accumu 
lated lates m the three mteivals are 

«3— «1= l>„ + A' (yyj "M ( ,5 i — ’V> 2 + kei ] r \ 

X + a, — a 2 = [m 0 + k (>V — # 0 ) 2 -f Ae ' 2 ] r' ( ( 401 ) 

«*- «,= [«.-*' ) + K\"-W+ ) 

in which are the mean temperatures m the intervals 

t, r', r", and €, e', e" are found by the formula (398) These 
three equations determine the three unknown quantities m Q> k f , 
and ^ If we put 

/ = - a - v - a -€ 2 

== _ ] c (,5/' _ &)» _ fe"* 

t" 

we have, from the first and thud equations, 
y /-/" 

W a =^£'+iA'(r"-r) 

which substituted m the second equation gives A. If, however, 
we prefer to compute the approximate longitude without con- 
sidering the temperatures, and afterwards to correct for tempe- 
rature, we shall have 
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w 

AX 

vl 

These formulae apply to a voyage in either direction ; but in the 
case of a voyage from west to east they give X with the negative 
sign. 

The term \ k f [r ff — r) r' in the first equation of (402) will not 
he rigorously obtained if the temperatures are neglected ; hut it 
is usually an insensible term in practice, as r /; and r are made 
as nearly equal as possible, and k' is always very small. 

In combining the results of different chronometers employed 
in the same voyage, the weight of each may be assigned accord- 
ing to the regularity of the chronometer as determined from its 
observed rates from day to day.* 

SECOND METHOD. — BY SIGNALS. 

224. Terrestrial Signals . — If the two stations are so near to each 
other that a signal made at either, or at an intermediate station, 
can be observed at both, the time may be noted simultaneously 
by the clocks of the two stations, and the difference of longitude 
at once inferred. The signals may be the sudden disappearance 
or reappearance of a fixed light, or flashes of gunpowder, &c. 

If the places are remote, they may be connected by interme- 
diate signals. Tor example : suppose four stations, A> B , G y D, 
chosen from east to west, the first and last being the principal 
stations whose difference of longitude is required. At the in- 
termediate stations B , C let observers be stationed with good 
chronometers whose rates are known. Let signals be made at 
three points intermediate between A and B , B and (7, G and D, 
respectively. The signals must, by a preconcerted arrangement, 
be made successively, and so that the observers at the interme- 
diate stations may have their attention properly directed upon 
the appearance of the signal. If, then, at the first signal the 
observers at 4. and £ have noted the times a and b; at the 


* Besides the papers already referred to, see the Report of the Superintendent of 
the U. S. Coast Survey for 1857, p. 314. 

Vol. I.— 22 


= -(«,-«,) + ( | + i f (f — .) ✓ 

= * ( w - V - - ^)i 


: (A) -f- A A 
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second signal the observers at B and C the times b> and c; at 
the third signal the observers at C and _D the times c' and d; it 
is evident that the time at A when the third signal is made is 
a _j_ (b 1 — b) + (o ' — e), at which instant the time at D is d : hence 
the difference of longitude of A and D is 

A = a + (b' — b) + (o' — c) — d (403) 

and so on for any number of intermediate stations. It is re- 
quired of the intermediate chronometers only that they should 
give correctly the differences b ' — b, o' c, for which purpose 
only their rates must be accurately known. The daily rates are 
obtained by a comparison of the instants of the signals on suc- 
cessive days. Small errors in the rates will be eliminated by 
making the signals both from west to east and from east to 
west, and taking the mean of the results. 

The intervals given by the intermediate chronometers should, 
of course, be reduced to sidereal intervals, if the clocks at the 
extreme stations are regulated to sidereal time. 


Example. — From the Description GeomSirique d& la France 
(Puissant). On the 25th of August, 1824, signals were observed 
between Paris and Strasburg as follow's : 


Paris. 

Intermediate Stations. 

A 

B 1 

c 

19* 6“ 20'.3 

8* 49 w 48*.2 j 



8 54 10.8 

9* 16“ O'. 2 



9 30 37.8 


Strasburg. 

J) 


19* 46 m 51-.4 


The correction of the Paris clock on Paris sidereal time was 
— 36*.2 ; that of the Strasburg clock on Strasburg sidereal time was 
- 27 s . 7. The chronometers at B and C were regulated to mean 
time, and their daily rates were so small as not to he sensible in 
the short intervals which occurred. 

We have 


V — b = 4 m 22*.C 
<f — c = 14 37.0) 
Udean interval =19 0 .2 

Eed. to sid. int. = -fjjbl 
Sid. interval =19 3.8 
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Paris clock 

19* 0“ 

20.3 

Correction 

— 

36 .2 

Paris sid. time 

19 5 

44.1 

Sid. interval 

+ 19 

3 .3 

Paris sid. time of the i 



last signal j 

19 24 

47 .4 

Strasburg do. 

19 46 

28 .7 

X = 

0* 21™ 

36*.3 


Strasburg dock 19* 46™ 51*. 4 
Correction — 27 .7 

Strasburg sid. time 19 46 28 .7 


In the survey of the boundary between the United States and 
Mexico, Major W. II. Emory, in 1852, employed dashes of gun- 
powder as signals in determining the did*, of long, of Frontera 
and San Eleiario.* 

The signals may be given by the heliotrope of Gauss, by which 
an image of the sun is reflected constantly in a given direction 
towards the distant observer. Either the sudden eclipse of the 
light, or its reappearance, may be taken as the signal ; the 
eclipse is usually preferred. 

Among the methods by terrestrial signals may be included 
that in which the signal is given by means of an electro-tele- 
graphic wire connecting the two stations; but this important 
and exceedingly accurate method will be separately considered 
below. 

225. Celestial Signals . — Certain celestial phenomena which are 
visible at the same absolute instant by observers in various parts 
of the globe, may be used instead of the terrestrial signals of the 
preceding article: among these we may note — 

а. The bursting of a meteor, and the appearance or disappear- 
ance of a shooting star. — The difficulty of identifying these 
objects at remote stations prevents the extended use of this 
method. 

б. The instant of beginning or ending of an eclipse of the 
moon. — This instant, however, cannot be accurately observed, 
on account of the imperfect definition of the earth’s shadow. A 
rude approximation to the difference of longitude is all that can 
be expected by this method. 

c. The eclipses of Jupiter’s satellites by the shadow of that 
planet. — The Greenwich times of the disappearance of each 


* Proceedings of 8tli Meeting of Am. Association, p. 64. 
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satellite, and of its reappearance, are accurately given in the 
Ephemeris : so that an observer who lias noted one of tliose 
phenomena lias only to take the difference between this observed 
local time of its occurrence and the Greenwich time given in the 
Ephemeris, to have his absolute longitude. With telescopes of 
different powers, however, the instant of a satellite’s disappear- 
ance must evidently vary, since the eclipse of the satellite takes 
place gradually, and the more powerful the telescope the longer 
will it continue to show the satellite. If the disappearance and 
reappearance are both observed with the same telescope, the 
mean of the results obtained will be nearly free from this error. 
The first satellite is to be preferred, as its eclipses occur more 
frequently and also more suddenly. Observers who wish to 
deduce their difference of longitude by these eclipses should use 
telescopes of the same power, and observe under the gamo 
atmospheric conditions, as nearly as possible. But in no case 
can extreme precision be attained by this method. 

cl. The occaltations of Jupiter’s satellites by the body of the 
planet. — The approximate Greenwich times of the disappearance 
behind the disc, and the reappearance of each satellite, are given 
in the Ephemeris. These predicted times serve only to enable 
the observers to direct their attention to the phenomenon at the 
proper moment. 

e . The transits of the satellites over Jupiter’s disc. — The ap- 
proximate Greenwich times of “ ingress” and “ egress,” or the 
first and last instants when the satellite appears projected on 
the planet’s disc, are given in the Ephemeris. 

f. The transits of the shadows of the satellites over Jupiter’s 
disc. — The Greenwich times of “ingress” and “egress” of the 
shadow are also approximately given in the Ephemeris. 

Among the celestial signals we may include also eclipses of 
the sun, or occupations of stars and planets by tbe moon, or, 
in general, the arrival of the moon at any given position in the 
heavens; but, in consequence of the moon’s parallax, these 
eclipses and occupations do not occur at the same absolute in- 
stant for all observers, and, in general, the moon’s apparent 
position in the heavens is affected by both parallax and refrac- 
tion. The methods of employing these phenomena as signals, 
therefore, involve special computations, and will be hereafter 
treated of. See the general theory of eclipses, and the method 
of lunar distances 
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THIRD METHOD. — BY THE ELECTRIC TELEGRAPH. 

226. It is evident that the clocks at two stations, A and B, 
may be compared by means of signals communicated through 
an electro-telegraphic wire which connects the . stations. Sup- 
pose at a time T by the clock at A, a signal is made which is 
perceived at B at the time T' by the clock at that station. Let 
a T and a T' be the clock corrections on the times at these sta- 
tions respectively (both being solar or both sidereal). Let x be 
the time required by the electric current to pass over the wire ; 
then, A being the more easterly station, we have the difference 
of longitude A by the formula 

^=(r+AT)-(r'fif) + i = i 1 + 3 : 

Since x is unknown, we must endeavor to eliminate it. For 
this purpose, let a signal be made at B at the clock time T", 
which is perceived at A at the clock time T ; then we have 

A = ( T'” + a T'") — ( T"+ a T") —x = X a — x 

In these formulae Aj and A, denote the approximate values of the 
difference of longitude, found by signals east-west and west-east 
respectively, when the transmission time x is disregarded ; and 
the true value is 

x = l (Aj A a ) 

Such is the simple and obvious application of the telegraph to 
the determination of longitudes; hut the degree of accuracy 
of the result depends greatly — more than at first appears — 
upon the manner in which the signals are communicated and 
received. 

Suppose the observer at A taps upon a signal key* at an exact 
second by his clock, thereby producing an audible click of the 
armature of the electro-magnet at B. The observer at B may 
not only determine the nearest second by his clock when he 
hears this click, but may also estimate the fraction of a second; 
and it would seem that we ought in this way to be able to deter- 
mine a longitude within one-tenth of a second. But, before even 
this degree of accuracy can be secured, we have yet to eliminate, 
or reduce to a minimum, the following sources of error: 


* See Vol. II., “ Chronograph,” for the details of the apparatus here alluded to. 



342 


LOXUITUDE. 


1st. The personal error of the observer who gives the signal; 

2d. The personal error of the observer who receives the signal 
and estimates the fraction of a second by the ear; 

3d. The small fraction of time required to complete the galvanic 
circuit after the finger touches the signal key; 

4th. The armature time, or the time required by the armature at 
the station where the signal is received, to move through 
the space in which it plays, and to give the audible click ; 

5th. The errors of the supposed clock corrections, which involve 
errors of observation, and errors in the right ascensions of 
the stars employed. 

For the means of contending successfully with these sources 
of error we are indebted to our Coast Survey, which, under the 
superintendence of Prof. Baclie, not only called into existence 
the ehronograpliic instruments, but lias given us the most effi- 
cient method of using them. The “method of star signals/’ as 
it is called, was originally suggested by the distinguished astro- 
nomer Mr. S. C. Walker, but its full development in the form 
now employed in the Coast Survey is due to Dr. B. A. Gould. 

227. Method oj Star Signals . — The difference of longitude be- 
tween the two stations is merely the time required by a star to 
pass from one meridian to the other, and this interval may be 
measured by means of a single clock placed at either station,* 
but in the main galvanic circuit extending from one station to 
the other. Two chronographs, one at each station, are also in 
the circuit, and, when the wires are suitably connected, the clock 
seconds are recorded upon both. A good transit instrument is 
carefully mounted at each station. 

"When the star enters the field of the transit instrument at A 
(the eastern station), the observer, by a preconcerted signal with 
his signal key, gives notice to the assistants at both A and J5, 
w T ho at once set the chronographs in motion, and the clock then 
records its seconds upon both. The instants of the star’s tran- 
sits over the several threads of the reticule are also recorded 
upon both chronographs by the taps of the observer upon his 
signal key. WTien the star has passed all the threads, the ob- 


* clock may, indeed, be at any place which is in telegraphic connection with 
the two stations vhose difference of longitude is to be found. 
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server indicates it by another preconcerted signal, the chrono- 
graphs are stopped, and the record is suitably marked with date, 
name of the star, and place of observation, to be subsequently 
identified and read otf accurately by a scale. "When the star 
arrives at the meridian of B , the transit is recorded in the same 
manner upon both chronographs. 

Suitable observations having been made by each observer to 
determine the errors of his transit instrument and the rate of 
the clock, let us put 


5T = the mean of the clock times of the eastern transit of 
the star over all the threads, as read from the chrono- 
graph at A, 

T a = the same, as read from the chronograph at B , 

7y — the mean of the clock times of the western transit of 
the star over all the threads, as read from the chrono- 
graph at A, 

T’ = the same as read from the chronograph at B , 

^ e! — the personal equations of the observers at A and h 
respectively, 

the corrections of T l and T* (or of T 2 and ZY) foi 
the state of the transit instruments at A and B, or 
the respective “ reductions to the meridian” (Tol. II., 
Transit Inst.), 

$T — the correction for clock rate in the interval T/— T v 
== transmission time of the electric current between 
A and B, 

l = tile difference of longitude; 


then it is easily seen that we have, from the chronographic 
records at A, 

A = l\ r -f ST-+ r' ■+ e' — x — (Ti -f t + <0 

and from the chronographic records at B , 

A = T a ' -+ <5jT-f r' -f e f -f- oc — (T 9 + 7 + d 

and the mean of these values is 

. + + < 404J 
which we may briefly express thus : 

A = a l + e— e 
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in which 

k= the approximate difference of longitude found by the 
exchange of star signals, when the personal equations 
of the observers are neglected. 

This equation would be final if e f — e , or the relative personal 
equation of the observers, were known : however, if the observers 
now exchange stations and repeat the above process, we shall 
have, provided the relative personal equation is constant, 

Z =z Z 2 — {— £ £ r 

In which is the approximate difference of longitude found as 
before ; and hence the final value is 

^ — 3 Ob + 

I have not here introduced any consideration of the armature 
time, because it affects clock signals and star signals in the same 
manner; and therefore the time read from the chr o nograph i c 
fillet or sheet is the same as if the armature acted instanta- 
neously.* It is necessary, however, that this time should be 
constant from the first observation at the first station to the 
last observation at the second, and therefore it is important that 
no changes should be made in the adjustments of the apparatus 
during the interval. 

As the observer has only to tap the transits of the star over 
the threads, the latter may be placed very close together. The 
reticules prepared by Mr. 'W. Wuudemann for the Coast Survey 
have generally contained twenty-five threads, in groups or u tal- 
lies of five, the equatorial intervals between the threads, of a 
group being 2\5, and those between tbe groups 5 ,s ; with an ad- 
ditional thread on each side at the distance of 10 s for use in ob- 
servations by “eye and ear.” Except when clouds intervene 
and render it necessary to take whatever threads may be avail- 
able, only the three middle tallies, or fifteen threads, are used. 
The use of more has been found to add less to the accuracy of a 

Dr. B. A. Gould thinks that the armature time varies "with the strength of the 
battery and the distance (and consequent weakness) of the signal; being thus liable 
to he confounded with the transmission time. The effect upon the difference of 
ongitude will be inappreciable if the batteries are maintained at nearly the same 
strength- 
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determination, than is lost in consequence of the greater fatigue 
from concentrating tlie attention for nearly twice as long. 

A. large number of stars may thus be observed on the same 
night ; and it will be well to record half of them by the clock 
at one station, and the other half by the clock at the other 
station, upon the general principle of varying the circumstances 
under which several determinations are made, whenever practi- 
cable, without a sacrifice of the integrity of the method. For 
this reason, also, the transit instruments should be reversed 
during a night’s work at least once, an equal number of stars 
being observed in each position, whereby the results will be 
freed from any undetermip ed errors of eollimation and inequality 
of pivots. Before and after the exchange of the star signals, 
each observer should take at least two circumpolar stars to 
determine the instrumental constants upon which r au<l z' 
depend. This part of the work must he carried out with the 
greatest precision, employing only standard stars, as the errors 
of t and t' come directly into the difference of longitude. The 
right ascensions of the “signal stars” do not enter into the 
computation, and the result is, therefore, wholly free from any 
error in their tabular places : hence any of the stars of the 
larger catalogues may he used as signal stars, and it will always 
be possible to select a sufficient number which culminate at 
moderate zenith distances at both stations, (unless the difference 
of latitude is unusually great), so that instrumental errors will 
have the minimum effect. 

A single night’s work, however, is not to be regarded as con- 
clusive, although a large number of stars may have been ob- 
served and the results appear very accordant; for experience 
shows that there are always errors which are constant, or nearly 
so, for the same night, and which do not appear to he represented 
in the corrections computed and applied. Their existence is 
proved when the mean results of different nights are compared. 
Moreover, it is necessary to interchange the observers in order 
to eliminate their personal equations. The rule of the Coast 
Survey has been that when fifty stars have been exchanged on 
not less than three nights, the observers exchange stations, and 
fifty stars are again exchanged on not less than three nights. 
The observers should also meet and determine their relative 
personal equation, if possible, before and after each senes, as it 
may prove that this equation is not absolutely constant. 
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Befoie entenng upon a senes ot star signals, each obseiver 
will be piovided with, a list of the stais to be employed The 
piepaiation of this list lequnes a knowledge ol tlie approximate 
ditleience of longitude m oiclei that the stais may he so selected 
that tiansits at the two stations may not oecm simultaneously. 

Example. — E or the purpose of finding the diffeienee of longi- 
tude between the Seaton Station ot the TJ S Coast Survey and 
Raleigh, a list of stais was piepaied, horn which I extiact the 
iollowmg foi ill ust lation The latitudes aie 


Seaton Station (Washington) <p = - f~ 38° 53' 4 
Raleigh “ (North Carolina) <p = -f 35 47 0 

and Raleigh is assumed to he west fiom 'Washington 6 m SO'’ 


Star 

Mag 

a 


Seaton sideieal 
time ot Raleigh 
transit 

No 5036 35 A C 

3 

15* 

9“ 

36* 

-|-33° 

52' 

15'* 

16“ 

6* 

5084 

43 


18 

58 

37 

54 


25 

28 

5131 

4J 


27 

2 

31 

51 


.33 

32 

5192 

5^ 


30 

35 

26 

46 


43 

5 

5259 

5 


45 

43 

36 

7 


52 

13 

5322 



55 

59 

23 

12 

16 

2 

29 

5888 

5 

16 

4 

9 

45 

19 


10 

39 

5463 

34 


15 

21 

46 

40 


21 

51 


The following table contains the observations made on one ot 
these stars at the above-named stations by the U S Coast Suivev 
telegiaphic paity m 1853, Apnl 28, undei the direction of Dr 
B A. Gould 

In this table “Lamp W ” expi esses the position of the rotation 
axes of the transit mstiuments. The 1st column contains the sy m- 
bols hv which the fifteen threads ot the three middle tallies w eie 
denoted, the 2d column, the times of transit of the stai over 
each thread at Seaton, as lead fiom the clnonographs at Seaton, 
the 3d column, the times of these transits as lead from the chro^ 
nographs at Raleigh, the 4th column, the mean of the 2d and 3d 
columns, the 5th column, the i eduction of each thread to the 
mean of all, computed from the known equatoi lal intervals of 
the threads; the 6th column, the time of the stai’s tiansit over 
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tlie mean of the threads, being the algebraic sum of the numbers 
in the 4th and 5th columns ; and the remaining columns, the 
Raleigh observations similarly recorded and reduced. 


SEATON — RALEIGH, 1853 April 28. Star No. 5269 B. A. 0. 



Seaton Obs. Lamp W, 

Raleigli Obs. Lamp W. 

Thread. 

T t 

Ta 

Mean. 

Red. 


7y 

TV 

Mean. 

Red. 

ar/+r; 

2 

2 


37*.97 

38-.0O 

37*.98 

-f 25*49 

3*.47 


19.00 

19.00 

4- 25*45 

36*45 

C a 

41 .37 

41 .34 

41 .36 

22 .21 

3.57 

14*.5S 

14 .50 

14 .54 

22 .25 

36 .79 

c 3 

44.03 

44 .21 

44 .12 

19 .06 

3.18 

17 .60 

17 .55 

17 .58 

19 .05 36 .63 

0 

47 .81 

47 74 

47 .78 

15 .71 

3.49 

20 .88 

20 .79 

20.84 

15 .85 

36 .69 

c 4 

50 .76 

50 .70 

50 .73 

12 .71 

3.44 

23 .90 23 .87 

23 .89 

12 .70 

36 .59 

]), 

56 .96 

57 .10 

57 .03 

6 .21 

3,24 

! 30 .19 30 .05 

30 .12 

6 .32 

36 .44 

» a 

0 .06 

0 .04 

0 .05 

3 .25 

3 .30 

33 .34 

33 .25 

!33 .30 

3 .18 

36 48 

I> 3 

15* 46 m B .40 

3 .38 

3 .39 

-+ O .05 

3.44 

! 15 A 52»« 36 .4036 .30 

jS6 .35 

~b 0 .07 

36 42 

I> 4 

6.70 

6 .70 

6 .70 

— 3 .03 

[3 .67] 

; 39 .61 

39 .53 

139 .57 

— 3 .16 

36 41 

l>* 

9.58 

9 .58 

9 .58 

6.28 

3.30 

: 43 .00 

43.00 

|43 .00 

6 .36 

36 .04 

E t 

16.03 

15 .93 

15 .98 

12 .54 

3.44 

49 .04 

48 .SI 

:48 .92 

12 .75 

[36 .17] 


19 .‘26 

19 .30 

19 .28 

15 .83 

3.45 

52 .30 

52.33 

52 .32 

la .90 

36 42 

e, 

22 .47 

22 .45 

22 .46 

18 .99 

3.47 

; 55 .50 

!55 .41 55 .46 

19 .10 

36 .36 

E< 

25 .60 

25 .60 

25 .60 

22 .23 

3.38 

58 .73 

58 .60 

58 .67 

22 .20 36 .47 

K. 

28 .60 

28 .70 

28 .65 

25 .33 

3.32 

2 .08 

I 2 .08 

! 2 .08 

25 .38 

36 .70 


Mean = 3 .392 . i 


Mean = 38 .535 • 


The numbers in the last column for each station would be equal 
if the observations and ehronographic apparatus were perfect ; 
and by carrying them out thus individually we can estimate their 
accuracy. The numbers [3.67] at Seaton and [36.17] at Raleigh 
are rejected by the application of Peirce’s Criterion (see Ap- 
pendix, Method of Least Squares), and the given means are 
found from the remaining numbers. 

The corrections of the transit instruments for this star 
(£=-)- 36° 6'.9) were 

for the Seaton instrument, r = — 0*.028 
“ “ Raleigh “ f = — 0.193 

The rate of the clock was insensible in the. brief interval 
yv_ f Hence, neglecting the personal equations of the ob- 
servers, the difference of longitude is found as follows : 


trpt | jy ^ _|_ r' = 15 A 52 m 86*. 342 
(T -\- T s ) r = 15 46 8.364 

6 32.978 


In this manner seven other stars were observed on the same 
night, and the results were as follows: 
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Star 

\ 

Diff. from mean 

5036 B. A.. C. 

6” 33*. 03 

-f 0*.04 

5084 “ 

33 .09 

4- 0.10 

5181 “ 

32 .91 

— 0.08 

5192 “ 

33 .00 

■f 0.01 

5259 “ 

32 .98 

— 0.01 

5322 “ 

33 .00 

+ 0.01 

5388 “ 

33 .02 

4- 0.03 

5463 “ 

32 .91 

— 0.08 


Mean X 1= 6 82 .99 


From the residuals v, we deduce the mean error of a single 
determination by one star, 

and lienee the mean error of the value 6 m 32 s . 99 is 


0 S .06 


✓8 


0.02 


But this error will he somewhat increased "by those errors of the 
instruments which are constant for the night, and not represented 
in r and r 7 , and hy the errors of the personal equations yet to be 
applied. Moreover, a greater number of determinations should 
be compared, in order to arrive at a just evaluation of the mean 
error. 


228. Velocity of the galvanic current — Recurring to the equations 
of p. 343, we find, by taking the difference between the values 
of A given hy the chronographic records at the two stations, 

x = i(Tf-T ')- f *(r a — Tf) 

If the clock is at the eastern station (A), the time T 2 will not 
differ from 7^, except in consequence of irregularities in the 
chronographs and errors in reading them, and therefore we 
should find x solely from the times T/ and T 2 ', or 


(405) 
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Iu like maimer, if the clock is at the western station, we tiud jt 
by tlio formula 

* = K t.-tj 

Thus, in general, the transmission time will he deduced by com- 
paring the records of the star signals made at one station when 
the clock is at the other station. 

In the above example, the clock was at Was hin gton, and 
hence, from the record of the transit at Raleigh, we have fourteen 
values of if/ — T a ' == 2x, as follows : 


-f 0*.08 

+ 0'.08 

-f .05 

+ 00 

+ .09 

.23 

- 1 - .03 

— .03 

-4- .14 

4 - .09 

-+- .09 

4 - .13 

+ .10 

4 - .00 


That these are not merely accidental residuals is shown by 
the permanence of sign, with the single exception in the ease 
of the eleventh observation. The discrepancies between them 
indicate accidental variations in the chronographs, combined with 
errors in reading off the record. Taking the mean, as elimi- 
nating to a certain extent these errors, we have 

2x — 0.077 x — O'. 0385 


From this value of x and the distance of the stations we can 
deduce the velocity per second of the galvanic current. In the 
present instance, the length of the wire was very nearly 300 
miles, and, if the above single observation could be depended 


upon, wo should have, velocity per second 


300 

0.0885 


7792 miles. 


which is doubtless too small. 

The velocity thus found, however, appears to depend upon 
the intensity of the current,* as has been shown by varying the 
battery power on different nights. It has also been found that 
the velocities determined from signals made at the east and west 
stations differed, and that this difference was apparently depend- 


* It depends also upon the sectional area, molecular structure, and, of course, 
material, of the wire. 
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ent upon the strength of the batteries; the velocities from signals 
east-west and signals west-east coming out more and more 
nearly equal as tlie strength of the batteries was increased. See 
Dr. Gould’s Report on telegraphic determinations of differ- 
ences of longitude, in the Report of the Superintendent of the 
U. S. Coast Survey for 1857, Appendix ISTo. 27. 


FOUKTH METHOD. — BY MOON CULMINATIONS. 

229. The moon’s motion in right ascension is so rapid that 
the change in this element while the moon is passing from 
one meridian to another may be used to determine the difference 
of longitude. Its right ascension at the instant of its meridian 
transit is most accurately found by means of the interval of 
sidereal time between this transit and that of a neighboring well- 
known star. For this purpose, therefore, the Ephemerides con- 
tain a list of moon-culminating stars , which are selected for each 
day so that at least four of them are given, the mean of whose 
declinations is nearly the same as that of the moon on that day, 
and, generally, so that two precede and two follow the moon. 
The Ephemerides also contain the right ascension of the moon’s 
bright limb for each culmination, both upper and lower, and 
the variation of this right ascension in one hour of longitude, 
—i.e. the variation during the interval between the moon’s 
transits over two meridians whose difference of longitude is one 
hour. This variation is not uniform, and its value is given for 
the instant of the passage over the meridian of the Ephemeris. 
These quantities facilitate the reduction of corresponding obser- 
vations, as will be seen below. 

230. As to the observation, let 

= the sidereal times of the culmination of the moon's 
limb and tlie star, respectively, corrected for all the 
known errors of the transit instrument, and for clock 
rate, 

a, a! the right ascensions of the moon's limb and the star 
at the instants of transit; 

then we evidently have 


a 




(406) 
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I lie. star and the moon being nearly in the same parallel, the 
inatnunental errors which affect & also affect by nearly the 
same quantity. W e should not, however, for this reason omit 
t° apply all the corrections for known instrumental errors, since 
by this omission we should introduce an error in the longitude 
precisely equal to the uncorrected error of the instrument" For 
it the instrumental error produces the error * in the time of the 
star s transit, the effect is the same as if the instrument were 
’perfectly mounted in a meridian whose longitude west of the 
place of observation is equal to z ; but the sidereal time required 
by the moon to describe this interval z is equal to z — the 
increase of the moon’s right ascension in this interval. lienee 
the longitude found, by the methods hereafter given, would be 
in error by the quantity z. 

231. If the lunar tables were perfectly accurate, the true 
longitude given by the observation would be found at once by 
comparing the observed right ascension with that of the Ephe- 
nioris. There are two methods of avoiding or eliminating the 
errors of the Ephemoris. In the first, which has heretofore been 
exclusively followed, the observation is compared with a corre- 
sponding one on the same day at the first meridian, or at some 
meridian the longitude of which is well established. In this 
method the increase of the right ascension in passing from one 
meridian to the other is directly observed, and the error of the 
Ephcmem on the day of observation is consequently avoided ; 
but observations at the unknown meridian are frequently ren- 
dered useless by a failure to obtain the corresponding observa- 
tion at the first meridian. 

In the second method, proposed by Professor Peirce, the 
Ephemeris is first corrected by means of all the observations 
taken at the fixed observatories during the semi-lunation within 
which the observation for longitude falls. The corrected Ephe- 
meris then takes the place of the corresponding observation, and 
is even better than the single corresponding observation, since 
it has been corrected by means of all the observations at the 
fixed observatories during the semi-lunation. 

I shall consider first the method of reducing corresponding 
observations. 
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232. Corresponding observations at places ichose difference of longi- 
tude is less than two hours. — At each place the true sidereal times 
of transit of the moon-culminating stars and of the moon’s 
bright limb are to be obtained with all possible precision : from 
these, according to the formula (406), will follow the right as- 
cension of the moon’s limb at the instants of transit over the 
two meridians, taking in each ease the mean value found from 
all the stars observed. Put 

X, L a = the approximate or assumed longitudes, 

X — the true difference of longitude, 
a x , a 2 = the observed right ascensions of the moon’s bright 
limb at L x and L a respectively, 
iZ 0 = the variation of the R A. of the moon’s limb for 
1* of longitude while passing from L l to L 2 ; 

then we have 

X — °g~ a > (407] 

-Ho 

in which, a a — a, and If being both expressed in seconds, X will 
be in hours and decimal parts. 

When the difference of longitude is less than two hours, it 
is found to be sufficiently accurate to regard If as constant, 
provided we employ its value for the middle longitude 
_L 0 = i (L l -f L 2 ), found by interpolation from the values in the 
Ephemeris, having regard to second differences. 

Example. — The following observations were made, May 15, 
1851, at Santiago, Cliili, by the IT. S. Astronomical Expedition 
under Lieut. Gilliss, and at Philadelphia, by Prof. Kendall : 


Object. 

Santiago sid. time. 

Pliilad’a sid. time. 

4 Librae 

15*46» 3».37 

15 A 45"* 22*.33 

Hoon II Limb 

16 21 36.84 

16 21 39.11 

B. A. 0. 5579 

16 33 40.12 

16 32 58.96 


We shall assume the longitudes from Greenwich to he, 

Philadelphia, L x = 5 7 ‘ 0“ 39*.85 
Santiago, _D a = 4 42 19 . 

the longitude of Philadelphia being that which results from the 
last chronometric expeditions of the TJ. S. Coast Survey, and 
that of Santiago the value which Lieut. Gill is s at first assumed. 
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The apparent right ascensions of the stars on May 15, by the 
moon-culminating list in the Nautical Almanac, were 



a,' 

# Librae 

B. A. C. 5579 

15» 45 m 

16 32 

22*.59 

59.20 


We have then at Philadelphia, by (406), 




$ — & 

a'+ ■&—& 


ft Librae 

+ 36”* 16*.78 

16 1 21™ 39*.37 


B. A. C. 5579 

— 11 19.85 

16 21 39.35 

and at Santiago : 

Mean a. 

= 16 21 39.36 


& Librae 

B. A. C. 5579 

+ 35 33.47 
— 12 3 .28 

16 20 56.06 

16 20 55.92 

Hence 

Mean a a 

= 16 20 55.99 


We shall find TI 0 for the mean longitude Z/ 0 = J( J L 1 + 
= P‘.86, by the interpolation formula (72), or 

Ho -H -j- A.a! -)- Bb 0 

• . 4 R 86 

in which, if we put n = - > we have 

12 

A = n = 0.405 B = = _ 0 120 


and a' and b Q are found from the values of H in the Ephemeris 
as follows : 


whence 


May 15, L. C. 
“ 15, U. C. 


“ 16, L. C. 
“ 16, U. C. 


142*. 56 
148 .48 


lsi diff. 

+ 0*.92 


2d diff. 

— 0*.28 


+ 0.64 [-0.35] 


144 .12 
144 .85 


+ 0.23 


— 0.41 


H — 143-.48 a’= 0*.64 b 0 = ] (— 0-.28 — 0-.41) = — 0*.35 

= 143-.48 + 0-.259 + 0*.042 == 143*. 781 


43.37 


143.781 


= — 0\30164 = — 18™ 5*.90 


7ou I.— 23 
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which is the longitude of Santiago from Philadelphia. Hence, 
if the longitude of Philadelphia is correct, we have 

Long, of Santiago = 4' 42“ 33’.95 from Greenwich. 

233 Corresponding observations at -places whose difference of longi- 
tude is greater than two hours. Having found a and a 2 as m the 
preceding case, we employ in this case an me uec me ^ 10t ^ 
solution. For each assumed longitude we interpolate the ngh 
ascension of the moon’s limh from the Moon Culminations in 
the Ephemeris to fourth differences, let 

A, A,— the interpolated right ascensions of the moon s 
limh for the assumed longitudes X, and X. 2 respect- 
ively, 

If the correction of the Ephemeris on the given day ise, 
the true values of the right ascension for L x and L % are A + « 
and e, the error of the Ephemeris being supposed to he 

sensibly constant for a few hours ; hut their difference is 
(A., -(- e) — (Ai + e) = A,- A, 

so that the computed difference of right ascension is the same 
as if the Ephemeris were correct. If now the _ observed differ- 
ence a. — is the same as this computed difference, the as- 
sumed difference of longitude, or Z/ 2 — L v is correct; - but, i 
this is not the case, put 

r =(* 2 -a O-CA.-A.) (408) 

antl l L = the correction of the uncertain longitude, which we 
will suppose to be 

-then r is the change of the right ascension while the moon is 
describing the small are of longitude aZ ; mid for this smal 
difference we may apply the solution of tlie preceding ai ic e, 
so that we have at once 

(409) 


t±L 


(in boars) 


or 


3(>00 . 

lL — y X (in seconds) 

H 


(409*) 


* It should be observed, however, that one of the assumed longitudes must bt 
nearly correct, for it is evident that the same difference of right ascension yi no 
exactly correspond to the same difference of longitude if we increase or decrease 
both longitudes by the same quantity. 
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In winch the value of II must be that which belongs to the 
uncertain meridian L 2 , or, more stnctly, H must be taken foi 
the mean longitude between L 2 and L, ■+ aA, but, as a L is 
generally very small, great precision m II is here superfluous 
However, if in any ease &L is large, we can hist find H foi the 
meridian i 2 , and with this value an approximate value of a L , 
then, interpolating if foi the meridian L, + | a L, a more correct 
value of a L will be found.* 


Example — The following observations were made May 15, 
1851, at Santiago and Greenwich 


Object 
# Librae 
Moon II Limb 
B A C 5579 


Santiago 

15*46™ 3 s 37 
16 21 36 84 
16 33 40 12 


Greenwich 

15* 45™ 22* 37 
16 9 39 41 

16 32 59 17 


We assume here, as in the piecedmg example, loi* Santiago 
X 2 = 4'* 42" 19 s , and foi Greenwich we have L t - - 0 The places 
of the stais being as m the piecedmg aiticlo, wc hnd foi 

Greenwich, a, — 16* 9“ 89* 54 
Santiago, — 16 20 55 99 
a 2 — a, = 11 16 45 

The computed light ascension foi Giecnwich is m this case 
simply that given in the Ephemens for May 15 , the increase to 
the meiidian 4* 42“ 19* 0 has been found m our example of m- 
teipolation, Art 71, to he 


and hence 


— 11“ 15*84 


r = + 0* 61 


"We find, moreover, for the longitude 4 ; ‘ 42" 19*, 

H= 143* 77 


whence 


A L: 


0*61 X 


3600 
143 77 


+ 15*28 


"By these observations we have, therefore, 

Longitude of Santiago = 4* 42 m 34* 28 


*This method of reducing moon culminations was developed by Walker, Tram- 
actions of the American Philosophical Society, new series, Vol V 
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23-4 Reduction of moon culmuu/tions b>j the houily flphemeus — 
The method of 1 eduction given m the pie ceding ai tide is pen 
fectly exact, hut tlie interpolation of the moon’s place to iourth 
difiei ences is lahonous. The liouily Epliemei is, liowevei , 1 equii cm 
the use of second diffeienccs only The sulci cal time ot ie 
tiansit of the moon’s centie at the mendian L y is = the obscrvect 
right ascension of the eenti e = oq If then we put 

T i — the mean Greenwich lime corresponding to a, as found 
by the hourly Ephemeiis, 

© i = the Gieeirwioh sidereal time conespondmg to T v 


we have at once, if the Ephemeus is correct, 

ii = ©! — a x 


(410) 


This, indeed, was one of the earliest methods pioposod, hut was 
abandoned on account of the imperfection of the Ephemeus 
The substitution of corresponding observations, however, docs 
not require a departure from this simple process , for we shah 
have m the same mannei, fiom the obseivations made at 
another mendian (which may he the meridian of the Epliemens), 


and hence 


~ “a 

A =s i, — L t =(©! - ©a) -Oi — <i 


(411) 


and it is evident that the difference (0, — © 0 ) of f^ e Greenwich 
times will *be conect, although the absolute light ascension ot 
the Epliemens is in enor, provided the homly motion is coirect 
The eoirectness of the hourly motion must he assumed m all 
methods of i educing moon culminations, and m the piesent 
state of the lunar theory there can he no erroi in it which can 
he sensible m the time required by the moon to pass fiom one 
meridian to anothei. 

In this method a is the right ascension of the moon’s centre 
at the instant of the transit of the centre , winch may he de- 
duced from the time of transit of the limb by adding or sub- 
tiactmgtlie “sidereal time ot semidiameter passing the mendian,” 
given in the table of moon culminations in tire Epherocns 
& To find T x eoiresponding to cq, we may pioceed as m Art 64, 


* If we wsh to he altogether independent of the moon-culminating table, -we can 
compute the siderealtime of semidiameter passing the mendian by the formula (see 
Yol II , Tiansit Instrument), 
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or as follows: Let T 0 and T a -)- l' 1 be tlie two Green wieli hours 
between which a, falls, and put 


Aa = the increase of right ascension in 1™ of mean time at 
the time T 0 , 

da = the inci’ease of Act in 1*, 

a, = the right ascension of the Ephemeris at the hour T 0) 


then, by the method of interpolation by second differences, we 
have 


°i = “o + 


Sa T, 

Act 4- — 

1 


3600 


f‘]( 


60 / 


in which the interval T y — T 0 is supposed to be expressed in 
seconds. This gives 



60 Q, 


Act —J~ 


— a o) 

T — T 
X 1 2 o 

3600 


and in the second member an approximate value of T x may be 
used, deduced from the local time of the observation and an 
approximate longitude. A still more convenient form, which 
dispenses with finding an approximate value of T v is obtained 
as follows : Put 

T 1= T 0 +x 

then we have 


£ 

15(1 — l) cos 6 

in which S — the moon’s semidiameter, \ — the increase of the moon’s right ascen- 
sion in one sidereal second, and 6 = the moon’s declination, which are to he taken 
for the Greenwich time of the observation, approximately known from the local time 
and the approximate longitude. 

Or we may apply to the sidereal time (— -& x ) of the transit of the limb the quantity 

S 

15 cos 6 

and the resulting 04 = dt S sec 6 will he the right ascension of the moon’s 
centre at the local sidereal time & v We then find the Greenwich time 6 X corre- 
sponding to oij as in the text, and we have 
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_ 60 (a x — a,) 

/ X Sa \ 

l ^ 7200 / 


60 Q x — «.„) / 1 x So. v~* 

Na \ ' 7200 / 


or, •with, sufficient accuracy, 

„ 60 ( a i <*q) 


Putting then 

l 

we have, very nearly, 


Act 


x >_ 60 Oi — a o) 

Aa 


(i__f_.iL] ) 

\ 7200 A * / 


ar = 


7200 A * 

£^_ 3a_ 

7200 ' A “ 


a; = a:' -f- x" 


(412) 

(418) 


As a practical rule for the computer, we may observe that x ,r 
will be a positive quantity when ago is decreasing, and negative 
when Aa is increasing. 

The method of this article will he found particularly conve- 
nient when the observation is compared directly with the 
Ephemeris, the latter being corrected by the following process. 
See page 362. 


235. Peirce's method of correcting the Ephemeris .* — The accuracy 
of the longitude found by a moon culmination depends upon 
that of the observed difference of right ascension. When this 
difference is obtained from two corresponding observations, if 
the probable errors of the observed right ascensions at the two 
meridians are e x and e 2 , the probable error of the difference will 
be = j/( £ i 2 + e 2 2 ). [Appendix]. But if instead of an actual ob- 
servation at Zf 2 we had a perfect Ephemeris, or e 2 = 0, the 
probable error of the observed difference would be reduced to e L ; 
and if we have an Ephemeris the probable error of which is less 
than that of an observation, the error of the observed difference 
is reduced. At the same time, we shall gain the additional 
advantage that every observation taken at the meridian whose 
longitude is required will become available, even when no corre- 
sponding observation has been taken on the same day; and 


* Report of the Superintendent of the XJ. S Coast Survey for 1854, Appendix, 
p. 115* * ' ' ' 
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experience has shown that, when we depend on corresponding 
observations alone, about one-third of the observations are 
lost. 

The defects of the lunar theory, according to Peiece, are 
involved in several terms which for each lunation may he 
principally combined into two, of which one is constant and the 
other has a period of about half a lunation, and he finds that 
for all practical purposes we may put the correction of the 
Ephemeris for each semi-lunation under the form 

JC=A + Bt + a 3 (414) 

in which A, B , and C are constants to be determined from the 
observations made at the principal observatories during the 
semi-lunation, and t denotes the time reckoned from any assumed 
epoch, which it will he convenient to take near the mean of the 
observations. The value of t is expressed in days; and small 
fractions of a day may be neglected. Let 


a v a a , <x 31 &e. = the right ascension observed at any observa- 
tory at the dates t 3 , &c., from the assumed 

epoch , 

a/, <* a ',a 3 ' 3 &c. == the right ascension at the same instant found 
from the Ephemeris, 


and put 


a/, &C. 


thou Up n v n 3 , &c. are the corrections which (according to the 
observations) the Ephemeris requires on the given dates, and 
hence wc have the equations of condition 


A + M t + Ct*- n x = 0 
A + £t,+ Ct*-n. 2 = 0 

&c. 


In order to eliminate constant errors peculiar to any observa- 
tory when the observation is not made at Greenwich, the ob- 
served right ascension is to be increased by the average excess 
for the year (determined by simultaneous observations of the 
right ascensions of the moon’s limb made at Greenwich above 
those made at tlie actual place of observation. 
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If now we put 


m — the number of observations = the number of equations 
of condition, 

1 — the algebraic sum of the values of t, 

T a = the sum of the squares of t, 

T 3 = the algebraic sum of the third powers of#, 

T 4 = the sum of the fourth powers of #, 

A = the algebraic sum of the values of n, 

i\r = the algebraic sum of the products of n multiplied by t, 

W a — the algebraic sum of the products of n multiplied by f 2 , 

the normal equations, according to tlie method of least squares, 
will he 

mA+ T£ + Tfi - N = 0 
TA + 1 a B + T S C — JV t = 0 
T a A+ T S B + Tfi-N t = 0 



The solution of these equations by the method of successive 
substitution, according to the forms given in tlie Appendix, may 
be expressed as follows: 


Ti = 

T a - 

rp2 

71 

A/ = 


1AT 

m 

II 

Ei" 

T s - 

TT a 

m 


■w a - 

1 a N 

m 

t; = 

T- 

m j 
-*■ a 

m 


:N a ' — 

t^n; 

il 

ii 

1? 


(T’y 

il 




N a " 

£ 

_ N' — 1 a 'C 


- T a C 

— TB 


T t " 


m 


(416) 


Then, to find the mean error of the corrected Ephemeris, we 
observe that this error is simply that of the function Jt 7 , which is 
to he found by the method of the Appendix, according to which 
•we first find the coefficients k m k v k 2 by the following formulae: 

mk a = 1 

tnk 0 4 - TJk x =t 

T;’k a = v 

and then, putting 

m = /(*„* m + k* t; + v 
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we have 

( fZ ) = Me ( 417 ) 

in. which s denotes the mean error of a single observation and 
(eJT) the mean error of the corrected Ephemeris ; or, if s denotes 
the probable error of an observation, (sJT) denotes the probable 
error of the corrected Ephemeris. (Appendix.) 

If the values of k m k D and k 2 are substituted in 1 II, we shall have 


M = 



(t - i)» , (t - iy 


TJ 


rp r/ 
mL 4 


, ^ + 



(418) 


It will generally happen, where a sufficient number of observa- 

T' 

tions are combined, that ~j is a small fraction which may be 

neglected without sensibly affecting the estimation of a probable 
error, and we may then take 


31 = 



t; 


(f- 1 ) 2 ] 

tc J 


(418*) 


According to Peiece, the probable error of a standard observa- 
tion of the moon’s transit is 0\104 (found from the discussion of 
a large number of Greenwich, Cambridge, Edinburgh, and Wash- 
ington observations) ; so that the probable error of the corrected 
Ephemeris will be equal to M. (0 s . 104). 


Example. — At the "Washington Observatory, the following 
right ascensions of the moon were obtained from the transits over 
twenty-five threads, observed with the electro-chronograph: 


Approx. Green. Mean Time. 

R. A. of 

J) II Limb. 

Sid. time semid. 
passing merid. 

R. A. of 3 centre 
= a r 

1859, Aug. 16, 19* 

0* 8 m 58‘.40 

62*.06 

0 A 7- 5H34 

« 17, 20 

0 54 83.57 

68 .54 

0 53 30 .03 

“ 18, 21 

1 42 48.53 

65 .77 

1 41 42 .76 


The sidereal time of the semidiameter passing the meridian is 
here taken from the British Almanac, as we propose to reduce the 
observations by means of tlie Greenwich observations which are 
reduced by this almanac. We thus avoid any error in the semi- 
diameter. 

During the semi-lunation from Aug. 13 to Aug. the 
Greenwich observations, also made with the electro-chronograph, 
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gave the following con ections (= n) of the Nautical Almanac 
right ascensions of the moon 


Approx Gieenwich Mean Time 

n 

t 

1859 Aug 14, 13 ft 

— 0‘ 39 

— 3 

“ 15, 14 

— 0 26 

— 19 

“ 16, 14 

— 0 49 

— 09 

« 18, 16 

— 0 63 

+ 12 

" 19, 17 

— 1 04 

+ 22 

“ 20, 17 

— 1 08 

+ 32 


let us employ these obseivations to determine by Peirce’s 
method the most piobable collection of the Ephemens on the 
dates of the Washington observations Adopting as the epoch 
Aug 17th 12* oi n d 5, the values of t aie approximately as above 
given The connection of the Ephemens being sensibly constant 
fox at least one liom, these values aie sufficiently exact We 
find then 


y = o 


T t = 

29 94 T, = 10 556 T 4 = 

225 045 


iy = 

29 83 T a '= 6 564 T 4 ' = 

75 644 r" = 

= 74 200 

N =- 

— 3 s 89 JfT t = — 4’ 41 N, = 

— 21” 85 



JV/ = _ 3 89 N 2 '= 

— 2 44 iV" = 

= — 1- 58 


and hence, by (416), 
C — — 0* 02135 


0- 1257 


A = — 0* 525 


The coriection of the Ephemens for any given date *, reckoning 
fi om Aug 17 5, is, therefore, 

X = — O 525 — 0 s 1257 1 — 0 s 02135 1 2 

Consequently, for the dates of the Washington obseivations, 
the correction and the probable eiror (Me) of the correction, 
found by (418) oi (418*), aie as follows 


Aug 16, 19* 

17, 20 

18, 21 


t = — 07 
t — + 03 
*= 4-14 


Me = 0* 05 
Me = 0 04 
Me = 0 04 


The longitude of the "Washington Obseivatory may now he 
found b y the houily Ephemens (after applying these con ec- 
tions), hj the method of Ait 234. Taking the ohseivation of 
Auo 16.weha\e 
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Axig. 16, T 0 — 19*, R. A. of Ephemcris = g* 6 rtt 47 s .56 

X = — 0 .45 

Aa = 1.8122 da = -j- 0.0023 a 0 = 0 6 47 .11 

a t = 0 7 51 .84 
a i — tt o = 1 4 .23 


tog (a, — a 0 ) 

1.80774 

tog x' s 6.6554 

ar. co. log Aa 

9.74179 

tog So. 7.3617 

log 60 

1.77815 

ar. co. tog a» 9.7418 

log x f 

3.32768 

lo S 7 -sW 6.1427 

x f 

= 35* 26*.57 

tog x" m9.9016 

x" 

= — 0 .80 


x — 35 25 .77 


Hence, Greenwich mean time = T 0 -f x = 19* 35 m 25*.77 
Sidereal time mean noon = 9 37 24.18 

Correction for 19* 35™ 25*.77 = 3 13 .09 

Greenwich sidereal time 
Local sidereal time = a, 


= 5 16 3.04 

= 0 7 51.34 


Longitude =5 8 11 .70 


The observations of the 17th and 18th being reduced in tlr 
same manner, the three results are 


Aug. 16, 

5* 8™ 11‘.70 

Probable error.* 

3*. 5 

Weight. 

1 . 

“ 17, 

12.50 

3.1 

1.3 

« 18, 

11.10 

2 .9 

1.5 

Moan by weights = 

: 5 8 11 .74 

1 .8 



236, Combination of moon culminations by weights . — When some 
of the transits either of the moon or of the comparison stars are 
incomplete, one or more of the threads being lost, such ohserva 
tions should evidently have less weight than complete ones, if 
v r e wish to combine them strictly according to the theory of 
probabilities. Besides, other things being equal, a determina- 
tion of the longitude will have more or less weight according to 
the greater or less rapidity of the moon’s motion in right ascen- 
sion. 


* For the computation of the probable error and weight, see the following article. 
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If the weight of a transit either of the moon or a star were 
simply proportional to the number of observed threads, as lias 
been assumed by those who have heretofore treated ot this sub- 
ject,* the methods which they have given, and which are obvious 
applications of the method of least squares, would be quite suffi- 
cient But the subject, strictly considered, is by no means so 
simple. 

Let us first consider the formula 


or, rather 


“f" 


a i — 4" (V — ^0 


in which d- x and are the observed sidereal times of the transit 
of the moon and star, respectively; a' is the tabular right ascen- 
sion of the star, and a x is the deduced right ascension of the 
moon. The probable error of a 1 is composed of the probable 
errors of and of a' — which belong respectively to the 
moon and the star. We may here disregard the clock errors, as 
well as the unknown instrumental errors, since, they affect 
and in the same manner, very nearly, and are sensibly elimi- 
nated in the difference . The probable error of the 

quantity a r — is composed of the errors of a' and d' . The 
probable error of the tabular right ascension of tlie moon-culmi- 
nating stars is not only very small, but in the case of correspond- 
ing observations is wholly eliminated; and even when we use 
a corrected Ephemeris it will have but little effect, since the ob- 
served right ascension of the moon at the principal observatories 
always depends (or at least should depend) chiefly upon these 
stars. "We may, therefore, consider the error of a/ — •&' as sim- 
ply the error of 8 r . We have here to deal with those errors only 
which do not necessarily affect d r and d 1 in the same manner, 
and of these the chief and only ones that need be considered 
here are — 1st, the culmination error produced by the peculiar con- 
ditions of the atmosphere at the time of the star’s transit, which 
are constant, or nearly so, during the transit, hut are different 
for different stars and on different days ; and, 2d, the accidental 
error of observation . It is only the latter which can be diminished 


* Nicolai, in tlie Astronomische N'achHchten , No. 26; and S. C. Walker, Transac- 
tions of tlie American Philosophical Society, Yol. VI. p. 253. 
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by increasing the number of threads. In Vol. II. (Transit In- 
strument) I shall show that the probable error of a single deter- 
mination of the right ascension of an equatorial star (and this 
may embrace the moon-culminating stars) at the Greenwich 
Observatory is 0 s . 06, whereas, if the culmination error did not 
exist it would be only O' 5 . 03, the probable error of a single 
thread being = 0 S .08, and the number of threads = 7. Hence, 
putting 

c = the probable culmination error for a star, 
we deduce* 

c = V (0.06) 2 — (0.03/ = CK052 

If, then, we put 

e = the probable accidental error of the transit of a star over 
. a single thread, 

ft = the number of threads on which the star is observed, 
the probable error of and, consequently, also of oJ — is 

\ n 


and the weight of a' — &' for each star may be found by the 
formula 


in which E is the probable error of an observation of the weight 
unity, which is, of course, arbitrary. If we make p = 1 when 
n = 7, we have E — O’. 06. Substituting this value, and also 
c = 0’.052, e = 0 S .08, the formula may be reduced to the fol- 


lowing : 


P = 


134 


100 + 


238 


(419) 


The value of a x is to be deduced by adding to ^ the mean 


* The value of c thus found involves other errors besides the culmination error 
proper, such as unknown irregularities of the clock and transit instrument, &c. 
These cannot readily be separated from c, nor is it necessary for our present purpose. 
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according to weights of all tlie values of a x 
several stars, or 


Otj = -j- 


iPl 


& x given by the 
(420) 


where the rectangular brackets are employed to express the sum 
of all the quantities of the same form. The probable error of 
the last term will he 

E _ 0\06 

If now we put 


e 1 = the probable error of a u 
c x = the culmination error for the moon, 
kc = the probable accidental error of the transit of the 
moon’s limb over a single thread, 
n x = the number of threads on which the moon is observed, 


the probable error of d x will be 


aI c 


c x + and hence 



(key E 2 

n i 


(421) 


To determine c x I shall employ the values of the other quantities 
in this equation which have been found from the Greenwich 
observations. Professor Peirce gives e x = 0\104, and in the 
cases which I examined I found the mean value k = 1.3. As- 
suming [ 7 )] = 4 as the average number of stars upon which oq 
depends in the Greenwich series, we have 


whence 


(0.104) 2 = c* ■+ 


(0.104)* 

7 


(0.06) 2 

4 


c ± = 0'.091 


and the formula for the probable error of a x observed at the 
meridian L x is 



(0.091) 2 — (~ 


(0.1 04) 2 


+ 


(0.06) 2 

I>] 


(422) 


In the case of corresponding observations at a second meridian 
L 2) the probable error e 2 is also to be found by this formula, and 
then the probable error of the deduced difference of right ascen- 
sion will he 


= vV + q 
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and the probable error of the deduced longitude will be 


== h y/e* + e S * 


(423) 


where, H being the increase of the moon s 

of longitude, we have 

& , 3600 


right ascension in 1* 


(424) 


But if the observation at the meridian L l is compared with a 
corrected Epliemeris (Art. 235) the probable error of which is 
jW(0\104), the probable error of the deduced longitude will be 


= h y/e? + IP (0.104)* 


(425) 


Finally, all the different values of the longitude will be com- 
bined by giving them weights reciprocally proportional to the 
squares of their probable errors. 

The preponderating influence of the constant error represented 
by the first term of (422) is such that a very precise evaluation 
of the other terms is quite unimportant. It is also evident that 
we shall add very little to the accuracy of an observation by 
increasing the number of threads of the reticule beyond live or 
seven. For example, suppose, as in the Washington observations 


used in Art. 235, that twenty-five threads are taken, and that 
four stars are compared with the moon ; we have for each star, 
bv (419), 

* 134 oo 

p = = 1.22 


100 -f 


238 


aud hence 


s i~ yj j^(0-091) 2 -j- 


(0.104y (0.06) *1 _ 0 . 097 

25 4.88 J 


whereas for seven threads we have e 1 =0*.104, and therefore 
the increase of the number of threads has not diminished the 
probable error by so much as 0\01. 

For the observations of 1859 August 16, 17, 18, Art. 235, the 
values of 7t are respectively 


82.1 30.8 and 28.8 


and, taking Ms = M{ 0\104) as given in that article, namely, 
0*.05 0‘. 04 and 0*.04 
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with, the value of e L = 0.097 above found, we deduce the proba- 
ble errors of the three values of the longitude, by (425), 

3'.5 3M and 2-.9 

The reciprocals of the squares of these errors are very nearly in 
the proportion of the numbers 1, 1.3, 1.5, which were used as 
the weights in combining the three values. 

237. The advantage of employing a corrected Ephemeris 
instead of corresponding observations can now be determined 
by the above equations. If the observations are all standard 
observations (represented by n x = 7 and [p] = 4), we shall have 
e x = e 2 = 0M04, and the probable error of the longitude will be 

by corresponding observations = -j/2 

by the corrected Ephemeris = -j/1 ■ M* 

The latter will, therefore, be preferable when M <C 1? which will 
always be the case except when very few observations have been 
taken at the principal observatories. 

But experience has shown that when we depend wholly on 
corresponding observations we lose about onc-third of the 
observations, and, consequently, the probable error of the final 
longitude from a series of observations is greater than it would 
be were all available in the ratio of j/3 : i/2. Hence the proba- 
ble errors of the final results obtained by corresponding observa- 
tions exclusively, and by employing tbe corrected Ephemeris by 
which all tbe observations are rendered available, are in the 
ratio |/3 : \/l + M 2 , and, the average value of M being about 
0.6, this is as 1 : 0.67. 

If, however, on the date of any given observation at the meri- 
dian to be determined, we can find corresponding observations 
at two principal observatories, the probable error of the longitude 
found by comparing their mean with the given observation will 
be only hz x \/ 1.5, which is so little greater than the average error 
in the use of the corrected Ephemeris, that it will hardly be 
worth while to incur the labor attending the latter. If there 
should be three corresponding observations, the error will be 
reduced to h x \/ 1.33, and, therefore, less than the average error 
of the corrected Ephemeris. 
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The advantage of the new method will, therefore, he felt 
c nelly m eases where either no corresponding observation, or 
but one, has been taken at any of the principal observatories. 


238 T he mean value of h is about = 27, and therefore a 
f, J, eiT0 . r of ° s>1 111 } he observed right ascension, supposing 
the Ephemeris perfect, will produce a mean probable errorof 2*.7 
in the longitude. If the probable error diminished without 
limit in proportion to the square root of the number of observa- 
tions, as is assumed in the theory of least squares, we should 
only have to accumulate observations to obtain a result of any 
given degree of accuracy. But all experience proves the fallacy 
of this law when it is extended to minute errors which must 
wholly escape the most delicate observation. The remarks of 
Professor Peirce on this point, in the report above cited, are of 
the highest importance. He says : “ If the law- of error embodied 
in the method of least squares were the sole law- to which 
human error is subject, it would happen that by a sufficient 
accumulation of observations any imagined degree of accuracy 
would be attainable in the determination of a constant; and the 
evanescent influence of minute increments of error would have 
the effect of exalting man’s power of exact observation to an 
unlimited extent. I believe that the careful examination of 
observations reveals another law of error, which is involved in 
the popular statement that ‘man cannot measure what he cannot 
nee.’ The small errors w-liieh are beyond the limits of human 
perception are not distributed according to the mode recognized 
by the method of least squares, hut either with the uniformity 
which is the ordinary characteristic of matters of chance, or more 
frequently in some arbitrary form dependent upon individual 
peculiarities, — such, for instance, as an habitual inclination to the 
use of certain numbers. On this account, it is in vain to attempt 
the comparison of the distribution of errors with the law of least 
squares to too great a degree of minuteness ; and on this account, 
there is in every species of observation an ultimate limit of accuracy 
beyond which no mass of accumulated observations can ever penetrate. 
A wise observer, when he perceives that he is approaching this 
limit, will apply his powers to improving the methods, rather 
than to increasing the number of observations. This principle 
will thus serve to stimulate, and not to paralyze, effort; and its 
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vivifying influence will prevent science from stagnating into 
mere mechanical drudgery. 

“ In approaching the ultimate limit of accuracy, the probable 
error ceases to diminish proportionally to the increase ot the 
number of observations, so that the accuracy of the mean of 
several determinations does not surpass that of the single deter- 
minations as much as it should do in conformity with the law of 
least squares : thus it appears that the probable error of the 
mean of the determinations of the longitude of the Harvard 
Observatory, deduced from the moon-culminating observations 
of 1845, 1846, and 1847. is 1*.28 instead of being 1\00, to which 
it should have been reduced conformably to the accuracy ot the 
separate determinations of those years. 

“One of the fundamental principles of the doctrine of proba- 
bilities is, that the probability of an hypothesis is proportionate 
to its agreement with observation. But any supposed computed 
lunar epoch may he changed by several hundredths of a second 
without perceptibly affecting the comparison with observation, 
provided the comparison is restricted within its legitimate limits 
of tenths of a second. Observation, therefore, gives no informa- 
tion which is opposed to such a change.” 

The ultimate limit of accuracy in the determination ot a 
longitude by moon culminations, according to the same distin- 
guished authority, is not less than one second of time . This limit 
can probably be reached by the observations of two or three 
years, if all the possible ones are taken ; and a longer continuance 
of them would he a waste of time and labor. 

From these considerations it follows that the method or moon 
culminations, when the transits of the limb are employed, cannot 
come into competition with the methods by chronometers and 
oeeultations where the latter are practicable.* 

* In consequence of the uncertainty attending the observation of the transit of 
the moon’s limb, it has been proposed by Maedler (Astron. JVach. No. 387) to sub- 
stitute the transit of a well-defined lunar spot. The only attempt to carry out this 
suggestion, I think, is that of the U. S. Coast Survey, a report upon which by Mr. 
Peters will be found in the Report of the Superintendent for 185G, p. 108. The 
varying character of a spot as seen in telescopes of different powers presents, it 
seems to me, a very formidable obstacle to the successful application of this 
method. 
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fifth method.— by azimuths of the moon, OR TRANSITS of the 

MOON AND A STAR OVER THE SAME VERTICAL CIRCLE. 

239. Tlic travelling observer, pressed for time, will not unfre- 
< juently find it expedient to mount his transit instrument in the 
vertical circle of a circumpolar star, without waiting for the meri- 
dian passage of such a star. The methods of determining the 

local tmio and the instrumental constants in this case are given 

in Vol. IT. He may then also observe the transit of the moon 
and a neighboring star, and hence deduce the right ascension of 
the moon, which may be used for determining his longitude 
precisely as the culminations are used in Art. 234. 

_ -But if the local time is previously determined, we may 
dispense with all observations except those of the moon and the 
neighboring star, and then we can repeat the observation several 
times on the same night by setting the instrument successively 
in diflbre lit azimuths on each side of the meridian. It will not 
be advisable to extend the observations to azimuths of more than 
1 f>° on either side. 

The altitude and azimuth instrument is peculiarly adapted for 
hu oh observations, as its horizontal circle enables us to set it at 
any assumed azimuth when the direction of the meridian is 
approximately known. The zenith telescope will also answer 
the same purpose. But as the horizontal circle reading is not 
required further than for setting the instrument, it is not indis- 
pensable, and therefore the ordinary portable transit instrument 
may be employed, though it will not be so easy to identify the 
comparison star. 

The comparison star should be one of the well-determined 
moon-culminating stars, as nearly as possible in the same 
parallel with the moon, and not far distant in right ascension, 
i‘it her preceding or following. 

The chronometer correction and rate must be determined, with 
all possible precision, by observations either before or after the 
moon observations, or both. An approximate value of the cor- 
rection should be known before commencing the observations, 
as it will be expedient to compute the hour angles and zenith 
distances of the two objects for the several azimuths at which it 
,s proposed to observe, in order to point the instrument properly 
and thus avoid observing the wrong star. 
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To secure the greatest degree of accuracy, the observations 
should be conducted substantially as follows : — 

1st The instrument being supposed to have a horizontal circle, 
let the telescope be directed to some terrestrial object, the 
azimuth of which is known (or to a circumpolar star in the meri- 
dian), and read the circle. The reading for an object in the 
meridian will then be known ; denote it by a . 

2d. The first assumed azimuth at which the transits are to be 
observed being -4, set the horizontal circle to the reading A + tf, 
and the vertical circle to the computed zenith distance of the 
moon or the star (whichever precedes). This must be done a 
few minutes before the computed time of the first transit. 

8d. Observe the inclination of the horizontal axis with the 
spirit level. 

4th. Observe the transit of the first object over the several 
threads. 

5th. If there is time, observe the inclination of the horizontal 
axis. 

6th, Set the vertical circle for the zenith distance of the second 
object, and observe its transit. 

7th. Observe the inclination of the horizontal axis with the 
spirit level. 

The instrument must not be disturbed in azimuth during these 
operations, which constitute one complete observation. 

ISTow set upon a new azimuth, sufficiently greater to bring the 
instrument in advance of the preceding object, and repeat the 
observation. It will often be possible to obtain in this way four 
or six observations, two or three on each side of the meridian, 
but the value of the result will not be much increased by taking 
more than one observation on each side of the meridian. 

The collimation constant is supposed to be known; but, in 
order to eliminate any error in it, as well as inequality of pivots, 
one-half the observations should be taken in each position of 
the rotation axis. 

The azimuth of the instrument at each observation is only 
known from the local time, and hence the following indirect 
method of computation will be found more convenient than the 
usual method of reducing extra-meridian transits; but the 
reader will find it easy to adapt the methods given in Vol. II. for 
such purpose to the present ease. 
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We shall make use of the following notation : 

rp T f — the mean of the chronometer times of transit of 
the moon’s limb and the star, respectively, over 
the several threads,* 

A T } a V = the corresponding chronometer corrections, 

b b' = the inclinations of the horizontal axis at the times 
TandT', 

c = the collimation constant for the mean of the 
threads. 

a a ' = the moon’s and the star’s right ascensions, 

$ = “ “ “ declinations, 

f f = « i( “ hour angles, 

£ = « “ “ true zenith distances, 

q, q f == “ 11 “ parallactic angles, 

A jf — « « “ azimuths, 

A* = the increase of the moon’s right ascension in one 
minute of mean time, 

Ao = the increase (positive towards the north) of the 
moon’s declination in one minute of mean time, 

Tt = the moon’s equatorial horizontal parallax, 

S= the moon’s geocentric semidiameter, 

<p = the observer’s latitude, 

L'= the assumed longitude, 
a L= the required correction of this longitude, 

L = the true longitude = _Z7 + ^ 

The moon’s a, d, n, and S arc to he taken from the Ephemeris 
for the Greenwich time 3T+ a!T+ ^(expressed in mean time). 
The changes Aot, ao are also to he reduced to this time. The 
right ascension and declination must be accurately interpolated, 
from 'the hourly Ephemeris, with second differences. 

The quantities A, C, ? are now to be computed for the chro- 
nometer time T, and A', q' for the t ime T. Since A and A f 

* The chronometor time of passage over the mean of the threads -will be obtained 
rigorously by reducing each thread separately to the mean of all by the general 
formula given for the purpose in Vol. II. If, however, the same threads are 
employed for both moon and star, and c denotes the equatorial distance of the mean 
of the actually observed threads from the collimation axis, it will suffice (unless the 
observations are extended greatly beyond the limits recommended in the text) to 
take the means of the observed times at the times of passage over the fictitious 
thread the collimation of which is = «. The slight theoretical error which this 
procedure involves will be eliminated if the observations are arranged symmetrically 
with respect to the meridian. 
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are required with all possible precision, logarithms of at least six 
decimal places are to he employed in their computation ; but for 
C> 7) Z' ■> four decimal places will suffice. The following formula 
for this purpose result from a combination of (16) and (20) : 


Por the moon. 
t = T+ A T—a 
tan M = tan S sec t ) 
tan t oos M 


tan A 


sin — M) . 


tan JV" = cot 9? cos t 

, tan t sin N 

tan q = 


tan f = 


cos (<S -f- N) 
cot (t> -j- N) 


cos q 


with six 
decimals; 


with four 
decimals; 


For the star. 

f—T+AT , — aJ 

' tan M f = tan $ ' sec t! 

.. tan fees M* 
tan A! 


sin (<p — M f ) 


tan JSf r = cot (p cos t 1 

, tan t' sin N f 

tan q = — ■ 

C08(*' + i!P) 

cot(£' + JP) 


tan C' 


cos q f 


( 426 ) 


in which A and q are to be so taken that sin A and sin. q shall 
have the same sign as sin t. 

The true azimuth of the moon’s limb will he found by applying 
to the azimuth of the centre the correction 


S T upper sign for 1st limbi 
~~ sin C Lower “ “ 2d “ J 

If we assume the parallax of the limb to be the same as that of 
the centre (which involves but an insensible error in this case), 
we next find the apparent azimuth of the limh by applying the 
correction given by (116), or 

pir(<p — /) sin 1" sin A r eosec C 

in which <p — (p r is the reduction of the latitude, and p is the 
terrestrial radius for the latitude f. In this expression we 
employ A f , which is the computed azimuth of the star, for the 
apparent azimuth of the moon’s limb, since by the nature of the 
observation they are very nearly equal. 

To correct strictly for the eollimation and level of the instru- 
ment, we must have the moon’s and star’s apparent zenith dis- 
tances, which will be found with more than sufficient accuracy 
for the purpose by the formulae 

moon’s app. zen. dist. = = C — f- rr sin f — refraction 

star’s “ “ “ = C/= V — refraction 
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|t l then tlio 1 eduction ot the tme azimuth to the mstnunental 
,imuth (see Vol II , Altitude and Azimuth lust) ament) is 


foi the moon, 


sm Ci tan Ci 


for the stai, 


b' 


sm C,' tan C,' 


ie uppei 01 lowei sign being used accoiding as the veitieal 
iicle is on the left oi the light ot the obscivei The computed 
istiumental azimuths aie, tlieiefoie, 


l llOOll) -aii 


.1 dz 


p- (<f — <p f ) sin 1" bin A! _ 


bill 


sm C 


sm , 


tan Ci 


(427) 


,tai) d,' = A'-(- 


b' 


sm C/ tan C/ 


t now the longitude and othei elements ot the computation aie 
onect, we shall tind A , and A / to be equal othciuise, put 


(428) 


hen we aie to find how the lequned collection a L depends on a, 
.opposing hcie that all the elements which do not involve the 
ongitude aie collect Now, we hue e taken ex and o trom the 
rCphemens tot the Gieenwich sidereal tune 7 -|- a7 L r , when 
hey should be taken foi the time T + a T+L'+ a L Hence, 
f 1 and /3 denote the increments of the moon’s light ascension 
md declination m one sidereal second, both expressed in seconds 


ot aie, 


we find that 


A = = [9 39675] A* 

60 164 




_a<$ 
60 164 


[8 22060] ao 


a requnes the correction X a L 
§ tt tl / 3 A L 

f u “ — X A L 


(429) 


and these corrections must pi oduce the con ection— asm the moon s 

azimuth The lelations between the collections of the azimuth, 
the hour angle, and the declination, wheie these aie so small as 
to be treated as diffcientials, is, by (51), 
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that is, 

<U = cos * c “«it + 
sin C 

6in Ui 

sin Z 


cos 8 cos q , 

— x = -A. a L 

sin C 

sin Z 


Hence, if we put 


we have 


. eos 8 cos q „ sin q 

a= A ± — 8 

sin Z sin Z 


a L 


X 

a 


and lienee, finally, the true longitude U - f a L. 


(430) 

(431) 


241. In order to determine the relative advantages of this 
method and that of meridian transits, let us investigate a formula 
which shall exhibit the effect of every source of error. Let 

Sa } dd t $7t) 8JS = the corrections of the elements taken from 
the Ephemeris of the moon, 

<W, 83 r = the corrections of the star's place, 

8T 7 dT f = the corrections for error in the obs’d time, 

8 a T = the correction of a T, 
dep = the correction of y. 

If, when the corrected values of all the elements — that of the 
longitude included— are substituted in the above computation, 
A x and A t ' become A x +- dA x and A / -f dA x , we ought to find, 
rigorously, 

•ffx — j- dA x = A x — j- dA x r 

which compared with (428) gives 

oc = — dA l + dA( (432) 

We have, therefore, to find expressions for dA x and dA / in 
terms of the above corrections and of aL. We have, first, by 
differentiating (427), 

dA, =^d- — + ^g ~T') sin V ’ s[nA ' d7Z 
sinC sin X 

dAJ= dA! 

We neglect errors in c and b which are practically eliminated 
by comparing the moon with a star of nearly the same declina- 
tion, and combining observations in the reverse positions of the 
axis. 
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The total diflerential of A is, by (51), after 1 educing dt to aic, 

dA = C0S - °° S — 15 dt + — cotC sin 

smC sin ? 

consequently, also, 

dA’ — cos ^' cos 4. 15dt' 4- — — d<5' — cot C' sin A'dcp 
sin £' sin £' 


Since t — T + aT — a, we have 


dt = d T + da T — d» 

wheie d T and c/a!T may be at once exchanged foi oT and oa T; 
but da is composed of two paits 1st, the collection of the 
Ephemens, and 2d, / (a_L + oT + oaT), which lesults fiom oui 
having taken a foi the uncoil ected time Ilonce wo have, m 
aic, 

15 dt = 15<5T -f 15 SaT — 15 5a — ) (aL + ST + SaT) 

The collection do is likewise composed of two parts, namely, 
dS = SS + /5 (a L + ST + SaT) 

Fiuthei, we have simply do' — S3' and 

df — ST' + Sa T' — <V 

but, as we may neglect the enoi m the late of the chronometer 
foi the brief interval between the observation of the moon and 
the stai, we can take oa T' — oaT, and, consequently, 

dt'= ST' + SaT — So.' 

"When the substitutions heie indicated are made m (432), we 
obtain the expression 


X = OIAIi -f 15/ Sa 


.(l5f—a)ST 


-15 f'Sa'+^J-, M'+15/' ST' 
sin c 

SS p(y — y') sin 1" Bind' 
sin C sin Z 

sin (Z' — Cl sin A . 

n 5 (/_/') — a] Sa T -f — - 7 — S V C 433 ) 

L u J ' J sinCsmC 
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in which the following abbreviations are used: 


cos 6 cos q 


cos <5 'cos q f 
* — sin e' 


a = kf — p — * 


and in the coefficient of dp we have put A = A'. 

By the aid of this equation we can now trace the effect of 
each source of error. 

1st. The coefficients of S3 , do', dx, d<p have different signs for 
observations on different sides of the meridian, and therefore 
the errors of declination, parallax, and latitude will be elimi- 
nated by taking the mean of a pair of observations equidistant 
from the meridian. 

2d. The star’s declination being nearly equal to that of the 
moon, we shall have very nearly/ =/ / , and the coefficient of 
Sa T will be = a; and since to find aL we have yet to divide 
the equation by a, it follows that an error in the assumed clock 
correction produces an equal error (but with a different sign) in 
the longitude, as in the case of meridian observations. 

3d. An error dT in the observed time of the moon’s transit 
produces in the longitude the error 

l^f A,m 


The mean of the values of a for two observations equidistant 
from the meridian is If. The mean effect of the error dT is 
therefore 

/ 15 


which is the same as in the case of a meridian observation. 

The effect of an error dT' in the observed time of the star’s 
transit is 

sr 

a 

and for two observations equidistant from the meridian, the star 
being in the same parallel as the moon, the mean effect is 


also the same as for a meridian observation. 



379 


BY AZIMUTHS OP THE MOOX. 

4th. An error S & > in the tab alar semidiameter is always elimi- 
nated in the ease of meridian observations when they are com- 
pared with observations at another meridian, since the same 
semidiameter is employed in reducing the observations at both 
meridians. But in the case of an extra-meridian observation the 
effect upon the longitude Is 


$S ^ dS 

asinC X cos $ cos q — /5 s in# 

and in the mean of two observations equidistant from the 
meridian, the values of q being small, it is 


dS __ dS 
A cos d cos q A cos d 

Vor n meridian observation the 


(1 + 2 sin 2 iq) 
error will be 


nearly. 


dS 

A cos d 

The error in the case of extra-meridian observations, therefore, 
remains somewhat greater than in the case of meridian ones, the 
excess being nearly 

2 dS. sin. 2 \q 

A COS d 


which, however, is practically insignificant; for we have not to 
four that &S y (tan be as great as l", and therefore, taking q = 15°, 
t) ;H)°, and X — 0.4, which are extreme values, the difference 
mi mot amount to OM in the longitude. 

f>th. The error da of the tabular right ascension of the moon 
produces in the longitude the error 


a 

and from the mean of two observations equidistant from the 
meridian, the error is 

__ 15 Sa 

X 

as in the case of the meridian observation. 

The error 3a' in the star’s right ascension produces the error 

L 5 i*l w hen the star is in the same parallel as the moon. 
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From this discussion it follows that, by arranging the observa- 
tions syrnnetrically with respect to the meridian, the mean result 
will be liable to no sensible errors which" do not equally affect 
meridian observations, hut for the large culmination error in 
the case of the moon (Art. 236), which equally affects extra- 
meridian observations, the latter would have a great advantage 
by diminishing the effect of accidental errors. But the probable 
error of the mean of two observations equidistant from the 
meridian, seven threads being employed, will be, by (422), 

and that of a single meridian observation, even where only one star 
is compared with the moon , is, by the same formula, = O’.ll. When 
we take into account the extreme simplicity of the computation, 
tlie method of moon culminations must evidently be preferred ; 
and that of extra-meridian observations will be resorted to only 
in the case already referred to (Art. 23D), where the traveller 
may wish to determine his position in the shortest possible time 
and without waiting to adjust his instrument accurately in the 
meridian. 

Example. — At the U. S. Naval Academy, 185T May 9, I ob- 
served the following transits of the moon’s second limb and of 
o Scorpii, at an approximate azimuth of 10° East, with an Ebtel 
Universal instrument of 15 inches focal length : 

Chronometer. Level. Collim. 

D II Limb. T = 16* 11“ 30*.17 l = -f 2".2 c = 0.0 1 Vertical circle 
e Scorpii T'= 16 27 49.83 V = + 2 .2 ] left. 

These times are the means of three threads. The chronometer 
correction, found by transits of stars in the meridian, was 
— 55 m 9 a .16 at 13* sidereal time, and its hourly rate — O’. 32. The 
assumed latitude and longitude were 

<p = 38 ° 58 ' 53". 5 L’ = 5 * 5 “ 55 * 

The star’s place was 

»' = 16* 12“ 3L.90 5 ' = — 25° 14' 58".5 
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We first find the sidereal times, of the observations of the 
moon and star respectively, and the Greenwich mean time of 
the observation of the moon : we have 


A T = 

— 

55- 

9 S .89 

T+ aT = 

15* 

16- 

20*.28 

X' = 

5 

5 

55. 

Gr. sidereal time — 

20 

22 

15 .28 

Sid. time Gr. moon = 

3 

8 

58 .91 

Sidereal interval — 

17 

18 

16.87 

Red. to mean time == 

— 

2 

49 .28 

1 r. mean time = May 9. 

, 17' 

* 10“ 27*-09 


aT'= — 55 w SK97 
T'-fi aT' = 15* 32« 3P-86 


find 


Hence from the Ephemeris we 

a = 15* 54- 45 s .32 
Aa = 2M185 
8 == 14' 47".2 

By (42G) we find 

A — — 9° 40' 51".0 
log sin q = ?i9.15Sl 

C = 64° 19'. 5 

7r sin C = -|~ 48 .8 

Refraction— — 2.1 

C, = 65 6 .2 


0 = — 24° 42' 54" .4 
aO = — 7".G19 
t: = 54' 9". 2 


A' = — 9° 57' 14". 8 
log sin q' — n9.1719 

V = 64° 54M 

Refraction — — 2 .1 

C/ = 64 52.0 


For the latitude cp we find, from Table HI., 


log f) — 9.9994 

9 

— ^'=11' 15" 

and then, hy (427), we find 

A = — 9° 40' 51".0 ] 

A' — — 9° 57' 14".8 

8 

16 24 .4 


sin C 



f.)Tv (jp — — <p f ) sin 1" sin A 

2 .0 


sin C 

1 


c 

0 .0 

c — 0 .0 

sin 

sin C/ 

i 

1 .0 

V = 1 -0 

tan Ci 


tanC/ 

d,= — 9 

57 18 .4 

jt,' = — 9 57 15 .8 
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whence 


x = ~ 2". 6 


By (429), (430), and (431), we find 

log 1 = 9.72175 log /9 = w9. 10256 


aX 


— 2.6 
0.5054 


5*. 14 


« = 0.5054 


Tf we wish to see the effect of all the sources of error in this 
example, we find, by (433), 

0.5054 a L = — 2". 6 — 14.90 <5a — 0.16 <M + 14.45 ST — 14.82 i T — 0.36 SaT 
+ 14.82 5a' 4 - 0.16 5# + 1.11 <S S — 0.001 in 4 - 0.002 S 9 

The proper combination of observations is supposed to eliminate, 
or at least reduce to a minimum, all tlie errors except that of the 
moon s right ascension as given in the Ephemeris. In practice, 
therefore, it will be necessary to retain the term involving da, 
Thus, in the present case we take only 

0.5054 aI=_ 2". 6 — 14.90 S a 

A second observation on the same day at an azimuth 10° 
west gave 

0.5458 a X = — 5".7 — 14.92 So. 

The elimination of the errors of declination requires that we 
take the arithmetical mean of these equations: whence we have 
finally, 

aX = — 7*.89 — 28.43 So 


SIXTH METHOD. — BY ALTITUDES OF TIIE MOON. 

^42. The hour angle (/) of the moon may be computed from 
an observed altitude, the latitude and declination being known, 
and hence with the local sidereal time of the observation (— ©j 
the moon’s right ascension by the equation a = 0 — t, with 
which the Greenwich time can he found, as in Art. 234, and 
consequently, also the longitude. 

The hour angle is most accurately found from an altitude 
when the observed body is on the prime vertical, and more 
accurately m low latitudes than in high ones (Art. 149). This 
method, therefore, is especially suited to low latitudes. 

The method may be considered under two forms:— (A) that in 
which the moon’s absolute altitude is directly observed and 


BY ALTITUDES OF THE MOO’S. g R g 

employed in the computation of the hour angle ; and (B) that in 
which the moon’s altitude is compared differentially with that of 
a neighbonng star,— 1 .«. when the moon and a star are observed 
either at the same altitude, or at altitudes which differ only by a 
quantity which can be measured with a micrometer. 

243. (A.) By the moon's absolute altitude.— This method bein» 
practised only with portable instruments, it would be quite 
superfluous to employ the rigorous processes of correcting for 
the parallax, which require the azimuth of the moon to be given, 
ihe process of Art. 97 will, therefore, be employed in this case 
with advantage, by which the observed zenith distance is reduced 
not to the centre of the earth, but to the point of the earth’s 
axis which lies in the vertical line of the observer, and which 
we briefly designate as the point 0. Let 

~ t,l ° observed zenith distance, or complement of the 
observed altitude, of the moon’s limb, 

B = the local sidereal time, 
the assumed longitude, 

A/g the required correction of 
L the true longitude = L f -f- aL 

1 ind the G i een wlcIjl sidereal time © and convert it into 

incun time, for which take from the Ephemeris the quantities 

<5 = the moon’s declination, 

^ = “ eq. hor. parallax, 

aS' — u semidiameter. 

Let S' be the apparent semidiameter obtained by adding to S 
the augmentation computed by (251) or taken from Table XII. 
Let r be the refraction for the apparent zenith distance and 
put 

C' = Z"+ r ± S' (434) 

Let tt 1 be the corrected parallax for the point 0, found by (127), 
or by adding to n the correction of Table XIII. (which in the 
present application will never be in error 0 /7 .l) ; and put 

<\ == 8 + e 2 Tt x sin <p cos d ) 

= — ^sinC' 1 ( 


n which log e 2 - 


7.8244. 
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The hour angle (which is the same for the point 0 as for the 
centre of the earth) is then found by (267), Le. 


sin it — 


I 

yl 


sin j [C t + Q — »,)] sin j [C, — Q — fi) ] \ ^ 4g6 j 
COS <p COS d x ! 


after which the moon’s right ascension is found by the formula 


a = © — t 


(437) 


and hence tiie Greenwich time and the longitude as above stated. 
But since we have taken 8 for an approximate Greenwich time 
depending on the assumed longitude, the first computation of t 
will not he quite correct; a second one with a corrected value 
of d will give a nearer approximation ; and thus by successive 
approximations the true value of t and of the longitude will at 
last be found. 

But instead of these successive approximations we may obtain 
at once the correction of the assumed longitude, as follows. We 
have taken 8 for the Greenwich time © +-Zv', when we should 
have taken it for the time © + L r + Hence, putting 


fi — the increase of d in a unit of time, 

it follows that S requires the correction [3aL; and therefore, by 
(51), the correction of the computed hour angle will he 

cos d tan q 

in which q is the parallactic angle. Since a = © — t, the com- 
puted right ascension requires the correction (in seconds of time) 

Pa L 

15 cos£ tan 4 

Therefore, if we put 

A = the increase of a in a unit of time, 

the computed Greenwich time and, consequently, also the longi- 
tude derived from it requires the correction 

PaL 


15 X cos 8 tang 
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Hence, denoting the longitude computed from the light ascen- 
sion a = © — t by i", we have 


True longitude = L r -j- aD = L" ■ 


PaL 


whence 


15 X cos d tan# 


A L 


L"—L' 


1 .j *_ S ec d cot q 

15 X 


If we denote the denonnnatoi of this expression by 1 + a> we 
shall have, by (18), 


and then 


p / tan <p tan d 

15 X \ sm t tan t 


(438) 


a L — 


L"—L' 
1 + a 


L = L f + aL 


(489) 


Example — At the U S Naval Academy, in latitude <p = 38° 
58' 53" and assumed longitude L f = 5 /l 6 WI 0 s , I obseived the 
double altitude of the moon’s upper limb with a sextant and 
aitificial honzon as below 


1849 May 2 — Moon east of the meridian 


Chionometer 10 A 14 m 21* 6 

lust 4 41 0 0 

Local mean time =» 5 33 21 6 

Assumed L f = 5 6 0 

Approx Or time = 10 39 21 6 

(For which time we take it, S, and 

$ from the Nautical Almanac ) 

S = + 3° 47' 47" 6 
eSflxSin <p cos $ = + 14 1 

fii = + 3 48 1 7 


Mean of 6 obs 2 J) =64° 40' 0" 



Index corr 

ot sextant = 

— 

14 

57 






2)64 

25 

3 




App alt j> = 

32 

12 

31 

~5 




r- 

57 

47 

28 

5 

Barom 


30*M5 






Att Therm 

63° F 

i r = 

+ 

1 

30 

9 

Ext “ 


65° F . 

J 






S = 

15' 16" 4 






AS (Tab 

XII) = 

4* 8 1 

} 8' = 

+ 

15 

24 

5 




r= 

IT 

4 

23 

9 


i r = 

56' 3"1 

l 





Ar (Tab 

XIII ) = 

+ 44 

W^sin =< 


47 

38 

1 


^ n — 

56 T 5- 

i 








ft- 

57 

16 

45 

8 


With these values of 8 V ancl <p = 38° 58' 53", we find, by (436), 


t= — 3* 19“ 53* 64 


The sidereal time at Greenwich mean noon, 1849 May 2, was 
2 h 41“ 7* 98 ; whence 

0 = 8" 16“ 14* 61 
a = 11 36 8 25 

Vol 1—25 
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Corresponding to this right ascension wo find by the hourly 
Ephenieris the Greenwich mean time, and hence the longitude 
L", as follows : 

Greenwich mean time = 10'* 39“ 48*.7 
Local « “ = 5 33 21.6 

i" = ’ 5 ' 3 27 .1 
L" — L' = + 27*.l 

By the hourly Ephemeris we also have for the Greenwich time 
10" 39“ 48*.7,‘ 

Increase of a in 1"‘ = X — 2*.014 

“ S in 1“ = /3 = -J- 10".01 

and hence, by (488) and (439), 

a = — 0.3317 a L = + 40*.6 

I = I'+iL-5‘ 6“ 40*. 6 


244. The result thus obtained involves the errors of the 
tabular right ascension and declination and the instrumental 
error. The tabular errors are removed by means of observations 
of the same data made at some of the principal observatories, as 
in the case of moon culminations. The instrumental error will 
he nearly eliminated by determining' the local time from a star 
at the same altitude and as nearly as possible the same declina- 
tion ; for the instrumental error will then produce the same 
error in both © and t, and, therefore, will be eliminated from 
their difference © — t — a. The error in the longitude will 
then he no greater than the error in 0. But to give complete 
effect to this mode of eliminating the error, an instrument, such 
as the zenith telescope, should be employed, which is capable ot 
indicating the same altitude with great certainty and does not 
involve the errors of graduation of divided circles. A very 
different method of observation and computation must then be 
resorted to, which I proceed to consider. 

245. (B.) By equal altitudes of the moon and a star , observed with 
the zenith telescope . — The reticule of this instrument should for 
these observations be provided with a system of fixed horizontal 
threads: nevertheless, we may dispense with them, and employ 
only the single movable micrometer thread, by setting it suc- 
cessively at convenient intervals. 
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Having selected a well determined stai as nearly as possible 
in the moon's path and differing but little m right ascension, a 
preliminary computation of the approximate time when each 
body will arrive at some assumed altitude (not less than 10°) 
must be made, as well as of their appioximate azimuths, m 
older to point the instrument propeily The instrument being 
pointed for the first object, the level is clamped so that the 
bubble plays near the middle of the tube, and is then not to be 
moved between the observation of the moon and the stai After 
the object enters the field, and befoie it reaches the fust thread, 
it may be necessary to move the instrument m azimuth m older 
that the transits over the horizontal threads may all be observed 
without moving the instrument daring these transits The times 
by chionometer of the seveial tiansits are then noted, and the 
level is read off The instrument is then set upon the azimuth 
of the second object, the observation of which is made m the 
same mannei, and then the level is again lead off* This com- 
pletes one observation The instrument may then be set for 
another assumed altitude, and a second observation may be taken 
in the same manner * Each observation is then to be separately 
reduced as follows Let 

ij i'j i", &c = the distances m are of the several thieads 
from then mean, 

m, m! = the mean of the values of i for the observed 
threads, in the case of the moon and star 
respectively, 

/, V = the level readings, m arc, for the moon and 
star, 

0, ©'= the mean of the sidereal times of the observed 
tiansits of the moon and star, 

then the excess of the observed zenith distance of the moon's 
limb at the time © above that of the star at the time ©' isf 

m — m f ~f -l — ^ 

the quantities m and l being supposed to increase with increasing 
zenith distance 

x The same method of observation may be followed with the ordinary universal 
instiument, but, as the level is generally much smaller than that of the zenith tele- 
scope, the same degree of accuracy will not be possible 
f When the micrometer is set successively upon assumed readings, m and m' will 
be the means of these readings, converted into arc, with the known value of the screw 



388 


LONGITUDE. 


Also, let 

a, dj t, C, A, q = the E. A., decl., hour angle, geocentric 
zenith distance, azimuth, and parallactic 
angle of the moon’s centre at the time 
0 ; 

A q f = the same for the star at the time ©'; 

7 T, S = the moon’s equatorial hor. parallax and 
semidiameter; 

X = the increase of a in V of sid. time ; 
fi= “ d “ « “ 

<p = the latitude ; 

L f = the assumed longitude ; 

Ai = the required correction of I'; 

The quantities a, <5, tt, and $ are to be taken from the Ephemeris 
for the Greenwich sidereal time © + L' (converted into mean 
time) ; a and S being interpolated with second differences by the 
hourly Ephemeris. Then the required correction of the longi- 
tude will be found by comparing the computed value of f with 
the observed value. For this purpose we first compute f and £' 
with the greatest precision, and also A and q approximately. If 
the differential formula of the next article is also to he computed, 
A' and q' will also he required. The most convenient formulae 
will he — 


For the moon.. 
t — 0 _ a 

tau M = tan d sec t 

sin d cos (<p — M) 
sin M 


cos C= 


with six 
decimals ; 


cos A = tan (y — M) cot C 
taniV'=cot ^ cos t 

tan t sin If 

tan q = 

cos ( d N) 


For the star. 

f— O'— a' 

tan Jf'=tan d* sec f 

sin£'cos(>- 
cos C — — — 


-if') 


with four 
decimals; 


sin M’ 

(440) 

cos A r — tan(^ — Jf') eotC' 
tan A' — cot ^ cos f 
, tan U sin N r 
i cos (<$' + A') 


The zenith distance £ thus computed will not strictly correspond 
to the time © unless the assumed longitude is correct, let its 
true value he £ + d£. Also put 


C x = the observed zenith distance of the moon’s limb, 
C/ = the observed zenith distance of the star, 
r, r' == the refraction for C, and 



then 
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Putting then 


ft' = V~r' 

f i = ™ — mf -j- l — l’ 


f"= Ci -f r = C' -f m — m' + l — 
and, by Art. (186), 

y — (? — ?') cos 4 sinp =:,<> sin jr sin (C " — >-) 

* = JP + # =j= £ (j» 5) sin p sin £ 

the { lower } si S n bein § used for tlie moon’s { } limb, we 

have 

C"-(C + dC) = A 

This equation determines d£. We have, therefore, only to 
determine the relation between and a h How, we have taken 
a and 8 for the Greenwich sidereal time © + L when we should 
have taken them for the time © + L' -f aA': hence 

o requires the correction /Ah 
<S “ “ p Ah 

t “ “ — AaA 

and then, by (51), 

dC = — cos # . p a A — sin ^ cos <5 . 15 A a L 
Hence, putting x — — d£, or 

x = C — C" + A 

and a = 15 4 sin q cos S -j- p cos q 

X 

we have &L = — L — L f a L 

a 

The solution of the problem, upon the supposition that all the 
data are correct, is completely expressed by the equations (440), 
(441), and (442). 

246. The quantity x is in fact produced not only by the error 
in the assumed longitude, but also by the errors of observation 
and of the Epliemeris. In order to obtain a general expression 
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in which the effect of every source of error may he represented, 
let 

T, T r = the chronometer times of obseiwation of the 
moon and star, 

a T = the assumed chronometer correction, 
dT, ST F = the corrections of T and T f for errors of 
observation, 

5 a T — the correction of a Z 7 , 

tfa, 5d, tin, dS = the corrections of the elements taken from 
the Ephemeris, 

dtp = the correction of the assumed latitude. 

If, when the corrected values of all the elements are substituted, 
C, k become £ + £' + df', k + dk, instead of the equation 

C " — (C + <) = k we shall have 

C"-f + tf C) — Ar + dk 

and hence 

x = ~~ dZ + dZ' — dk (443) 

and we have now to find expressions for df, d£', and dk in terms 
of the above corrections of the elements. 

Taking all the quantities as variables, we have 

dZ = 15 sin q cos d dt — cos q dd cos A d<p 
d£ f = 15 sin q r cos d f dt ' — cos q' dd f - (- cos A! d<p 

Since t = T - f aT — a, we have 

dt = dT -f* d a T — da, 

where dT and ^Tmay he exchanged for ST and Sa T ' but da is 
composed of two parts: 1st, of tlie actual correction of the 
Ephemeris; and 2d, of 1(aL + ST-+ oaT) resulting from our 
having taken a for the uncorrected time : hence we have 

dt = dT + 9 aT— d* — A(a£ + 5T-\- SaT) 

The correction dd is also composed of two parts, so that 

dd = dd - f dT+ dAT) 

Further, we have simply dd* — SS r , and 

dt= aT'-f Sa T— d*' 

in which oaT at the time T r is assumed to be the same as at the 
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time T, an error in the rate of chronometer being insensible in 
the brief interval between the observations of the moon and the 
star. 

Again, we have, from (441), 


cos pdp = p cos tz sin (f " — y) dr. -f- sin >r cos (C" — y) dZ" 
dk — dp q= dS 

or, with sufficient accuracy, 

dk = sin £' o- =p 88 + sin r, cos ?' df 

JTow, substituting in t/£ and df the values of dl, dd, &c., and then 
substituting the values of and d£' thus found, in (443), together 
with the value of dk, we obtain the final equation desired, which 
may be written as follows :* 

x — a&L -(-/ . «« cos q . 88 — (/ — a) ST 

— mf . 8a — vi cos q’ 88' -(- '»tf ■ '' r d v 
± 8S — si n !T ' Sit — (/ — mf — a) 8 a T 

— (cos A — m cos A') 8<p 

where the following abbreviations are employed : 

/ = 15 sin q cos 8 f — 15 sin q' cos S' 

a = If + P cos q vi == 1 — sin - cos f 

Having computed the equation in this form, every term is to 
he divided by a, and then aL will be obtained in terms of x and 
all the corrections of the elements. 

A discussion of this equation, quite similar to that of (433), 
will readily show that the observations will give the best result 
when taken near the prime vertical and in low latitudes, and, 
farther, that the combination of observations equidistant from 
the meridian, east and west, eliminates almost wholly errors of 
declination and parallax and of the chronometer correction. 

Example. - ) - — A t Batavia, on the 11th of October, 1853, Mr. 
De Lange, among other observations of the same kind, noted 
the following times by a sidereal chronometer, when the moon s 

* The formula (444) is essentially the same as that given hy Ovdemans, Astronom. 
Journal, Vol. TV. p. 104. The method itself is the suggestion of Professor Kaiser 
of the Netherlands. 

•)* Astronomical Journal, Vol. IV. p. 105. 
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lower limb and 36 Capricorni passed the same fixed horizontal 
threads : 

, T = 0* 38” 8*.62 T — 0* 49” 53*.77 

The difference of the zenith distances indicated by the level 
was 

l — V = + 2".0 

The chronometer correction was &T= + 1“ 3*. 32, and the rate 
in the interval T' — T was insensihle. 


W& have 


The assumed latitude was <p = — 6° 9' 57". 0 
“ longitude “ £' = — 7* 7” 37*.0 


0 = 0* 39” 11*. 94 0'= 0* 50” 57*.09 


For the Greenwich sid. time © + L r = 17 7 “ 31“ 34*.94,or mean 
time 4* 10“ 57*.00, we find, from the Nautical Almanac, 


a = 21* 12” 5*.45 

S = — 20° 55' 8" .9 
* = 57' 51" .4 

S= 15' 47".8 

The computation by (440) gives 

C = 52° 11' 49" .44 
A = 68° 14'.4 
q = 81° 18'.9 

From Table III. we find 


A = -f 0*.0387 
p — + 0".1440 
„!= 21* 20” 22*.45 

S'— — 22° 26' 30".5 


C'= 53° 13' 57".30 
A'= 66° 30'. 6 
q'=z 80° 35'. 2 


v — <p'= — 2' 27" log p = 9.999983 

Since the same fixed threads were used for both moon and star, 
we have m = rn', and hence also sensibly r = r ' ; therefore, by 
(441), we find 

C" = 53° 13' 59".30 y = — 54".5 p = 46' 21".25 

C — C" = — 62' 9".86 k = + 62' 9".17 


Hence, by (442), 

x = — 0".69 a = + 0.5575 lL = — 1*.24 

The longitude by this observation, if the Ephemeris is correct, 
is therefore 

L = L' + aX = — 7* 7” 38*.24 
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If we compute all the terms of (444), we shall find 

= — 1* 24 — 24 84 da — 0 27 dd + 23 84 dT— 24 24 dT ' — 0 445a T 
+ 24 28<V+0 29^'+ 179 dS + 144 ^ — 0 04ty 

This shows cleaily the effect of each source of enor , but m prac- 
tice it will usually be sufficient to compute only the coefficients 
of da and dd In the present example, theiefore, we should take 

aL = — 1* 24 — 24 84 — 0 27 dd 

which will filially be fully determined when da and dd have been 
found from nearly corresponding obseivations at Gieenwich or 
elsewlieie 


SEVENTH METHOD — BY LUNAR DISTANCES. 

247 The distance of the moon fiom a stai may be employed 
m the same manner as the light ascension was employed m 
Aits 229, &c , to deteimme the Gieenwich time, and hence the 
longitude If the star lies dnectly m the moon’s path, the 
change of distance will be e\en moie lapid than the change of 
right ascension , and theiefoie if the distance could be measured 
with the same degiee of accuiacy as the light ascension, it would 
give a moie accurate deteimmation of the Greenwich time 
The distance, liowevei, is observed with a sextant, oi other re- 
flecting mstiument (sec Yol II), which being usually held m 
the hand is necessanly of small dimensions and lelatively mfe- 
uoi accuracy Neveitheless, this method is of the gieatest lm- 
poitance to the tiavellmg astronomer, and especially to the 
navigator, as the observation is not only extiemely simple and 
requnes no pieparation, but may be practised at almost any 
time when the moon is visible 

The Ephemendes, theiefore, give the tiue distance of the 
centie of the moon from the sun, fiom the bnghtest planets, and 
fiom nine blight fixed stars, selected m the path of the moon, 
for cveiy third hour of mean Gieenwich time The planets em- 
ployed are Saturn, Jupitei, Mais, and Venus The nine stars, 
known as lunar-distance stais, aie a Anetis, a Taun (. Aldebaran ), 
j3 Gemmorum (Pollux), a Leonis (Eegulus), a Virginia ( Spied ), 
a Scorpn (Antares), a Aquike (Allan), a Piscis Australis (. Fomal - 
havt), and a Pegasi (Marlab) 

The distance observed is that of the moon’s blight limb from a 
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star, from tlie estimated centre of a planet, or from the limb of 
the sun. The apparent distance of the moon’s centre from a star 
or planet is found by adding or subtracting the moon’s apparent 
(augmented) scmidianieter, according as the bright limb is nearer 
to or farther from the star or planet than the centre. The ob- 
served distance of the sun and moon is always that of tlie nearest 
limbs, and therefore the apparent distance of the centres is found 
by adding both semi diameters.* 

The apparent distance thus found differs from the true (geo- 
centric) distance, in consequence of the parallax and refraction 
which affect the altitudes of the objects, and consequently also 
the distance. The true distance is therefore to be obtained bj 



computation, the general principle of which may be exhibited in 
a simple manner as follows. Let Z, Pig. 29, 
be the zenith of the observer, M' and $'the ob- 
served places of the moon and star, MM f the 
parallax and refraction of the moon, 88 ' the 
refraction of the star, so that M and 8 are the 
geocentric places. The apparent altitudes of 
the obj ects may either be raeasu red at the same 
time as the distance, or, the local time being 
known, they may be computed (Art. 14). The apparent zenith dis- 
tances, and, consequently, also the true zenith distances, are there- 
fore known. In the triangle ZM'S r there are known the three 
sides, M r S' the apparent distance of the objects, ZM' the apparent 
zenith distance of the moon, and ZS f the apparent zenith distance 
of the star; from which the angle Z is computed. Then, in the 
triangle ZMS there are known the sides, ZM the moon’s true 
zenith distance, and ZS the star’s true zenith distance, and the 
angle Z; from which the required true distance MS is computed. 

In this elementary explanation tlie parallax and refraction of 
the moon are supposed to act in the same vertical circle ZM, 
whereas parallax acts in a circle drawn through the moon and 
the geocentric zenith (Art. 81), while refraction acts in the vertical 
circle drawn through the astronomical zenith. Again, when the 
moon, or the sun, is observed at an altitude less than 50°, it is 
necessary to take into account the distortion of the disc produced 


* We may also observe the distance from the limb of a planet, provided the sex- 
tant telescope is of sufficient power to give the planet a well-defined disc; and tli# 
plaiief s semidiameter is then, also to be added or subtracted- 
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by refraction if we wish to compute the true distance to the 
nearest second of arc (Art. 133). These features, which add 
very materially to the labor of computation, cannot be over- 
looked in any complete discussion of the problem. 

Simple as the problem appears when stated generally, the 
strict computation of it is by no means brief; and its importance 
and the frequency of its application at sea, where long computa- 
tions are not in favor, have led to numerous attempts to abridge 
it. In most instances the abbreviations have been made at the 
expense of precision ; but in the methods given below the error 
in the computation will always be much less than the probable 
error of the best observation with reflecting instruments : so that 
these methods are entitled to be considered as practically perfect. 

With the single exception of that proposed by Bessel,* all the 
solutions depend upon the two triangles of Fig. 29, and may be 
divided into two classes, rigorous and approximative. In the 
rigorous methods the true distance is directly deduced by the 
rigorous formula; of Spherical Trigonometry ; but in the approxi- 
mative methods the difference between the apparent and the 
true distance is deduced either by successive approximations or 
from a development in series of which the smaller terms are 
neglected. Practically, the latter may be quite as correct as the 
former, and, indeed, with the same amount of labor, more 
correct, since they require the use of less extended tables of 
logarithms. I propose to give two methods, one from each of 
these classes. 


A. — The Rigorous Method. 

248. For brevity, I shall call the body from which the moon’s 
distance is observed the sun, for our formulae will be the same 
for a planet, and for a flxed star they will require no other 
change than making the parallax and semidiameter of the star 
zero. 


* Astron. Nach. Vol. X. No. 218, and Astron. Untersuchungen , Vol. II. Bessel’s 
method requires a different form of lunar Ephemeris from that adopted in our 
Nautical Almanacs. But even with the Ephemeris arranged as he proposes, the 
computation is not so brief as the approximative method here given, and its supe- 
riority in respect of precision is so slight as to give it no important practical 
advantage. It is, however, the only theoretically exact solution that has been given, 
and might still come into use if the measure-ment of the distance could be rendered 
much more precise than is now possible with instruments of reflection. 
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Let us suppose that at the given local mean time I 7 the obser- 
vation (or, in the case of the altitudes, computation) has given 

d"= the apparent distance of the limbs of the moon and 
sun, 

K'= the apparent altitude of the moon's centre, 

H'— the apparent altitude of the sun's centre, 

and that in order to compute the refraction accurately the 
barometer and thermometer have also been observed. Tor the 
Greenwich time corresponding to T. \ which will he found with 
sufficient accuracy for the purpose by employing the supposed 
longitude, take from the Ephemeris 


s = the moon's semi diameter, 
S — the sun's “ 

then, putting 


we have 


d f = the apparent distance of the centres, 
s' = the moon’s augmented semidiameter, 
= s -f- correction of Table XII. 

d'=d"± s' zb 8 


upper signs for nearest (inner) limbs, lower signs for farthest 
(outer) limbs. 

But if the altitude of either body is less than 50°, we must 
take into account the elliptical -figure of the disc produced by 
refraction. For this purpose we must employ, instead of s' and 
those semidiameters which lie in the direction of the lunar 
distance. Putting 


q = ZM ! S', Q = ZS r M r (Pig. 29) 

as, a S = the contraction of the vertical semidiameters of the 
moon and sun for the altitudes N and H 

the required inclined semidiameters will he (Art. 133) 

s' — as cos 2 q and S — aS cos 2 Q 

The angles q and Q will he found from the three sides of the 
triangle ZM'S', taking for d! its approximate value d n ± s' dz S 
(which is sufficiently exact for this purpose, as great precision in 
q and Q is not required), and for the other sides 90° — h' and 
90° — H', If we put 

m = J Qd -f. H’ -f d f ) 
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we shall have 


sin 2 i q = 


cos m sin (m — H f ) 
sin d f cos A' 


sin« j Q = — - m Bin (?u — W) 
sin d' cos II 


(445) 


and then the apparent distance by the formula 


d' — d" ±{s' — as cos 2 q ) ± ( S — a$ cos 2 Q ) (44G) 

We are now to reduce the distance to the centre of the earth. 
We shall first reduce it to that point of the earth’s axis which 
lies in the vertical line of the observer. Designating this point 
as the point 0, Art. 97, let 

d v h lt H 1 = the distance and altitudes reduced to the point 

0 , 

r, It = the refraction for the altitudes hi and III 

♦ j 

P = the equatorial hor. parallax of the moon and 
sun. 


The moon’s parallax for the point 0 will be found rigorously 
by (1^7), but with even more than sufficient precision for the 
present problem by adding to w the correction given by Table 
XIII. Denoting this correction by att, we have 

7Tj = 7t — 1~ A7T 

K = V — r + 7T X cos (A' — r) II, = 11— R + P cos ( JP — E) (447) 

The parallax P is in all cases so small that its reduction to the 
point 0 is insignificant. 

If? then, in Tig. 29, M and S represent the moon’s and sun’s 
places reduced to the point 0 , and we put 

Z = the angle at the zenith, MZS, 

we shall have given in the triangle M'ZS f the three sides 
90° — h r , 90° — IP, whence 

cos 2 i Z = CQS j Q 1 ' + H f -f d') cos $ ( V H' — d ') 

cos A' cos H r 

and, then, in the triangle 31 ZS we shall have given the angle Z 
with the sides 90° — 1 q and 90° — H v whence the side MS — d x 
will he found by the formula [Sph. Trig. (17)], 

sin 2 i d, = cos 2 } (h, + JP,) — cos h, cos U, cos 2 i Z 
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To simplify the computation, put 


m = * (A' -f W + d') 

then the last formula, after substituting the value of Z , becomes, 


sin 2 i d x — eos 2 £ (h x -|- 2f x ) — cos _ cos m cos (wi — d') 

cos A' cos JP ' 

Let the auxiliary angle Jf be determined by the equation 


s - n 2 jj cos \ cos H l cos m cos (m — d') 

cos A' cos JP cos 2 £ (Ai -f J2i) 

then we have 51 " 


(448) 


sin * d, = cos } (A x -f- jBi) eos If (449) 


Finally, to reduce the distance from the point 0 to the centre 


Fig. 30. 


P 



s 


of the earth, let P (Fig. 30) he the north pole of 
the heavens, M x the moon’s place as seen from the 
point O y M the moon’s geocentric place, $ the 
sun’s place (which is sensibly the same for either 
point). The point 0 being in the axis of the 
celestial sphere, the points M l and M evidently lie 
in the same declination circle PM X M. Hence, 
putting 


d = the geocentric distance of the moon and sun = SM, 
d 1 = SM V 

S = the moon's geocentric declination = 90° — PM, 

— the declination reduced to the point 0=90°— PM V 
A = the sun’s declination = 90° — PS, 

we have, in the triangles PMS and M X MS, 

cos PMS = CQS — CQS (^ — ff) oos d sin A — sin 3 cos d 

sin (£j — <f) sin d cos 3 sin d 

We may put cos (8 l — §) = 1, and, therefore, 

_ ^ j sin — d') . 

cos d x — cos d = i (sin A — sin 3 eos d) 

cos d J 


* This transformation, of the formulae is due to Borda, description et usage du cercle 
de r (flexion. 
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and .since d - d ,s von small, we mat put cos 
Hin(r/ — (Q sin r/„ ancl hence, vciy neaily, 

d - d x = _ «nj» \ 

cos 8 \ hin d 1 tan d l ) 

Substituting the value ot <5, — 3 horn (122), 


A — cos d = 


d — A = A * si n 


Sill J 
sm d x 


&m i) 
tan d x 


(450) 


m which <p is the latitude of the observei, and loo- A maybe 
taken fiom the small table given on p 116 The coirection 
given by this equation being added to d v we have the geocentric 
distance d a< voiding to the ohseivation 

To hnd the longitude, we have now only to find the Gieen- 
wich mean time r J\ eoirespondiug to d, by Ait 66, and then 


L=T S> ~T 


(451 ) 


Example — In latitude 35° N and assumed longitude 150° IV , 
18f)b March 9, at the local mean time T — 5' 1 14 m 6“, the oh- 
scned altitudes of the lowei limbs and the obseived distance 
°1 the nearest limbs of the moon and sun weie as follows, col- 
lected loi onor of the sextant 


It" .= 52° 34' 0" II" = 8° 56' 23" d" = 44° 36' 58" 6 

The height of the baiometei was 29 5 inches, Attached therm 
60° F , Extern til therm 58° F 

1 shall put down neaily all the figuies of the computation, in 
order to compare it with that of the appioximatne method to be 
given m the next aiticle 

1st The appioximate Gieenvieh mean time is 5 h 14"* 6* q- Iff 
- 15* 14“ 6”, with which we take from the Amencan Ephemen-. 

s --- 16' 23" 1 = 60' 1" 9 8 = + 14° 19' 

#=16' 8" 0 P = 8" 6 J = — 4° 3' 

2d To find the appaient semichameters, we first take the 
augmentation of the moon’s semidiameter fiom Table XII., 
- 14" 0, and lienee find 


V = 16' 37" 1 
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Then to compute the conti action produced by iefi action we find 
fiom the lefiaction table, for the given observed altitudes, the 
conti actions of the vertical semidiameteis (Art 132), 

= 0" 4 aS = 9" 6 

‘With the approximate altitudes and distance of the centres we 
then proceed Tby (445), as follows 


d' =45° 10' 

log cosec d’ 

0 1493 

log cosec d* 

0149B 

h' = 52 

51 

log sec h' 

0 2190 



H' = 9 

12 


log sec W 

0 0056 

m = 53 

37 

log cos m 

9 7732 

log cos m 

9 7732 

m — II’ = 44 

25 

log sin ( m — H’) 

9 8450 



m — h! = 0 

46 


log sm (m — 

A') 8 1265 




9 9865 


8 0546 



log sin J q 

9 9933 

log sm l Q 

9 0273 




159° 56' 

Q = 

: 12° 14' 



log cos 2 q 

9 9456 

log cos 3 Q 

9 9800 



log As 

9 6021 

log AN 

0 9823 




9 5477 


0 9623 



As COS 2 q = 

0 "4 

AS cos 2 Q — 

= 9" 2 


Hence we have, by (446), 


d”= 44° 36' 58" 6 
s' — as cos’ q — 16 36 7 

S — aScos 2 Q= 15 58 8 

d'= 45 9 34 1 

3d To find the appai ent and true altitudes of the centi es. — The 
apparent altitudes of the centi es will be found by adding the 
contracted vertical semidiameteis to the observed altitudes of the 
limbs The apparent altitudes, however, need not be computed 
with extreme precision, piovicled that the differences between 
them and the true altitudes aie collect, foi it is mainly upon 
these differences that the diffeience between the appai ent and 
tine distance depends. 

The reduction of the moon’s horizontal parallax to the point 
0 for the latitude 35° is, by Table XHI , at: = 3" 9, and hence 
we have 


Tt x = 7Z — 1“ A7C = 60' 5" 8 

and the computation of the altitudes by (447) is as follows 
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h" = 52° 34' 0" 

if" 

= 8° 50' 23" 

Vert, semid. = 16 37 

Vei*t. semid. 

= 15 58 

h' = 52 50 37 

H' 

= 9 12 21 

Table II. r = 42 .7 

R 

= 5 33 .6 

h'—r = 52 49 54 .3 

H'—R 

= 9 6 47 .4 

log*, 3.55700 

log P 

0.9345 

log cos (h' — r) 9.78115 

log cos (IT — 

B) 9.9945 

3.33815 


0.9290 

TT.cos (h' — r) = 36' 18".5 P cos (S'- R) 

= 8".5 

h, = 53° 26' 12". 8 

if 

; = 9° 6' 55".9 

4th. ¥e now find tlie distance d x by (448) and (449), as follows: 

d' = 45° 9' 34". 1 



h' = 52 50 37 log sec 

0.2189683 


H'= 9 12 21 log sec 

0.0056300 


m = 53 36 16 .1 log cos 

9.7733154 


m — d r = 8 26 42 . log cos 

9.9952654 

* 

A, = 53 26 12 .8 log cos 

9.7750333 


H \ = 9 6 55 .9 log cos 

9.9944803 



2) 9.7626927 



9.8813464 


i (A, + pro = 31 16 34 .4 log cos 

9.9318007 

9.9318007 

log sin 

M 9.9495457 

log cos M 9.6583330 

Jd,= 22 54 9.2 


logsin 9.5901837 

d, = 45 48 18 .4 



5th. To find tlie geocentric 

distance, we have, by (450), 

for <p = 35°, 



log A 7.8249 

8 = + 14° 19' 

log 7z 3.5565 

A=- 

-43 

log sin <p 9.7586 



1.1400 


... 1.1400 

log sin A w8.8490 

log sin 

S 9.3932 

log cosee d x 0.1445 

log cot cL\ 9.9878 

rcO.1335 


nO.5210 

— 1".4 


— 3". 3 

d — d,= — 

4".7 


II 

° 48' 13".7 


6th. To find the Greenwich mean time corresponding to d. 

Vol. I.— 26 
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and lienee the longitude, according to Ait 60, ire find an ap~ 
proximate time (7) + t by simple interpolation, and then the 
required time T 0 = (T) + t + At, taking At from Table XX, 
with the arguments t and a Q (= inci ease of the logarithms m 
the Epliemeris m 3 /l ), as follows 
By the American Ephemens of 1856 foi March 9, we hare 

(7) = 15* 0™ 0 s (tf)=45° 40' 54" $=0 2510 aQ = + 17 

d = 45 48 13 7 

t = 0 18 4 7 13 7 log = 2 6432 

At = — 1 log t = 2 8912 

7, = 15 13 3 

7 = 5 14 6 

7 = 9 58 57 

B — The Aj>p oximative Method 

249 I shall here give my own method (first published in the 
Astronomical Journal, Yol II), as it yet appeals to me to he 
the shortest and most simple of the approximative methods 
when these are rendered sufficiently accurate by the mti oduction of all 
the necessary corrections Its value must he decided by the im- 
portance attached to a precise result There are briefer methods 
to he found m every woik on Navigation, which will (and should) 
he preferred m cabes wlieie only a lude approximation to the 
longitude is requii ed 
A& before, let 

h! t H r = the apparent altitudes of the con ties of the moon 
and sun, 

d" = the obseived distance of the limbs, 

5, S = then geocentnc semi diameters, 

?r , P — their equatorial honzontal parallaxes, 

s' = the moon’s seimdiametei, augmented by Table 
XII , 

7 ^ = the moon's parallax, augmented by Table XIII 

We shall here also hist reduce the distance to the point O of 
Ait 97. The conti actions of the semi diameters pioduced by 
iefraction will be at first disregarded, and a connection on that 
account will he subsequently investigated If then in Fig* 29, 
p. 394 , Jf' and S' denote the appaient places, Jfand$ the places 
reduced to the point O, we shall here have 
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d' = d" zt s'±S — M'S', 


hi = 90° — ZM’, 
K = 90° — ZM, 


'A = JLfS, 
jBT' = 90° — ZS', 

H x = 90° — ZS, 

and the two triangles give 

eos Z = 008 <h — 8i u -gi _ cos d' — sin hi sin S' 
cos A, cos ff 1 cos A' cos E' 

from which, if we put 

Bin \ sin H, „ _ cos \ cos if, 


m = 1 L ji 

sin h! sin jEP 


cos b! cos JE f 


we derive 

eos d ' — cos <2 X — (1 — n) cos d' + (n — m) sin A' sin 

Put 

Ad = d x —&' Ah = \ — h! H x 

then we have 

cos <Z' — cos d x = 2 sin J- a< 7 sin (£' -f- l^<7) 
cos (7i/-f a/&) cos (S r — All) 


and 


0O 

tfc) 

to 


cos h' 


cos J2' 


/ 2 sin £ a/i sin (h r -f- J a A) 

\ / 1 2siniA-ZTsin(IF— JaJBT)| 

\ cos hf 

) X \ 1+ cos E' ) 

2 sin J Ah sin (hf + i a h) 

2 sin i AjZZ sin(jEZ' — J aH ) 

cos A' 

eos2P 


4 sin 1 a A sin 1 a /I sin (A ' -j- AaA) sin (if' — jag) 
cos A' cos jET' 


Also 


sin A' cos A, sin if' c os E, — cos A' sin A, eos E’ sin H, 
n — rn— sin A' cos hi sin if' eos ff' 

substituting in which the values 

2 sin A' cos A, = sin (2 A' -f- aA ) — sin aA 
2 cos A' sin A, = sin (2 A' +- aA) 

1 -r-rw T 7 


we find 


sin a h 
sin a£ 

S' sin H x = Sin (2 S' - aJ?) - 


job li Bin i • 

2 sin H' cos If, = sin (2 if ' — a -H) -f sin iff 

. /n TTf a ZX\ oin A H 

2 cos 


n —m 


sin AiTsin(2 A' 4- nA) — sin n AsinfSir aJ?) 
2 sin A' eos A' sin W' eos j?' 
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Substituting (c), (cl), and (e) m (a), and at tlic same time, foi 
brevity, putting 

2 sin l sin (N -f l &h) 
cos h' 


A = 


B.= 


4 = 


D, 


sin aA sm (2 H r — aH) 

2 cos 7i' cos if' 

2 smUgsin (if' — Ug) 

COS if' 

sm a if sm (2 7f -|~ a h) 


2 cos A' cos if' 

we have 

2 sm jAdsin(£'-f Hr7)==A 1 cosi'-f^ 1 -fC y 1 cosi / -f A — A& cosi' (/) 

This formula is ligoiously exact, bat, since a d is always less 
than 1°, it will not produce an enor of 0" 1 to substitute the ai cs 
i Ja h, &c tor then sines, or J a d sm 1", J a h sm 1", &c for 
sin Ja i, sin Ja/*, &c ; and theiefore we may write 

Ad sm (i'+ 1 Ai) = JjCOsd'+A + ^i cosi'+A — jlAsm l"oosd' (</) 

m which A v B v C v B v now have the following signification 

a h 


A = 
4 = 
A = 


77 sm ( h ! 4- i a h) 
cos A' v 

Ah sm (2 if' — a if) 

2 cos if' 

- sm (if' — ^Aif) 


cos A' 
Air 


COS if 

Aif sm(2A' + aA) 
cos if' 2 cos 7t' 


The next step in our transformation consists m finding eon- 
venient and at the same time sufficiently accurate expressions 
of aA and aH. Let 

r, It = the true refractions for the apparent altitudes A' and 
then we have, within less than 0".l, 
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If we neglect r in tlie term tz^cos (A' — r), tlie error in this term 
will never exceed 1" ; but even this error will be avoided by 
taking the approximate expression 

cos (A/ — r) = cos A' + sin r sin A' 
and we shall then have 


a7i == 7 r x cos A' — r + sin r sin A' 


= (7r t cos A' — 



tt 1 sin r sin K 
7T t cos A' — r 


Since the second term of the second factor produces but 1" 
in a A, we may employ for it an approximate value, which will 
still give aA with great precision. Denoting this term by A, we 
have 


or, very nearly, 


If we put 


^ 7Tj sin r sin 7i/ sin r t an A ; 

wj cos A' — r i r 

7r x cos h' 

A = sin r tan A' ( 1 -4 7 L— ] 

\ ttx cos 7r j 

r == a cot A', 


in which a has the value given in Table II., we have 


A = a sin l"(l H - ) 

\ 7t 1 sin N 7 

Row, a increases with A/, but in such a ratio that A remains very 
nearly constant for a constant value of 7r r We may without 
sensible error take tt 1 — 57' 30" = 3450", which is about the 
mean value of tt v and we shall find for a mean state of the air, 
by the values of a given in Table II., 


for A'= 5° A = 0.000291 

K f = 45 A = 0.000286 

h’= 90 A = 0.000285 


Hence, if we take 

k = 0.00029 

the formula 

aA = (ttj cos A' — r) (1 + A) 


(452) 


will give aA within bs whole amount, that is, within less 

than 0".02 in a mean state of the air. For extreme variations 
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of the density of tlie air, it is possible that the refraction mar 
be increased by its one-sixth part, and k will also be increased 
y its one-sixth part. But, as the term depending on k is not 
moie t an 1", the error in a /(, even in the improbable case 
supposed, will not be greater than 0".16. The formula (452) 

may therefore be regarded as practically exact with the value 
k = 0.00029. 

A stiiet computation of the sun’s or a planet’s altitude requires 
the formula 

a 11= R — P cos (jp _ jj) 
but P is in all cases so small that the formula 


= R — P cob S' 


( 453 ! 


will always be correct within a very small fraction of a second- 
blow, let 


r' = 


cosh’ 


R’ 


R 


eosJff' 


(454) 


The quantities r' and R' computed from the mean values of the 
refraction are given in Table XIV. under the name “Mean 
Reduced Refraction for Lnnars.” The numbers of the table 
are corrected for the height of the barometer and thermometer 
by means of Table XIV .A and B. These tables are computed 
10 m essel s lefraetion table, assuming the attached ther- 
mometer of the barometer, and the external thermometer, to 
indicate the same temperature, which is allowable in our present 
problem. By the introduction of r’ and R', we obtain 


Ah 
cos h 


7 — On — r 1 ) (1 -f k) 


aJT 


cos JI’ 


: JR'—P 


and the coefficients of formula (y) become 


rallelt^ukilg (Art 0 T) er ’ ^ ^ Utm ° St rig ° r > ifc oaa be done 


r’ = 


a(3*y* 


sin h' 


R’z = 




sin. H ' 


r>“c^' andXrV ‘ A aDd B g " e tie “ — t second in all 
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A x = 

( r i — 

?') (1 -f- A) sm ( h f l a A) 

Pi = 

— (*i — 

,') cl + *) 

^ ; 2 eos jff' 

<h = 

-(■»'- 

• P) sin (JF — j aP) 

A = 

(■«'- 

sin (2 h! + aA) 

; 2 cos A' 


The term A x C x sm 1 " cos d! is very small, its maximum being 
only 1" It is easy to obtain an appioximate expression foi it 
and to combine it with the teim J^costf' In so small a teim 
we may take 

C Y sm 1"= — JR' sm 1" sin H r = — sin R tan H f = — A 
and hence 
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so that if we put 

x 

or, within 0".15, 
we hare 


Ad 3 sin 1" cos (d'-f- |Atg) 
2 sin d' 


x = — jA(i J sin 1" cotd' 

Ai = A' 4- B' + C' -f D' + X 


(457) 

(458) 

The terms A', B', C, and JD' are computed directly from the 
apparent distance and altitudes by (456), and with sufficient 
accuracy with four-figure logarithms. The logarithms of A, B, C, JD, 
are given in Table XV ., log A and log I) with the arguments 

jTl ~ an< ^ an( l log C with the arguments It ' — P 

and H'. In the construction of this table a h and aJT are com- 
puted by (452) and (453), and then the logarithms of A, B, C, JD, 
by (455). ’ ’ ’ ’ 

The sum A'+ B' -f C’ + ID' is called the “first correction of the 
distance,” and, being very nearly equal to a d, is used as the argu- 
ment of Table XVI., which gives x, or the “ second correction 
of the distance,” computed by (457). When £ is greater than 30" 
and the distance small, it will be necessary to enter this table a 
second time with the more correct value of a d found by em- 
ploying the first value of cc. 

The correction a d being thus found and added to d', we have 
d v or the distance reduced to the point 0. The reduction to the 
centre of the earth is then made by (450). This reduction is 
siso facilitated by a table. If we put 


and then 


N: 


■ — Ak 


1 sin A 

sin 8 \ 

\sin d t 

tan d x ) 


sin 8 



sin A 
sin d x 


we shall have 

(459) 

and a and 6 can be taken from Table XIX. where « is called “the 
first part of N, ’ and b “the second part of N.” We then have 

d — d 1 = JV sin <p (460) 

Which is the correction to be added to d, to obtain the geocentric 
istaiice d. Table XIX. is computed with the mean value oi 
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jr = 57' 30", which will not produce more than 1" erroi m 
d — ^ in any case But, if we wish to compute the con eetion 
foi the actual parallax, we shall have, after finding JN by the 
table, 

<2 — ^ = A sm X ^^7 (460*) 

7t being m seconds 

The trouble of finding the declinations of the bodies and the 
use of Table XIX would be saved if the Almanac contained the 
logarithm of N m connection with the lunar Ephemens The 
value of log N m the Almanac would, of couise, be computed 
with the actual parallax, and (460) would be perfect!} exact 
We have yet to introduce corrections foi the elliptical figure 
of the discs of the moon and sun produced by lefiaction These 
collections are obtained by Tables XYII and X YHI , which are 
constructed upon the following piinciples Let 

A s v aS 1 = the contiactions of the vertical semidiameters, 
as, aS = the contractions of the inclined semidiameters, 

then we have (Art 133) 


AS = a $ 1 cos 2 q 


A S = A S, cos 2 Q 


where q = the angle ZM'S' (Fig 29) and Q = ZS'3P We 
have 

sin H r — sm h f cos d f 

cos q = 


But, by (456), 

sin J5P 
cos ft! sm d' 

so that 


B* 


cos hf sm d' 

sm h’ cos d r 


A f 


’ — r') cos h r cos ft! sm d f A (~ — r ! ) cos ft! 


cos 


_ 1 
s — V A " l ” B ) (it, — r') cos N 


rf we put A = 1 and 2 = 1, which are approximate values, we 
shall have 

A'+ B’ 

(461 j 


AS 


r a '+ b ' r 
= AS 'L(“i — r'j cos //J 
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In order to ascertain the degree of accuracy of this formula, 
we observe that the errors in cos q produced by the assumption 
A = 1, B = 1, are 


e = (A~ 1) 


tan ft 
tan d' 

the errors in cos 2 q are 




sin H f 
cos ft sin d f 


2 e cos q 2e r cos q 

and the errors in a 5 are, therefore, 


2as x (A — 1) tan ft cos q f 2a«, (1 — B) sin H* cos q 

tan df 1 cos ft sin d r 


In order to represent extreme cases, let us suppose q — 0 and 
H*= 90 °, which will give e l and e/ their greatest values; then 
we shall find for the different values of h f the following errors; 


b! 

qtaa d' 

e x ' sin d 

5° 

0".45 

O".02 

10 

.16 

.00 

15 

.08 

.00 

30 

.02 

.00 

50 

.00 

.00 


It can only be for very small values of d r that the error e x can be 
important, even for A'= 5° ; and, as these small values of the 
distance are always avoided in practice, our formula (461) may 
be considered quite perfect. 

In the same manner, we shall find 


A S= A/S, 


C'+D' 

_CB'—P) cos H r \ 


(462} 


which is even more accurate than (461). 

These formulae are put into tables as follows. 
Table XVILA, with the arguments ft and tt, 
value of ] 


For the moon, 
— gives the 




(~! — r f y cos 2 ft 


X/ 


where/ is an arbitrary factor (= 18000000) employed to meo 
convenient integral values. Then Table XVII. B, with th/argu^ 
merits 9 and A’ + gives S 
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A* = (A' 4- By X j 

For the sun, Table XYIII.A, with, the arguments H' and E' — E, 
gives the value of 


A^ 

in which _F= -Jr; and Table XVIII.B gives 

ajDv 

a S = (C’+ D'yx? 

tr- 
ill these tables A* + B r is called the “whole correction of the 
moon,” and C /J rD f the “whole correction of the sun;” As 
these quantities are furnished by the previous computation of 
the true distance, the required corrections are taken from the 
tables without any additional computation. 

The values of as and aS are applied to the distance as follows : 
when the limb of the moon nearest to the star or planet is 
observed, a s is to be subtracted, and when the farthest limb is 
observed, a s is to he added ; when the sun is observed, both a s 
and a S are to be subtracted from d. 

In strictness, these corrections should he applied to the dis- 
tance d f , and the distance thus corrected should be employed in 
computing the values of A f , JS', 6", and D r . This would 
require a repetition of the computation after as and A/S had been 
found by a first computation ; but this repetition will rarefy 
change the result by 0".5. In the extreme and improbable case 
when the distance is only 20° and one body is at the altitude 5° 
and the other directly above it in the same vertical circle (so that 
the entire contraction of the vertical semidiameter comes into 
account), such a repetition would change the result only 1".8; 
and even this error is much less than the probable error of 
sextant observations at this small altitude, where the sun and 
moon already cease to present perfectly defined discs. 

250. I shall now recapitulate the steps of this method. 

1st. The local mean time of the observation being T, and the 
assumed longitude take from the Ephemeris, tor the approxb 
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mate Greenwich time T + L, the quantities s, S, x, P, S, and d. 
(For the sun we may always take P= 8". 5-, for a star, S=0, 
P = 0.) ’ 

2d. If h n , EC", d” denote the observed altitudes and distance 
of the limbs, find 


s' = s + correction of Table XII ., 

*1=*+ correction of Table XIII., 

and the apparent altitudes and distance of the centres, 

A' = A" s', H'=E"qz8, d '=d"±s'±S 

nppei signs for upper and nearest limbs, lower signs for lower 
and farthest limbs. 

^ Foi the altitudes h' and H’, take the “reduced refractions” 
r and E' from Table XIV., correcting them by Table XTV.A 

an foi the barometer and thermometer. Then compute the 
quantities 


— T r ) A sin. A' cot d’ 
B’=- (-, — O £ sin S’ cosec d’ 


C' = —(R'—P ) C&mH'eotd' 
R'= (JR' — P) D sin h' cosec d' 


for which the logarithms of A, B,-C, and D are taken from 
table XV. In this table the argument x x — r' is called the 
u reduced P aranax and refraction of the moon,” and IV — P the 
reduced refraction and parallax of the sun (or planet) or star.” 
r or a star this argument is simply JR'. 

When d'j> 90°, the signs of A' and V will be reversed. It 
may be convenient for the computer to determine the signs by 
referring to the following table : 



A’ 


a\ 


P< 90° 
<P> 90° 

+ 

. 

4- 

+ 

+ J 


3d The terms A' and B>, which depend upon the moon’s 

be the irst and second parts 

“ „ “V “"'“‘■on, and the cam A’ + B> the “ whole cor- 

: . 01 1, 0 m " 01 ;- 1,1 ltk <> meaner, V end D' may he called 

the tot and second parts of the sen's, planet's, or star's com*. 
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tion r and the sum C f -f- D f the “whole correction of the sun, 
planet, or star.’’ 

The sum of these corrections = A' + J5' + G f + D r may be 
called the “ first correction of the distance/’ Taking it as the 
upper argument in Table XVI., find the second correction = x, 
the sign of which is indicated in the table. 

4th. Take from Table XVII. A and B the contraction of its 
inclined semidiameter — a. 9. If the sun is the other body, take 
also the contraction from Table XVIII.A and B, = &S. The 
sign of either of these corrections will he positive when the 
farthest limb is observed, and negative when the nearest limb is 
observed. 

5th. The correction for the compression of the earth is = 
N sin <p y <p being the latitude ; and N may be accurately com- 
puted by the formula 

V sin d x tan ! 

or it may be found within 1" by Table XIX., the mode of con- 
sulting which is evident. The sign of If sin <p will he determined 
by the signs of iVand sin <p, remembering that for south latitudes 
sin f is negative. 

All the corrections being applied to d', we have the geocen- 
tric distance d; and hence the corresponding Greenwich time 
and the longitude. 

Example. — L et us take the example of the preceding article 
(p. 399), in which the observation gives 

1856, March 9th, <j> = 36°. 

T = b u 14“ 6 s 2 h" =52° 34' 0" Barom. 29.5 in. 
Assumed L =10 0 0 Q.ff"= 8 56 23 Therm. 58° P. 

Approx. Gr. T. = 15 14 6 Di © d" =44 36 58.6 

By the Ephemeris, we have 

s = 16' 23". 1 7 r=60 , r , .9 S = 16' 8".0 P= 8".6 

Table XII. -f 14 .0 Tab. XIII. + 3 .9 S = + 14° A = — 4° 
s' = 16 37.1 *,= 60 5.8 

The computation may be arranged as follows : 
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= 52° 34'.0 

£)//" = 8° 56'.4 

d"=44° 36' 58". 0 

«' = + 16.6 

S =-• 16.1 

s' = 16 37 .1 

A' = 52 50.6 

7/‘ = 9 12.5 

£ = 16 8 .0 

= 45 9 43 .7 

Table XIV. 1' 18". 1 

5' 49". 6 


“ “A. — 1 . 

— 6 . 


“ “ B. _ 1 . 

— 6 . 


r'— 111.1 

JZ' = 5 37 .6 


ir l= 60 5 .8 

J 3 = 8 .6 


— r' = 58 54 . 7 

R—P — 5 29.0 


(Table XV. ) log A 0. 0019 

(Table XV.) log O 9.9978 


log (tTj — r') 3.5484 

log (R - P) 2.5172 


log sin A' 9.9015 

log sia IV 9.2042 


log cot d' 9.9975 

log cot d' 9.9975 


log A' 3.4493 

log O' nl.7167 


A'= -f- 46'53".9 

O' = — 52". 1 


(Table XV.) log B 9.9981 

(Table XV.) log D 9.9987 


log (ttj — r') 3.5484 

log OB'— P) 2.5172 


log sin 77' 9.2042 

log sin h! 9.9015 


log cosec 7' 0.1493 

log cosec d' 0.1493 


log B' n2.9000 

log O' 2.5067 


23’ = — 18' 14''. 3 

25'= 4- 6' 8". 7 


33 39 .6 

O' -f 5 16 .6 1st corr. = -f 38' 56".2 


Table XIX. 1 st. Part of N= - 
2d “ “ — . 

v=- 


- 6 " 
. o 


-8. o=35°. 


(Table XVI.) 2d corr. = 
(Table XVII.) As = 

(Table XVIII.) aS= 

N" sin 0 ~ 


13 .5 
0 . 

9 . 

4 .a 
<2= 45 48 12~78 


This result agrees with that found by the rigorous method oil 
p. 401, within 1". 

To find the longitude, we now have, by the American Ephe- 
meris for March 9, 


(7) = 15* O m 0* (tf) = 45° 40' 54" §=0.2510 J§=-|-17 

d = 45 48 13 

7 19 log = 2.6425 

* = 0 !3 3 log£= 2.8935 

Table XX. — 1 

7„ = 15 13 2 

T = 5 14 6 


L = 9 58 56 
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251. In consequence of the neglect of the fractions of a second 
In several partsof theabove method, it is possible that Ihe computed 
distance may be in error several seconds, but it is easily seen 
that the error from this cause will be most sensible in cases 
where the distance is small ; and, since the lunar distances are 
given in the Eplicmeris for a number of objects, the observer 
can rarely be obliged to employ a small distance. If he confines 
himself to distances greater than 45° (as he may readily do), the 
method will rarely be in error so much as 2", especially if he 
also avoids altitudes less than 10°. When we rem ember that 
the least count of the sextant reading is 10", and that to the 
probable error of observation we must add the errors of gradua- 
tion, of eccentricity, and of the index correction, it must be con- 
ceded that we cannot hope to reduce the probable error of an 
observed distance below 5", if indeed we can reduce it below 
10". Our approximate method is, therefore, for all practical 
purposes, a perfect method, in relation to our present means of 
observation. 

252. If the altitudes have not been observed, they may be 
computed from the hour angles and declinations of the bodies, 
the hour angles being found from the local time and the right 
ascensions. But the declination and right ascension of the moon 
will be taken from the Epliemeris for the approximate Green- 
wich time found with the assumed longitude. If*, then, the assumed 
longitude is greatly in error, a repetition of the computation may 
be necessary, starting from the Greenwich time furnished by the 
first. As a practical rule, we may he satisfied with the first 
computation when the error in the assumed longitude is not 
more than 30 s . In the determination of the longitude of a fixed 
point on land, it will be advisable to omit the observation of the 
altitudes, as thereby the observer gains time to multiply the 
observations of the distance. But at sea, where an immediate 
result is required with the least expenditure of figures, the alti- 
tudes should be observed. 

253. At sea, the observation is noted by a chronometer regu- 
lated to Greenwich time, and the most direct employment of the 
resulting Greenwich time will then he to determine the true 
correction of the chronometer. This proceeding has the advan- 
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tage of not lecpming an exact detei mmation of the local time at 
the instant of the observation 

Foi example, suppose the observation m the example above 
computed had been noted by a Greenwich mean tune chrono- 
meter which gave 15 7t lO 1 0 9 , and was supposed to be slow 4 m 0" 
The tiue Gieenwich time according to the lunar observation 
was 15 A 13 w * 0 s , and hence the true collection was -f- 0" With 

this collection we may at any convenient time aftei wards deter- 
mine the longitude by the chronometer (Ait 214) 

In this way the navigator maj fiom time to time dm mg a 
voyage detei mine the collection of tlic chi onometei, and, by 
taking the mean of all his results, obtain a very reliable correc- 
tion to be used when approaching the land He may even 
determine the rate of the chionometer with considerable ami- 
iacy by comparing the mean of a number of observations m 
the first paid of the voyage with a similai mean m the latter 
part of it 

254 To correct the longitude found by a lunar distance for crro?s 
of the Ep heme ns — In i elation to the degree of accuracy of the 
obseivation, we may m the piesent state of theEphemeiis legal d 
all its enors as insensible except those which affect the moon’s 
place If, theiefore, the longitude of a fixed point has been 
found by a lunai distance on a certain date, the connections of 
the moons light ascension and declination aie first to be found 
foi that date fiom the obsenations at one or more of the prin- 
cipal observatories, and then the coneetion of the longitude will 
be found as follows Let 

a, 5 = the right ascension and declination of the moon given 
m the Ephemei is foi the date of the observation, 

Aj J = those of the sun, planet, or star, 

Sa, dd= the corrections of the moon’s right ascension and 
decimation, 

dd = the corresponding correction of the lunar distance, 
dL = fd C ° lresp0ndm £ corroctlon of the computed longi- 

Id Fig 30, 31 and 5 being the geocentric places of the two 

° ies ’ o lven m the Ephemeras, and d denoting the distance 
MS, we have 

cos d = Sin 3 Sin 3 -f eos 3 cos d cos (o — A) 


(463) 
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by differentiating winch we find 


If then 
we shall have 


Xsj cos ^ COS A Bin (a — 

' : Sat, 

sin d 

cos d sin A — sin tfeoe A cos fa — A) 
sin J 

V — tlie change of distance in 3% 


(464) 


SZ = — dd X | (465) 

m computing which we employ the pi oportional logarithm of the 
Ephemens, § = log -,i educed to the time of the observation 

Example —At the time of the observation computed m Ait 
250, we have 

Moon, » = 2* 11™ 14* 

Sun, A = 23 22 25 
a — At = 2 49 19 
= 42° 19' 8 

with which we find, by (464), 

Sd = 0 908 da -|- 0 350 <31 
and hence, by (4G5), with log Q = 0 2511, 


1 = -f 14° 18' 4 
•4= — 4 3 1 

d — 45 48 2 


th = — 1 62 da — 0 62 11 

Suppose then we find fiom the Greenwich observations da = 
— 0* 38 = — 5" 7 and dd = — 4" 0, the correction of the longi- 
tude above found will be 0 


SL = -f 11* 7 

255 To find, the longitude by a lunar distance not given m the 
Ephemens The regular lunar-distance stars mentioned in Art 
247 are selected nearly m the moon’s path, and are therefore m 
geneial most favorable for the accurate deteimination of the 
Greenwich time. Nevertheless, it may occasionally be found 
expedient to employ other stars, not too far fiom the ecliptic 
Sometimes, too, a different star may have been observed by 
mistake, and it may be important to make use of the observation. 

Vot I — 27 
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The true distance d is to he found fiom tlic obseivcd distance 
l)j the preceding methods, as m any other case. let the local 
time of the observation be T \ and the assumed longitude X 
Take fiom the Ephemens the moon’s right ascension a and de- 
cimation d for the Greenwich time T -f- X, and also the star’s 
light ascension A and decimation J , with which the eonespond- 
mg tme distance is found by the formula 

cos d Q — sm 8 sm A -)- cos 6 cos J cos (a — A) 

Then, if d = rf 0 , the assumed longitude is coirect, if otherwise, 
put 

X = the increase of a m one minute of mean time, 
fi = the increase of d “ “ « « 

r = the increase of d “ « « « 

then we have, by (464), 


cos S cos A sm (a — A') 3 cos 8 sin A — sm 8 eos A cos (a — A) r 
sm J ' ; ^ 


sin d n 


and hence the correction of the assumed longitude m seconds 
of time, 

For computation by logarithms, these foimulae may he ar- 
ranged as follows 

. -nr tan A 
tan M 

COS (a — A) 

CO sd 0 = ^Aj^ V-M) 

si M 




cos 8 cos A sin (a — A) 


(466) 


sin d n 


+ P cot d 0 tan ( d — M) 


aT _ 60 (d — dj 

r 


Example.— Suppose an observei has measuied the distance 
of the moon fiom Arcturus, at the local mean time 1856 Mareh 
16, T = 10 & 30“ 0 s , in the assumed longitude L = 6 A 0“ O’, and, 
reducing his obseivation, finds the true distance 

d = 73° 55' 10" 
what is the true longitude ? 
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For the Greenwich time T + L = 16 fe 30^ we find 

a = 8* 47 m 6*.54 d = -f 23° 12' 7" 1 X = + 31".40 

-4= 14 9 7.04 J = +19 55 44.8 8.62 

a — aL = — 5* 22™ 0.50 == — 80° 30' 7".5 

with which we find by (466), 

d 0 = 73° 55' 85". y = — 25".59 

d—d 0 = — 25" dL = -f- 58* .6 

and therefore the longitude is & l 0 m 58’.6. 

256. In order to eliminate as far as possible any constant 
errors of the instrument used in measuring the distance, we 
should observe distances from star’s both east and west of the 
moon. If the index correction of the sextant is in error, the 
errors produced in the computed Greenwich time, and conse- 
quently in the longitude, will have different signs for the two 
observations, and will be very nearly equal numerically: they will 
therefore be nearly eliminated in the mean. If, moreover, the 
distances are nearly equal, the eccentricity of the sextant will 
have nearly the same effect upon each distance, and will there- 
fore be eliminated at the same time with the index error. Since 
even the best sextants are liable to an error of eccentricity of as 
much as 20", according to the confession of the most skilful 
makers, and this error is not readily determined, it is important 
to eliminate it in this manner whenever practicable. If a circle 
of reflexion is employed which is read off by two opposite 
verniers, the eccentricity is eliminated from each observation ; 
but even with such an instrument the same method of observa- 
tion should be followed, in order to eliminate other constant 
errors. 

It has been stated by some writers that by observing distances 
of stars on opposite sides of the moon we also eliminate a con- 
stant error of observation , such, for example, as arises from a 
faulty habit of the observer in making the contact of the moon s 
limb with the star. This, however, is a mistake; for if the 
habit of the observer is to make the contact too close , that is, to 
bring the reflected image of the moon’s limb somewhat over 
the star, the effect will be to increase a distance on one side of 
the moon while it diminishes that on the opposite side, and the 
effect upon the deduced Greenwich time will be the same in 
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both cases. This will he evident from the following diagram, 

(Pig. 31). Suppose a and b 
are the two stars, M the 
moon’s limb. If the observer 
* judges a contact to exist when 
the star appears within the 
moon’s disc as at e, the distance 
ac is too small and the distance 
be too great. But, supposing the moon to he moving in the direc- 
tion from a to b, each distance will give too early a Greenwich 
time, for each will give the time when the moon’s limb was 
actually at c. 

If, however, we observe the sun in both positions, this hind 
of error, if really constant, will be eliminated; for, tjie moon's 
bright limb being always turned towards the sun, the error will 
increase both distances, and will produce errors of opposite sign 
in the Greenwich time. Hence, if a series of lunar distances 
from the sun has been observed, it will he advisable to form two 
distinct means, one, of all the results obtained from increasing 
distances, the other, of all those obtained from decreasing dis- 
tances: the mean of these means will be nearly or quite free 
from a constant error of observation, and also from constant in- 
strumental errors. 



FINDING THE LONGITUDE AT SEA. 

chronometers. This method is nowin almost universal 

Ti f ° rm Under wMch k is a PPliecl at sea differs verv 
slightly from that given in Art. 214. The correction of the 
c ronometer on the time of the first meridian (that of Green- 
2 ai ?° ng American and English navigators) is found at any 
dailv ° n f ltude f knowu > an d at the same lime also its 

be n/d d 18 1 ° \ e f aWished wit]l a11 P 08 sil>le care. The rate 

GrcfnmVh * “ fOT tr ° m ,laj ' t0 voyage, the 

f“» * kD0W "' before St any 

« ob8 “’ I »- 

orlomateLlriT; s “f ,b ° ara is found from an altitude 

horizon (Irt , « f C i,° b8e " 8<1 witl1 tie fro™ tl.o sea 

th» li by S amnhr P T i0 ",° f h ° m ' ” 

directly with the Greenwich 1 ?°‘‘ 1 1 t "“ e ' 8 '■ornptired 

me given by the chronometer at 



A'l 1 SEA. 


421 


the instant of the observation. The data from the Ephemeris 
required in computing the local time are taken for the Greenwich 
time given by the chronometer. 

Example. — A ship being about to sail from Yew York, the 
master determined the correction on Greenwich time and the 
rate of his chronometer by observations on two dates, as follows: 

1860 April 22, at Greenwich noon, chron. correction = -f S’* 10*.0 
“ “ 30 , “ “ “ « == + 8 43 .6 

Eate in 8 days = -f- 33 .6 

Daily rate = -f 4.2 

On May 18 following, about 7 A 30 m A.M., the ship being in lati- 
tude 41° 33' Y., three altitudes of the sun’s lower limb were 
observed from the sea horizon as below. The correction of the 
chronometer on that day is found from the correction on April 30 
by adding the rate for 18 days. (It will not usually be worth 
while to regal'd the fraction of a day in computing the total rate 
at sea.) The record of the observation and the whole computa- 
tion may be arranged as follows : 


1800 May 18. 0 = 41° 33' 




Chronometer 9 A 37™ 21*. 

0 29° 40' 10" 

Barom. 30.32 *». 

« 37 53. 

n 

46 0 

Therm; 59° F. 

“ 38 20. 

a 

50 50 


Mean = 9 37 51 .3 

Mean = 29 45 40 


Correction = + 4 59 .2 

Index corr. = — 

1 10 


Gr. date — May 17, 21 42 50.5 

Dip = — 

4 2 


for which time we take from the 

29~ 

40 28 


Ephemeris the quantities 

Semid. = + 

15 50 


0’s 6 = 19° 38' 39" 

Refraction == — 

1 42 


Semidiameter = 15' 50" 

Parallax = -\- 

8 


Equation of time = — 3™ 49'. 8 

h =~29 

54 44 



$ = 41 

33 0 

sec 0.12588 


P= 70 

21 21 

cosec 0.02604 


5—70 

54 33 

cos 9.51464 


5 — h =40 

59 49 

sin 9.81692 




9.48348 

Apparent time = 7 A 

32 m 6*. 3 

sin 9.74174 

Eq. of time = — 

3 49.8 


Local mean time = 19 

28 16.5 


Gr. 

u it _ 

42 50.5 



Longitude = 2 14 34 = 33° 38 .5 W. 


In this observation, the sun was near the prime vertical, a posi- 
tion most favorable to accuracy (Art. 149). 
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The method by equal altitudes may" also he used for finding 
the time at sea in low latitudes, as in Arts. 158, 159. 


258. In order that the longitude thus found shall he worthy 
of confidence, the greatest care must he bestowed upon the 
determination of the rate. As a single chronometer might 
deviate very greatly without being distrusted by the navigator, 
it is well to have at least three chronometers, and to take the 
mean of the longitudes which they severally give in every case. 

But, whatever care may have been taken in determining the 
rate on shore, the sea rate will generally be found to differ from 
it more or less, as the instrument is affected by the motion of the 
ship ; and, since a cause which accelerates *or retards one chro- 
nometer may produce the same effect upon the others, the agree- 
ment of even three chronometers is not an absolutely certain 
proof of their correctness. The sea rate may be found by 
determining the chronometer correction at two ports whose 
difference of longitude is well known, although the absolute 
longitudes of both ports may be somewhat uncertain. For this 
purpose, a “ Table of Chronometric Differences of Longitude” is 
given in Rapee’s Practice of Navigation , the use of which is 
illustrated in the following example. 

Example. — At St. Helena, May 2, the correction of a chro- 
nometer on the local time was — 0* 2S m 10 s . 3. At the Cape of 
Good Hope, May 17, the correction on the local time was 
+ l h 1 28 s . 6 ; what was the sea rate ? 

V e have 


Corr. at St. Helena, May 2d — — 0* 23 ™ 10\3 
Chron. diff. of long, from Baper = _|~ 1 36 45 . 

Corr. for Cape of G. H., May 2d — _[_ l 13 34 .7 

“ “ “ “ 17 th = - 4 - 1 14 28 .6 

Bate in 15 days = _|_ 53 .9 

Daily sea rate = _l 3 ,59 


-59. By lunar distances. Chronometers, however perfectly 
made, are hable to derangement, and cannot be implicitly relied 
a v _°J a g e - The method of lunar distances (Arts. 
' 1S > tterefore > employed as an occasional check upon the 

chroncraetm even where the latter are used for finding the 
u e 10 m a,j to day "When there is no chronometer ou 
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"board, the method of lunar distances is the only regularly avail- 
able method for finding the longitude at sea, at once sufficiently 
accurate and sufficiently simple. 

As a check upon the chronometer, the result of a lunar distance 
is used, ns in Art. 253. 

In long voyages an assiduous observer may determine the sea 
rates of his chronometers with considerable precision. For this 
purpose, it is expedient to combine observations taken at various 
times during a lunation in such a manner as to eliminate as far 
as possible constant errors of the sextant and of the observer (Art. 
256). Suppose distances of tlie sun are employed exclusively, 
Let two chronometer corrections be found from two nearly equal 
distances measured oh opposite sides of the sun on two different 
dates, in the first and second half of the lunation respectively. 
The mean of these corrections will be the correction for the 
mean date, very nearly free from constant instrumental and 
personal errors. In like manner, any number of pairs of equal, 
or nearly equal, distances may be combined, and a mean chro- 
nometer correction determined for a mean date from all the 
observations of the. lunation. The sea rate will be found by 
comparing two corrections thus determined in two different 
lunations. This method has been successfully applied in voyages 
between England and India. 

260. By the eclipses of Jupiter’s satellites.— An observed eclipse 
of one of Jupiter’s satellites furnishes immediately the Green- 
wich time without any computation (Art. 225.) But the eclipse 
is not sufficiently instantaneous to give great accuracy; for, with 
the ordinary spy-glass with which the eclipse may be observed 
on board ship, the time of the disappearance of the satellite may 
precede the true time of total eclipse by even a whole minute. 
The time of disappearance will also vary with the clearness of 
the atmosphere. Since, however, the same causes which accele- 
rate the disappearance will retard the reappearance, if both 
phenomena are observed on the same evening under nearly the 
same atmospheric conditions, the mean of the two resulting 
longitudes will he nearly correct. Still, the method has not the 
advantage possessed by lunar distances of being almost always 
available at times suited to the convenience of the navigator. 

261. By the moon's altitude . — This method, as given in Art. 243, 
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may be used at sea in low latitudes ; but, on account of the 
unavoidable inaccuracy of an altitude observed from the sea 
orizon, it is even less accurate than the method of the preceding 
article, and always far inferior to the method of lunar distances, 
although on shore it is one which admits of a high degree of 
precision when carried out as in Art. 245. 

262. By occullations of stars by the moon — This method, which 
wilL be treated of m tbe chapter on eclipses, may be successfully 
used at sea, as the disappearance of a star behind the moon’s 
limb may he observed with a common spy-glass at sea with 
nearly as great a degree of precision as on shore ; but, on account 
o e ength of tbe preliminary computations as well as of the 
subsequent reduction of the observation, it is seldom that a 
navigator would think of resorting to it as a substitute for the 
convenient method of lunar distances. 


CHAPTER VIII. 

FINDING A SHIPS PLACE AT SEA BY CIRCLES OF POSITION. 

m n'i & f ? e , FeC€ding two eka P tera we have treated of 
methods of finding the position of a point on the earth’s surface 
by the two co-ordinates latitude and longitude ; and therefore in all 
ese methods the required position is determined by the inter- 

r ° + r1 e n 5 ° ne a Pai ' allel 0f latitlule and the other a 
d a fl In the * following method it is determined by circles 

f f £ £ f* Pf a els of ^titude and the meridians. The prin- 

2 mt 1 lm - er ieS tlie meth0d has 0ften been applied; lit its 

Capt Tho metll ° d WaS &St Clea ^ *«wn ^ 

SUa( ° r a ^ otLei ’ ^jeet) be observed 

GheenS t Q g n ° ted a tonometer regulated to 
Greenwich tune. Suppos e tliatattliis Greenwich time the sun 

10/3 eh “ rt: Hyclpt“ Thomas ll h pr ° feCtion on Merca ' 
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is vertical to an observer at the point M of the globe (Fig 32). 
Let a small circle AA r A tr be described on 
the globe from M as a pole, with a polar dis- Pig * 32, 

tance MA equal to the zenith distance, or 
complement of the observed altitude, of the 
sun. It is evident that at all places within 
this circle an observer would at the given 
time observe a smaller zenith distance, and 
at all places without this circle a greater 
zenith distance ; and therefore the observa- 
tion fully determines the observer to be on 
the circumference of the small circle AA'A /r . If, then, the 
navigator can project this small circle upon an artificial globe or 
a chart, the knowledge that he is upon this circle loill be just as valuable 
to him in enabling him to avoid dangers as the knowledge of either his 
latitude alone or his longitude alone; since one of the latter elements 
only determines a point to be in a certain circle, without fixing 
upon any particular point of that circle. 

The small circle of the globe described from the projection ol 
the celestial object as a pole we shall call a circle of position. 

264. To find the place on the globe at which the sun is vertical (or the 
sun's projection on the globe) at a given Greemoich time . — The sun’s 
hour angle from the Greenwich meridian is the Greenwich 
apparent time. The diurnal motion of the earth brings the sun 
into the zenith of all the places whose latitude is just equal to 
the sun’s declination. Hence the required projection of the 
sun is a place whose longitude (reckoned westward from Green- 
wich from 0^ to 24 A ) is equal to the Greenwich apparent time, 
and whose latitude is equal to the sun’s declination at that time. 

265. From an altitude of the sun taken at a given Greemoich time , 
to find the circle of position of the observer , by projection on an artificial 
globe . — Find the Greenwich apparent time and the sun’s declina- 
tion, and put down on the globe the sun’s projection by the 
preceding article. From this point as a pole, describe a small 
circle with a circular radius equal to the true zenith distance 
deduced from the observation. This will be the required circle 
of position. 

266. The preceding problem may be extended to any celestial 
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objec' The pole of the cncle of position will always be the 
place whose west longitude is the Gieenwich horn angle of the 
object (reckoned fiom 0* to 24 7t ) and whose latitude is the decli- 
nation of the object The houi angle is found by Art 54 


267 To find both the latitude and the longitude of a ship by circles of 
position pi ojeeted on an artificial globe — Fast Take the altitudes 
of two diffeient objects at the same time by the Gieenwich 
chionometei Put down on the globe, by the piecedmg problem, 
then two ciicles of position The obseivei, being m the cncum- 
feience of each of these ciicles, must be at one of then two points 
of mtei section, which of the two, he can generally determine 
fiom an approximate knowledge of his position 

Second Let the same object be observed at two diffei ent times, 
and pioject a circle of position for each Then mtei section 
gives the position of the ship as before If between the obseiva- 
tions the ship has moved, the first altitude must be 1 educed to 
the second place of obseivation by applvmg the coirection of 
Art 209, formula (380) The piojection then gives the ship’s 
position at the second observation 


Fig 33 


L" 


268 From an altitude of a celestial body taken at a given Greenwich 
time, to find the circle of position of the obseivei , by jyrojection on a 
Mercator chart — The scale upon which the laigest aitificial globes 
aie constiucted is much smallei than that of the woikmg chaits 
used by navigators But on the Meicatoi chart a cncle of 
position will be distoited, and can only 
be laid down by points Let L , L f , L ff 
(Fig 33) be any paiallels of latitude 
crossed by the required cncle Foi each 
of these latitudes, with the true altitude 
found fiom the observation and the polar 
distance of the celestial body taken for 
the Gieenwich time, compute the local 
time, and hence the longitude, “by chio-* 
nometer” (Art 257) Let l, V , V r be the 
longitudes thus found Let A, A', A" be the points whose 
latitudes and longitudes are, respectively, L, l , 17, V , L", l n , 
these are evidently points of the required cncle The ship is 
consequently m the curve AA'A", traced through these 



points, 
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In practice it is generally sufficient to lay down only twc 
points ; for, the approximate position of the ship being known, 
ii B and L ai e two latitudes between which the ship may ho 
assumed to be, her position is known to be on the curve A A ' 
somewhere between A and A'. When the difference between 
L and L' is small, the arc AA' -will appear on the chart as a 
straight line. 

269. To find the la titude and longitude of ct ship by circles of position 
projected on a Mercator chart.— First. Let the altitudes of two 
objects be taken at the same time. Assume two latitudes em- 
bracing between them the ship’s probable position, and find two 
points of each of their two circles of position by the preceding 
problem, and project these points on the chart. Each pair of 
points being joined by a straight line, 
the intersection of the two lines is 
very nearly the ship’s position. Thus, 
if one object gives the points A, A' 

(Fig. 34) corresponding to the lati- 
tudes L, L', and the other object the 
points B, B' corresponding to the same latitudes, the ship's 
position is the point C, the intersection of AA' and BJB’. 

It is, of course, not essential that the same latitudes should be 
used in computing the points of the two circles * but it is more 
convenient, and saves some logarithms. 

If greater accuracy is desired, the circles may be more fully 
laid down by three or more points of each. 

Second . — The altitude of the same object may be taken at two 
different times, and the circles laid down as before ; the usual 
reduction of the first altitude being applied when the ship changes 
her position between the observations. 

It is evident from the nature of the above projection that the 
most favorable case for the accurate determination of the inter- 
section C is that in which the circles of position intersect at right 
angles. Hence the two objects observed, or the two positions 
of the same object, should, if possible, differ about 90° in azimuth. 
This agrees with the results of the analytical discussion of the 
method of finding the latitude by two altitudes, Art. 183. 

If the chronometer does not give the true Greenwich time, the 
only effect of the error will be to shift the* point C towards the 
oast or the west, without changing its latitude, unless the error u 


Fig. 34. 
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so great as to affect sensibly the declination which is taken from 
the Ephemeris for the time given by the chronometer. This method 
is, therefore, a convenient substitute for the usual method of find- 
ing the latitude at sea by two altitudes, a projection on the sailing 
chart being always sufficient for the purposes of the navigator. 

Instead of reducing the first altitude for the change of the ship’s 
position between the observations, we may put down the circle 
of position for each observation and afterwards shift one of them 
Fig 35 by a quantity due to the ship’s run. 

-g Aj a' Thus, let the first observation give the 

/ j position line A A' (Fig. 35), and let Aa 

represent, in direction and length, the 
Fsy l ship’s course and distance sailed bc- 

a tween the observations. Draw aa' 

parallel to AA Then, BB ' being the position line by the 
second observation, its intersection C with aa' is the required 
position of the ship at the second observation. 

270. If the latitude is desired by computation, independently 
of the projection, it is readily found as follows. Let 

l v l 2 = the longitudes (of A and B) found from the first and 
second altitudes respectively with the latitude L , 

Z/,Z 2 ' = the longitudes (of A r and B r ) found from the same 
altitudes with the latitude L 
L 0 = the latitude of C. 


From Fig. 34 we have, by the similarity of the triangles ABO 
and A'B'Cy 

ll—lft Zj — Z 2 — B'G : BG 

whence 

W — K) + (h—k) : 1,-1,= BB'z BG=L'—Jj : X 0 —Z 


L 0 =Z + 


(L'-Z) (Z, — Z 2 ) 

W-iD + (h-K) 


(467) 


This formula reduces Sumner’s method of “ double altitudes” 
to that given long ago by Lalande (. Astronomic , Aid. 39f>2, and 
Abrege de Navigation , p. 68). The distinctive feature of Sumner’s 
process, however, is that a single altitude taken at any time is 
made available for dfeterminhig a line of the globe on which the 
ship is situated. 
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271. To find the azimuth of the sun by a position line projected on 
the chart— Let AA f (Fig. 86) be a position line on 
the chart, derived from an observed altitude by 
Art. 268. At any point C of this line draw CM 
perpendicular to AAj and let ACS be the meri- 
dian passing through C ; then SCM is evidently 
the sun’s azimuth. The line CM is, of course, 
drawn on that side of the meridian NS upon ^ 
which the sun was known to be at the time of 

the observation. 

The solution is but approximate, since AA f should be a cuije 
line, and the azimuth of the normal CM would be diffei ent or 
different points of AA f . It is, however, quite accurate enough 
for the purpose of determining the variation of the compass a 
sea, which is the only practical application of this problem. 


Eig. 36. 

jst 



CHAPTER IX. 

TEE MERIDIAN LINE AND VARIATION OF THE COMPASS. 

272. The meridian line is the intersection of the plane of the 
meridian with the plane of the horizon. Some of the most use- 
ful methods of finding the direction of this line will here be 
briefly treated of; but the full discussion of the subject belongs 

to geodesy. 

278. By the meridian passage oj a star.- If the precise instant 
when a star arrives at its greatest altitude could he accurately 

distinguished, the direction of the star at that instant referred 

fo the horizon, would give the direction ot ' ’ “T^thi s me’thS 

the altitude varies so slowly near the mendia 
only serves to give a first approximation. 

274. By shadows. — A good approximation may he made as 
follows Plant a stake upon a level piece of ground, and give it 
fvS.1 portion by hwwb of a plan* line. Eccnbe one or 
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more eoneentnc circles on tlic giomul fiom the foot of the stake 
as a centre At the two instants before and aftei noon when the 
shadow of the stake extends to the same cncle, the azimuths of 
the shadow east and west aie equal The points of the cncle at 
which the shadow teimmates at these instants being maiked, let 
the included aic be bisected , the point of bisection and the centre 
of the stake then deteimme the mendian line Theoretically, a 
small conection should be made foi the sun’s change of declina- 
tion, but it would he quite supeifluous in this method 


275 By single altitudes —With an altitude and azimuth mstiu- 
ment, obseive the altitude of a stai at the instant of its passage 
ovei the middle veitical thiead (at any time), and read the 
horizontal cncle Coirect the observed altitude foi lefiaction 
Then, if 

h = the tiue altitude, 

<p = the latitude of the place of observation, 
p — the stai’s polar distance, 

A — the star’s azimuth, 

A! = the reading of the honzontal circle, 


we have, fiom the tuangle formed by the zenith, the pole, and 
the star, 


m which 


tan 2 £ A 


sm ( s — g) sin (s — h ) 
cos s cos (s — p) 


(468) 


$ = £ (yp + h + p) 


In this formula the latitude may he taken with the positive sign, 
whethei north or south, and p is then to be xeckoned from the 
elevated pole , consequently, also, A will be the azimuth xeckoned 
fiom the elevated pole 

It is evident that m older to bung the telescope into the plane 
of the mendian we have only to levolve the nistiument through 
the angle A, and therefore eitliei A' + A or A f — A, according 
to the dnection of the giaduations of the circle, will be the 
leading of the horizontal cncle when the telescope is m the 
meridian 

The same method can be followed when the azimuth is ob- 
served with a compass and the altitude is measured with a sex- 
tant , and then A r — A is the variation of the compass 
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276. From the lirst equation of (50), <p and d being constant, 
we have 


cos h tan q 

and therefore an error in the observed altitude will have the 
least effect upon the computed azimuth, when tail q is a maxi- 
mum ; ths^t is, when the star is on the prime vertical. There- 
fore, in the practice of the preceding method the star should be 
as far from the meridian as possible. 

277. By equal altitudes of a star.— Observe the azimuth of a star 
with an altitude and azimuth instrument, or a compass, when at 
the same altitude east and west of the meridian. The mean of 
the two readings of the instrument is the reading when its 
sight line is in the direction of the meridian. This is the 
niethod of Article 274, rendered accurate by the introduction 
of proper instruments for observing both the altitude and the 
azimuth. 

278. If equal altitudes of the sun are employed, a correction 
for the change of the sun’s declination is necessary, since equal 
azimuths will no longer correspond to equal altitudes. Let 

A! — the east azimuth at the first observation, 

A — “ west “ u second “ 
d = the declination at noon, 

Ad = the increase of declination from the first to the second 
observation, 

then, by (1), we have, h being the altitude in each ease, 

s ; n (g _ $ a<5) = sin <p sin A — cos 0 cos A cos A' 
sin (8 + i ai5) = sin <p sin A — cos <p cos A cos A 


tlie difference of which gives 

2 cos & sin i aS = 2 cos <p cos A sin i (-4 -j- -4') s > n i (-^ -^0 

whence, since aS is hut a few minutes, we have, with sufficient 


accuracy, 


A — A' = 


a3 cos $ 


cos (p eos h sin J. 


(469) 
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It will be necessary to note the times of the two observations 
in order to find a<J. If we take half the elapsed time as the 
hour angle t of the western observation, we shall have, instead 
of (469), the more convenient* formula 

A-A' = — (470) 

cos <p sin t 

It will not be necessary to know the exact value of A, if only 
the same instrumental altitude is employed at both observations. 

Now let Aj and A l be the readings of the horizontal circle at 
the two observations, then the readings corresponding to equal 
azimuths are 

Aj and A x — (A — A') 

and, consequently, the reading for the meridian is the mean of 
these, or 

J(A'+ AJ-UA-A’) 

That is, the reading for the meridian is the mean of the ob- 
served readings diminished by one-half the correction (470). 
We here suppose the graduations to proceed from 0° to 360°, 
and from left to right. 

279. By the angular distance of the sun from any terrestrial object — 
If the true azimuth of any object in view is known, the direction 
of the meridian is, of course, known also. The following method 
can be carried out with the sextant alone. Measure the angular 
distance of the sun’s limb from any well-defined point of a 
distant terrestrial object, and note the time by a chronometer. 
Measure also the angular height of the terrestrial point above 
the horizontal plane. The correction of the chronometer being 
known, deduce the local apparent time, or the sun’s hour angle t 
(Art. 54), and then with the sun’s declination d and the latitude <p 
compute the true altitude A and azimuth A of the sun by the 
formulae (16), or 

; tan<S , . tantcosdf ,, a 

tan M = , tan A = , t an A = cot ( <p — M ) cos A (471) 

cost * si n(<p — M) 

Now, let 0, Tig. 37, be the apparent position of the terrestrial 
point, projected upon the celestial sphere; S the apparent place 
of the sun, Z the zenith, P the pole ; and put 
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D =z the apparent angular distance of the 
sun’s centre from the terrestrial point 
= the observed distance increased by 
the sun’s semidiameter, 

JT— the apparent altitude of the point, 

A' = the sun’s apparent altitude, 
a = the difference of the azimuth of the 
sun and the point, 

A' = the azimuth of the point. 


Fig. 37. 



The apparent altitude h f will be deduced from the true altitude 
by adding the refraction and subtracting the parallax. Then in 
the triangle SZO we have given the three sides ZS = 90° — A', 
ZO — 90° — H, SO — D, and hence the angle SZO = a can be 
found by the formula 

sin (s — H) sin (■ $ — h ') 


tan 2 i a 


in which 
Then we have 


COS 5 cos (js — 
$ = $(&+ h'+D') 
A'=A ± a 


V) 


(472) 


(473) 


and the proper sign of a to be used in this equation must he 
determined by the position of the sun with respect to the object 
at the time of the observation. 

If the altitude of the sun is observed, we can dispense with 
the computation of (471), and compute A by the formula (468). 
The chronometer will not then be required, hut an approximate 
knowledge of the local time and the longitude is necessary in 
order to find 8 from the Ephemeris. 

If the terrestrial object is very remote, it will often suffice to 
regard its altitude as zero, and then we shall find that (472) 
reduces to 

tan i a — |/[tan \ (D -f h ') tan i (D — A')] (474) 

This method is frequently used in hydrographic surveying to 
determine the meridian line of the chart. 


Example.— From a certain point B in a survey the azimuth 
of a point 0 is required from the following observation : 


Chronometer time — 4 A 12 m 12' 
Chronom. correction = — 2 0 

Local mean time = 4 10 12 
Equation of time — — £ 

Local app. time, t = 4 6 1 .1 

Yol. I. — 28 


Altitude of C = II = 0° 30' 20* 
Distance of the nearest limb of the 
sun from the point C = 48° 17' 10" 
Semidiameter = 16 1 

D = 48 33 11 
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The sun’s declination was o = + 4° 16' 55", the latitude was 
if -= + 38° 58' 50" ; and hence, hy (471), we find 


A = 74° 86' 86" 


and, by (472), 


h = 24° 87' 58" 
Refraction and parallax = 1 54 

h! = 24 39 52 


a = 43° 35' 6" 


Now, the sun was on the right of the object, and hence 
A! — A. — a = 31° V 80" 

Therefore, a line drawn on the chart from B on the left of the 
line BC \ making with it the angle 31° V 30", will represent the 
meridian. 

280. By two measures of the distance of the sun from a terrestrial 
object . — In the practice of the preceding method with the sextant, 
it is not always practicable to measure the apparent altitude of 
the terrestrial object. We may then measure the distance of 
the sun from the object at two different times, and, first com- 
puting the altitude and azimuth of the sun at each observation, 
we may from these data compute the altitude of the object and 
the difference between its azimuth and that of the sun at either 
observation, by formulae entirely analogous to those employed 
in computing the latitude and time from two altitudes, Art. 178, 
(304), (305), (306), and (307). 

281. By the azimuth of a star at a given time . — When the time Is 
known, the azimuth of the star is found by (471): hence we 
have only to direct the telescope of an altitude and azimuth 
instrument to the star at any time, and then compare the read- 
ing of its horizontal circle with the computed azimuth. 

This method will be very accurate if a star near the pole is 
employed, since in that case an error in the time will produce a 
comparatively small error in the azimuth. It will be most accu- 
rate if the star is observed at its greatest elongation, as in the 
following article. 

282. By the greatest elongation of a circumsolar star . — At the 
instant of the greatest elongation we have, by Art. 1 8, 
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in which A ib the azimuth leckoxied from the elevated pole At 
this instant the stai’s azimuth reaches its maximum, and for a 
ceitain small interval of time appeals to be stationary, so that 
the obseivei has time to set his instrument accurately upon tha 
‘stai 

In 01 dei to he piepared for the observation, the time of the 
elongation must be (at least approximately) known The hour 
angle of the stai is found by the formula 

, tan (p 

cos t = 

tan d 

and fiom t and the stai’s right ascension the local time is found, 
Ait 55 

The pole star is piefened, on account of its extiemely slow 
motion 

If the latitude is unknown, the direction of the meridian may 
nevertheless he obtained by obseivmg the star at both its eastern 
and its western gieatest elongations The mean of the readings 
of the horizontal cncle at the two obseivations is the reading for 
the moiidian 

283 One of the most refined methods of determining the 
dnection of the mendian is that by which the transit instrument 
is adjusted, or by which its deviation from the plane of the 
meiidian is measuied, for which see Vol II 

284 At sea, the direction of the meridian, or the vanation of 
the compass, is found with sufficient accuracy by the giaphic 
process of Ait 271 
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CHAPTER X. 

ECLIPSES. 

285. The term eclipse , in astronomy, may Ibe applied to anj 
obscuration, total or partial, of the light of one celestial body by 
another. But the term solar eclipse' is usually confined to an 
eclipse of the sun. by the moon; while an eclipse of the sun by 
one of the inferior planets is called a transit of the planet. An 
eclipse of a star or a planet by the moon is called an oceidtation 
of the star or planet. A lunar eclipse is an eclipse of the moon 
by the earth. 

All these phenomena maybe computed upon the same geneml 
principles; and the investigation of solar eclipses, with which ve 
shall set out, will involve nearly every thing required in the 
other cases. 


SOLAR ECLIPSES. 

PREDICTION OF SOLAR ECLIPSES FOR THE EARTH GENERALLY. 

286. Bor the purposes of general prediction, and before enter- 
ing upon any precise computation, it is convenient to know the 
limits which determine the possibility of the occurrence of an 
eclipse for any part of the earth. These limits are determined 
in the following problem. 

287. To find whether near a given conjunction of the sun and moon , 
an eclipse of the sun ivill occur . — In order that an eclipse may occur, 

the moon must be near the ecliptic, and, 
therefore, near one of the nodes of her 
orbit. Let NS (Fig. 38) be the ecliptic, 2V 
the moon’s node, NM the moon’s orbit, S 
and M the centres of the sun and moon at 
the time of conjunction in longitude, so 
that MS is a part of a circle of latitude and is perpendicular to 
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NS , . Let S', M', be tlie centres of the sun and moon when at 
their least true distance, and put 

p = the moon’s latitude at conjunction = SM, ) 

1 = the inclination of the moon’s orbit to the ecliptic, 

A = the quotient of the moon’s motion in longitude divided 
by the sun’s, 

2 = the least true distance = S'M ' , 
y = the angle SMS'. 

We may regard NMS as a plane triangle ; and, drawing M'P 
perpendicular to NS, we find 

SS f — P tan y SP = A/3 tan y 

and hence 

S'P = p (A — 1) tan y M'P = P — A /3 tan r tan 1 

2* = /3 2 [(A — l) 2 tan 3 r + (1 — A tan I tan r ) 2 ] 

To find the value of y for which this expression becomes a mini- 
mum, we put its derivative taken relatively to y equal to zero, 
whence 

, A tan I 

tan y = 

(A — l) 2 -f- A 2 tan 2 1 

which substituted in the value of 2’ 2 reduces it to 

/3 2 (A — l) 2 
(A — l) 2 -f A 2 tan 2 1 

Tf then we assume I' such that 

i 

tan T = — - — tan I (475 j 

A — 1 

we have for the least true distance 

2 = cos I ’ (476) 

The apparent distance of the centres of the sun and moon as 
seen from the surface of tlie earth may be less than I by the 
difference of the horizontal parallaxes of the two bodies : so that 
if we put 

* = the moon’s horizontal parallax, 
x' = the sun’s “ “ 
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we have 

minimum apparent distance = 2 — (x — %') 

An eclipse will occur when this least apparent distance of the 
centres is less than the sum of the semidiameters of the bodies; 
and therefore, putting 

s — the moon's semidiameter, 
s' = the sun’s u 

we shall have, in case of eclipse, 

2 — ( 7 r — x') < s -)- s' 
or 

/5 cosZ' <( “ — x' *-}~ & — {- s' (477) 

This formula gives the required limit with great precision ; 
but, since 1 ' is small, its cosine does not vary much for different 
eclipses, and we may in most cases employ its mean value. We 
have, by observation, 



Greatest values. 

Least values. 

Mean values. 

I 

5° 20' 6" 

4° 57' 22" 

5° 8' 44" 

X 

61' 82" 

52' 50" 

57' 11" 

x' 

9 

8 

8.5 

S 

16 46 

14 24 

15 35 

s' 

16 18 

15 45 

16 1 

A 

16.19 

10.89 

13.5 


From the mean, values of I and A we find the mean value of 
sec I' = 1.00472, and the condition (477) becomes 

F< (" — + 5 + s') x 1.00472 

or 

— jc'+s-P s') X .00472 

where the small fractional term varies between 20" and §0". 

Taking its mean value, we have, with sufficient precision for all 
out very unusual cases, 


/? < r ~M + s' -f- 25' 


(478) 
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If ill this formula we substitute the greatest values of *r, s , 
and s', and the least value of 7 r', the limit 

P < 1° 34' 58" 

is the greatest limit of the moon’s latitude at the time of con- 
junction, for which an eclipse can occur. 

If in (478) we substitute the least values of 5 , and s' , and 

the greatest value of i z 7 , the limit 

p < 1° 28' 15" 

is the least limit of the moon’s latitude at the time of conjunc- 
tion for which an eclipse can fail to occur. 

Hence a solar eclipse is certain if at new moon ft < 1° 23' 15", 
impossible if /3> 1° 34' 53", and doubtful between these limits. For 
the doubtful cases we must apply (478), or for greater precision 
(477), using the actual values of >t, tt', s, s' , /, and I for the date. 

Example. — On July 18, 1860, the conjunction of the moon 
and sun in longitude occurs at 2 h 19”\2 Greenwich mean time: 
will an eclipse occur ? We find at this time, from the Ephemeris, 

p = 0° 83' 18". 6 

which, being within the limit 1° 23' 15", renders an eclipse cer- 
tain at this time. 

Having thus found that an eclipse will be visible in some part 
of the earth, we can proceed to the exact computation of the 
phenomenon. The method here adopted is a modified form of 
Bessel’s,* which is at once rigorous in theory and simple in 
practice. For the sake of clearness, I shall develop it in a series 
of problems. 

Fundamental Equations of the Theory of Eclipses. 

288. To investigate the condition of the beginning or ending of a solar 
eclipse at a given place on the earth's surface . — The observer sees the 
limbs of the sun and moon in apparent contact when he is situated 
in the surface of a cone which envelops and is in contact with 
the two bodies. We may have two such cones: 


* See Ast?'o?io?nische N’achrichte?i i Nos. 151, 152, and, for the fuU development of the 
method with the utmost rigor, Bessel’s Astronomixche Unter suchungen , Vol. II. 
Hansen’s development, based upon the same fundamental equations, but theoreti- 
cally less accurate, may also be consulted with advantage : it is given in Astronom. 
JWach., Nos. 389-342. 



440 


SOLAR ECLIPSES. 


First. The cone whose vertex falls between the sun and the 
moon, as at F, Fig. 39, and which is called the poiumbral cone. 
An observer at C, in one of the elements CB V of the cone, sees 
the points A and B of the limbs of the sun and moon in apparent 
exterior contact, which is either the first or the last contact; that 
is, either the beginning or the ending of the whole eclipse. 


Pig. 39. 



Fig. 40 . 



Second. The cone whose vertex is beyond the moon (in the 
direction of the earth), as at F, Fig. 40, and which is called the 
umbral cone, or cone of total shadow. An observer at C, in the 
e ement CVBA, sees the points A and B of the limlbs of the snn 
and moon in apparent interior contact, which is the beginning or 
the ending of annular eclipse in case the observer is farther 
*. e m ° on - * vertex of the cone (as in the figure), and 

" a h RP V S e ! ther tlie b 5 ian5n g or the ending of total eclipse in 
momi! h ° bserVer 18 between vertex of the cone and the 

to r 2Txi?jraof P ti SSed thmiSh tbe P° int ^s 

he cone, its intersection with the cone will 


fundamental equations. 
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be a circle (the sun and moon being regarded as spherical) whose 
radius, CD, we shall call the radius of the shadow (penumbrai or 
umbral) for that point. The condition of the occurrence of one 
of the above phases to an observer is, then, that the distance of 
the point of observation from the axis of the shadow is equal to the 
radius of the shadow for that point. The problems which follow 
will enable us to translate this condition into analytical language 

289. To find for any given time the position of the axis of the 
shadow .— The axis of the cone of shadow produced to the celes- 
tial sphere meets it in that point in which the sun would be 
projected upon the sphere by an observer at the centre of the 
moon. Let 0, Eig. 41, be the centre of 
the earth ; S , that of the sun ; if, that of 
the moon. The line MS produced to 
the infinite celestial sphere meets it in 
the common vanishing point of all lines 
parallel to MS; that is, in the point Z, in 
which the line OZ, drawn through the 
centre of the earth parallel to MS, meets 
the sphere. The position of the axis of 
the cone will be determined by the right 
ascension and declination of the point Z. 

In order to determine the point Z , let the positions of the sun 
and moon be expressed by rectangular co-ordinates (Art. 82), of 
which the axis of x is the straight line drawn through the centre 
of the earth and the equinoctial points, the axis of y the inter- 
section of the planes of the equator and solstitial colure, and 
the axis of 2 the axis of the equator. Let x be taken as positive 
towards the vernal equinox ; y as positive towards the point of 
the equator whose right ascension is 90° ; z as positive towards 
the north. 

Let 

a, r = the right ascension, declination, and distance from 
the centre of the earth, respectively, of the moon’s 
centre, 

a', d'j r f = the right ascension, declination, and distance from 
the centre of the earth, respectively, of the sun’s 
centre ; 

The co-ordinates z, y, z will be, by (41), 


Fig. 41. 
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Of the sun. Of the moon. 

T r COS S' COS a/ r COS d COS a 

r f cos S' sin a/ r cos $ sin a 

r' sin S' r s i n $ 

Now let another system of co-ordinates he taken parallel to the 
first, the centre of the moon being the origin. The position of 
the sun in this system will be determined by the right ascension 
and declination of the sun as seen from the moon ; that is, by 
the light ascension and declination of the point Z . 

If we put 

a, d = the right ascension and declination of the point Z, 

G = the distance of the centres of the sun and moon, 

the co-ordinates of the sun in the new system are 

G cos d cos d 
G cos d sin a 
G sin d 

But these co-ordinates are evidently equal respectively to the 
difference of the corresponding co-ordinates of the sun and moon 
in the first system ; so that we have 

& cos d cos a = r' cos S' cos »' — r cos S cos a 

G- cos d sin a = r' cos S' sin »' — r cos S sin a 

Gr sin d = r'sin S' — r sin S 

which fully determine a, d , and G in terms of quantities which 
may he derived from the Ephemeris for a given time. 

But, as a and d, differ but little from oJ and d ' , it is expedient 
to put these equations under the following form. (See the 
similar transformation, Art. 92.) 

G cos d sin (a — a') = — r cos 8 sin (a — a') 

G cos d cos (a — a') = r' cos S' — r cos 3 cos (a — a') 

G sin d — r ' sin S' — r sin S 


If these are divided by r', and we put 


they become 




b 


9 cos d sin (a — a') = — b cos d sin ( a — a') 

9 c °s d cos (a — a') =r eos S' — b cos d cos (a — a') 
g&nd - : sin S' — 1 sin 3 


( 479 ) 
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where the second members, besides the right ascensions and 
declinations, involve only the quantity b, which may be expressed 
in terms of the parallaxes as follows : 

Let 

iz zz= the moon’s equatorial horizontal parallax, 

7r'r= the sun’s u “ u 


r sin tf 

r f sin 7r 


then we have (Art. 89) 

If, further, 

7 r 0 = the sun’s mean horizontal parallax, 

and r f is expressed in terms of the sun’s mean distance from the 
earth, we have, as in (146), 


and hence 


, sin 7T 
sin ic = — r- - 
r' 

, sin tz. 


0 


r 3 sin 7 r 


(480) 


which is the most convenient form for computing />, because r f 
and t r are given in the Ephemeris, and tt 0 is a constant. 

290. The equations (479) are rigorously exact, but as b is only 
about and a — a/ at the time of an eclipse cannot exceed 
1° 43', a — a' is a small arc never exceeding 17", which may be 
found by a brief approximative process with great precision 
The quotient of the first equation divided by the second gives 

. , b cos see <5' sin (a — a) 

tan (a — a ) “ 

y 1 — b cos d sec S' cos (<* — a) 

where the denominator differs from unity by the small quantity 
b cos d sec d f cos (a — a') ; and, since d and d f are nearly equal, 
this small difference may he put equal to &, and we may then 
write the formula thus :* 


a — a! = COS d see (V (a 

1 — b 


o!) 


* Developing the formula for tan ( a — a') in series, we have 

, b cos A sec <T sin (a — a') cos 2 <5 sec 2 6' sin 2 (a — a') 


&c. 


sin 1" 2 sin 1" 

where the second term cannot exceed 0".04, and the third term is altogether inap 
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If we take cos (a — a') = 1 and cos (a — a/) = 1, we have, 
from the second and third of (479), 


g cos d = cos S' — b cos d 
g sin d — sin 3' — b sin <5 

whence 

g sin (d — S') = — b sin (3 — S') 
g cos (d — 3') — 1 — b cos (3 — S') 

from which follows 

tan (d-3') = - - b sin ^ ~ n 

1 — b cos (<J — S') 

or, nearly,* 

d — S' = — (8 — <$') 

1-b } 

From the above we also have, with sufficient precision for the 
subsequent application of g, the formula 

g = l-b 

The formulae which determine the point Z, together with the 
quantity G, will, therefore, be 


a = o' — - — - cos 3 sec S' (o — a') 

g = l-b, Gr = r'g 

and in many cases it will suffice to take the extremely simple 
forms 

a = a' — b (a — a') d — S' — b Q8 — S') 

-j91. To find the distance of a given place of observation from the 
ans of ike s hadow at a given time.— Lot the positions of the sun, 

preamble. The formula adopted in the text is the same as 



■ o cos d sec o' 


__ — ) (I — 

i cos S sec i'(o-o') - 65 cos S sec S’ (a— «') _ fee. 

ttetmir 8 ^ S€C , 5 ’r 7 ” the SeC ° nd ‘ Crm he I” 1 * «^ al to unity, differs from 

f rmui?furir 0 y * ^ ° f the third ° rder - The of the approximate 

lormuia is, therefore, something less than 0". 01. 

The error of this formula, as can he easily shown, will never exceed 0".088. 
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the moon, and the observer be referred by rectangular co-ordi- 
nates to three planes passing through tlic centre of the earth, of 
which the plane of xy shall always be at right angles to the axis 
of the shadow, and will here he called the principal plane of refer- 
ence. Let the plane of yz be the plane of the declination circle 
passing through the point Z. The plane 
of xz will, of course, he at right angles 
to the other two. 

The axis of z will then be the line OZ, 

Tig. 41, drawn through the centre of the 
earth parallel to the axis of the shadow, 
and will he reckoned as positive towards 
Z. The axis of y will be the intersection, 

0 Y, of the plane of the declination circle 
through Z with the principal plane, and 
will be taken as positive towards the 
north. The axis of x will he the intersection, OX, of the plai e 
of the equator with the principal plane, and will be taken us 
positive towards that point, X , whose right ascension is 90° + a. 
Let M' and S' be the true places of the moon and sun upon 
the celestial sphere, P the north pole ; then, if we put 

x,y, z = the co-ordinates of the moon, 
we have, hy (Art. 31), 

cc == r cos MX 
y =. r cos M 1 Y 
z = r cos M ! Z 

which, by the formulae of Spherical Trigonometry applied to the 
triangles M'PX, M'JP Y, 3PjPZ> become 

x — r cos £ sin (a — a) 

y =r [sin d cos d — cos <5 sin d cos (a — a ;)] 
z = r [sin d sin d cos d cos d cos (a — a)] 
or 

x = r cos d sin (a — a) 
y — f [sin — d ) cos 2 J (a — a) -f- sin -f~ P) s *n 2 i (a ^0] V (482*) 

Z = r [cos («5 — d') cos 2 J(a— a) — cos (£ + d) sin 2 l (a — a)] J 

and if the equatorial radius of the eartli is taken as the unit of 



Fig. 41 (Us), 
Z 
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r, x, y , 2 , we shall have the value of r, required in these equa- 
tions, by the formula 


sin7r 

The co-ordinates x and y of the sun in this system are the 
same as those of the moon, and the third co-ordinate is z + G; 
but the method of investigation which we are here following 
does not require their use. 
hTow let 

r} ) C = the co-ordinates of the place of observation, 

<p = the latitude of the place, 

<P f = the reduced latitude (Art. 81), 

p — the radius of the terrestrial spheroid for the lati- 
tude <p y 

P = the given sidereal time; 

then, if in Tig. 41 we had taken M for the place of observation, 
W would have been the geocentric zenith with the right ascen- 
sion fx and declination <p\ ancl, the distance of the place from the 
origin being p, we should have found 

£ = p cos (p f sin (jjl — a) 

V = 9 [sin <p' cos d — cos <p' sin d cos (jul — a)] > (483) 

* = P [sin <p ' sin d -|- cos <p' cos d cos Qjl — a)] J 

These equations, if we determine A and JB Toy the conditions 

A sin JB = p sin 9 ' 

A cos JB = p cos cos Qjl — a) 

may he computed under the form 

£ = p cos 9 ' sin (/4 — a ) 

71 = A sin (5 — d) 

C — A cos (Z? — d) 

The equations (482) might be similarly treated; but the most 
accurate form for their computation is (482*). 

The quantity a. — a is the hour angle of the point Z for the 
meridian of the given place. To facilitate its computation, it is 
coin ement to find first its value for the Greenwich meridian- 
Inus, it we put for any given Greenwich mean time T 

^ = the hour angle of the point Z at the Greenwich meridian, 
u> = the longitude of the given place, 




we have 
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11 — a = — co 

To find ft we have only to convert the Greenwich mean time T 
mto sidereal time and to subtract a. \ * 

By means of the formulae (482) and (488) the 'co-ordinates of 

mtrTf° n aU<1 ° f the place ° f observatiou can be accurately com- 
puted for any given time. Now, the co-ordinates x and y of the 

moon are also those of every point of the axis of the shadow: so 
that it we put 


J _ tlie distance of the place of observation from the axis 
of the. shadow, 

we have, evidently, 

^ ~ ( x £) s + (y — v) 2 (484) 

[Ihe co-ordinates z and £ have also been found, as they will be 
required hereafter.] 


292. The distance A may be determined under another form 
which we shall hereafter find useful. Let 31', 
h ig. 42, be the apparent position of the moon’s 
centre in the celestial sphere as seen from the 
place of observation ; P the north pole ; Z the 
point where the axis of the cone of shadow 
meets the sphere, as in Fig. 41 ; M v Q, the 
projections of the moon’s centre and of the 
place of observation, on the principal plane. 

The distance C{ 31 x is equal to A, and is the 
projection of the line joining the place of 
observation and the moon’s centre. The plane by which this 
line is projected con tains the axis of the cone of "’shadow, and 
its intersection with the celestial sphere is, therefore, a great 
circle which passes through Z, and of which Z3P is a portion. 
Hence it follows that C X 3I X makes the same angle with the axis 
of y that M'Z makes with PZ: so that if we draw C X N and 31 X P 
parallel to the axes of y and x respectively, and put 

<2 = PZM' = JVC \M X 


Fig. 42. 


Z 





we have, from the right triangle C\31 X .N, 

J sin Q = x — c ) 

A cos Q = y — rj j (48® 

the sum of the squares of which gives again the formula (484). 
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293. To find the radius of the shadow on the principal plane , or on 
any given plane parallel to the principal plane. — This radius is evi- 
dently equal to the distance of the vertex of the cone ol shadow 
from the given plane, multiplied by the tangent of the angle of 
the cone. . In Pigs. 39 and 40, p. 440, let EF he the radius of 
the shadow on the principal plane, CJD the radius on a paralh I 
plane drawn through C. Let 

_Zf = the apparent seniidiameter of the sun at its mean dis- 
tance, 

k = the ratio of the moon’s radius to the earth’s equatorial 
radius, 

/ = the angle of the cone — EVF ) 

0 — the distance of the vertex of the cone above the princi- 

pal plane = VF, 

C = the distance of the given parallel plane above the prin- 
cipal plane = DF, 

1 = the radius of the shadow on the principal plane = EF . , 

L =the radius of the shadow on the parallel plane -= CD. 

If th6 mean distance of the sun from the earth is taken 
unity, we have 

the earth’s radius = sin vr 0 , 

the moon’s radius — k sin7r 0 — MB, 

the sun’s radius]' = sin M = SA, 

and, remembering that G — r'g found by (481) is the distance 
MS, we easily deduce from the figures 


sin / = 


sin H ±zk sin 7r 0 
r'g 


(486) 


In which the upper sign corresponds to the penumbral and the 
lower to the umbral cone. 

The numerator of this expression involves only constant quan- 
tities. According to Bessel, if = 959". 788 ; Excise found 
tt 0 = 8".57116; and the value of k, found by Burckhardt from 
eclipses and occupations, is k — 0.27227 ;* whence we have 


log [sin H + A sin tt 0 ] = 7.6688083 for exterior contacts, 
log [sin H — Ji sin 7 r 0 ] = 7.6666913 for interior contacts. 

* The value of k here adopted is precisely that which the more recent investiga- 
tion of Oxjdemans ( Astron . 1 Vach., Vol. LI, p. 30) gives for eclipses of the sun. 
For occult ations, a slightly increased value seems to "be required. 
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Now, taking the earth’s equatorial radius as unity, we have 


and hence 


YM= 
MF = 


k 

sin / 

^ (Art. 291) 


c = z 


k 

sin / 


(487) 


the upper sign being used for the penumbra and the lower for 
the umbra. 

We have, then, 


l = c tan f = z tan f ± k sec / 
L=(c — Q tan / = l — - £ tan/ 



For the penumbral cone, c — £ is always positive, and there- 
fore L is positive also. 

For the umbral cone, e — £ is negative when the vertex of 
the cone falls below the plane of the observer, and in this case 
we have total eclipse : therefore for the case of total eclipse we 
shall have L = (c — £) tan /a negative quantity. It is usual to 
regard the radius of the shadow as a positive quantity, and 
therefore to change its sign for this case ; but the analytical dis- 
cussion of our equations will be more general if we preserve 
the negative sign of L as the characteristic of total eclipse. 

When the vertex of the umbral cone falls above the plane of 
the observer, L is positive, and we have the case of annular 
eclipse. 

For brevity we shall put 


i = tan / a 

l = ic l (489) 

L=l — X J 

294. The analytical expression of the condition of beginning or 
ending of eclipse is 

A = L 

or, by (484) and (489),. 

(x — ey + (y — Tif = (l — izy (490) 

It is convenient, however, to substitute the two equations 
(485) for this single one, after putting L for A , so that 


(l — iZ) sin Q = x — £ ) 

(l — iZ) cos Q = y — rj j ( 4 ^1) 


Vei. r.— 29 
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may be taken as the conditions which determine the beginning 
or ending of an eclipse at a given place. 

The equation (490), which is only expressed in a different form 
by (491), is to be regarded as the fundamental equation of the 
theory of eclipses. 

295. By Art. 292, so long as A is regarded as a positive quan- 
tity, Q is the position angle of the moon’s centre at the point Z ; 
and since the arc joining the point Z and the centre of the moon 
also passes through the centre of the sun, Q is the common 
position angle of both bodies. 

Again, since in the case of a contact of the limbs the arc 
joining the centres passes through the point of contact, Q 
will also be the position angle of this point when all three 
points — sun’s centre, moon’s centre, and point of contact — lie 
on the same side of Z. In the case of total eclipse, however, 
the point of contact and the moon’s centre evidently lie on 
opposite sides of the point Z; and if l — in (490) were a 
positive quantity, the angle Q which would satisfy these equa- 
tions would still be the position angle of the moon’s centre, but 
would differ 180° from the position angle of the point of con- 
tact. But, since we shall preserve the negative sign of l — if 
for total eclipse (Art. 298), (and thereby give Q values which 
differ 180° from those which follow from a positive value), the 
angle Q will in all eases be the position angle of the point of contact. 

290. The quantities a , d, x, y , ?, and i may be computed by 
the formulae (480), (481), (482), (486), (487), (488), for any given 
time at the first meridian, since they are all independent of the 
place of observation. In order to facilitate the application of 
the equations (490) and (491), it is therefore expedient to com- 
pute these general quantities for several equidistant instants 
preceding and following the time of conj unction of the sun and 
moon, and to arrange them in tables from which their values 
for any time may be readily found by interpolation. 

The quantities x and y do not vary uniformly ; and in order to 
obtain their values with accuracy from the tables for any time, 
we should employ the second and even the third differences in 
the interpolation. This is effected in the most simple manner 
by the following process. Let the times for which x and y have 
been computed he denoted by ZJ, — 2 A , T 0 V 1 , T 0 T 0 ~f~ l h , 
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Slues^f^andTf b T S 0ne W of mean time ; and let the 
' v ko iKS* theS V lmeS be denoted "b ya_ 2) &c., 

epoch'r fn . L ? the meaj L hourl J changes of a; and y from the 
P o any time 2 — U ~|— t he denoted by x' and y'. Then 
the values of a:' and y’ for the instants T 0 — 2* T —l h & c will 

(lifthrenoe ‘7 A“ ^ selieme > "’here /denotes the third 

diftei ence of the values of a: as found from the series r_,, x_ lf &c 

St to the f « rm in Art. 69, and the difference for the 
stant J 0 is found by the first formula of (77). The form for 
computing y f is the same. 


Time. 

a: 

a:' 

T 0 - 2* 

— 2 

tew 

o 

1 

} 

U-i* 


‘^0 % — 1 

u 


l(®i — a-0— 

T 0 +P 

“a 

«° u° 

1 1 

'-J'M 

T 0 + 2 h 



If then we require x and y for a time T=T 0 + r, we take 
1 y r from the table for this time, and we have 

x = oc 0 x't 

y — Vo + y't 

297. Example. — Compute the elements of the solar eclipse of 
July 18, 1860. F 

The mean Greenwich time of conjunction of the sun and 
moon in right ascension is July 18, 2* 8- 56*. The computation 
of the elements will therefore be made for the Greenwich hours 

1, 2, 3, 4, and 5. Tor these hours we take the following 
quantities from the American Ephemeris : 


For tie Moon. 


Greenwici mean 
time. 

a 

5 

7T 

July 18, O'- 

116° 44' 24". 30 

21° 52' 20".3 

59' 45".80 

1 

117 21 59 .10 

42 32 .8 

47 .13 

2 

117 59 30 .45 

32 36 .4 

48 .44 

3 

118 36 58 .35 

22 31 .2 

49 .72 

4 

119 14 22 .65 

12 17 .2 

50 .98 

5 

119 51 43 .35 

1 54 .6 

52 .22 j 
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For tii© Sun. 


Greenwich mean 
time. 

a' 

6' 

log r* 

July 18, 0 1 

117° 

59' 41".85 

20° 57' 56". 20 

0.0069675 

1 

118 

2 12 .50 

57 29 .42 

61 

2 

118 

4 43 .14 

57 2 .60 

47 

8 

118 

7 13 .77 

56 35 .75 

33 

, 4 

118 

9 44 .39 

56 8 .86 

19 

5 

118 

12 15 .00 

55 41 .94 

05 


The formulae to be employed will be here recapitulated, for 
convenient reference. 

I. For the elements of the point Z; 


, sm 7r rt 

b = — log s i n T = 5.61894 

r sm re 

, & 

a — a cos £ sec $' ( a — a') or, nearly, a = a! — b (» — <?'j 

d = “ d = d' — b($—d r ) 

9 = 1 — b 


II. The moon’s co-ordinates : 


sin 7T 

x = r cos a sin (a — a) 

y = r sin ( d — d) cos 2 £ (a — a) + r sin (S + d') sin 2 £ (a — a) 
z = r cos (<3 — d) cos 2 £ (a — a) — r cos (<S ~f d) sin 2 £ (a — a') 

HE. The angle of the cone of shadow and the radius of the 
shadow : 


For penumbra: ot exterior contacts. 
ain f — [7.668803] 

r'g 


For umbra : or interior contacts 

sin / — [7^66691] 

r’g 


k i 

c = z+-—, log k = 9.435000, c = z — 

sm / sin / 

i=ta11 / I i = tan f 

l=ie 7 
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IV. Tlie values of a , cl, x, y, log i, and l, will then be tabulated 
and the differences x' and y’ formed according to Art. 296. 

I give the computation for the three hours l 4 , 2 h , and B h , 
in extenso. 


I. Elements of the point Z. 



1* 

2* 

3* 

a — a' 

—0° 40' 13".40 

— 0° 5' 12". 69 

+■ 0° 29' 44". 58 

— d' 

+ 45 3 .38 

+■ 35 33 .80 

+ 25 55 .45 

log cosec 7r = log r 

1.7596999 

1.7595414 

1.7593865 

ar. co. log r' 
Constant log sin 7r 0 

9.9930339 

5.61894 

9.9930353 

9.9930367 

log b 

7.37167 

7.37152 

7.37136 

ar. co. log (1 — b) 

0.001023 

0.001023 

0.001022 

log cos 6 

9.96805 

9.96855 

9.96905 

log sec (V 

0.02973 

0.02970 

0.02968 

log U x _ a') 

?i3. 38263 

n2. 49511 

3.25154 

log (a — a') 

0.75310 

9.86590 

nO. 62265 

a — a/ 

+ 5". 66 

+ 0".73 

— 4". 19 

) 

7.37269 

7.37254 

7.37238 

log (6 — d') 

3.48191 

3.32915 

3.19185 

log (d — 6’) 

nO. 80460 

w0.70169 

nO. 56423 

d~d' 

00 

CO 

cb 

1 

— 5".03 

— 3". 67 

a 

118° 2' 18".16 

118° 4'43".87 

118° 7' 9". 58 

d 

20 57 23 .04 

20 56 57 .57 

20 56 32 .08 

log (1 — b) =logy 

9.998977 

9.998977 

9.998978 


II. Co-ordinates x, y, and z. 


a — a 
d — d 
6 -f d 
log sin (ct — a) 
log cos 6 

log r cos 6 sin (a — a) = log x 

x 

log cos 2 £ (a — a) 
log sin(<? — d) 
log (3) =log r sin (6 — rf)cos 2 £ f a — aS 
log sin 2 1 (a — a) 
log sin (3 -\-d) 
rog (4) =logr sin (d -|- d) sin 2 J (a — a) 


(3) + (4) y 

log cos (3 — d ) 
log(5) =logrcos(tf — d) cos 2 £(a — a) 
log cos 

log (6) ==logrcos((i -f ^)sin 2 A (a — a) 
log [(5) — (0)] = log 2 


—0° 40' 19". 06 

— 0° 5'13".42 

+ 45 9 .76 

+ 35 38 .83 

42 39 55 .84 

42 29 33 .97 

n8. 0692116 

n7.1817014 

9.9680502 

9.9685481 

«9.7969617 

«8.9097909 

— 0.626559 

—0.081244 

9.9999850 

9.9999998 

8.1184932 

8.0157434 

9.8781781 

9.7752846 

5.5363780 

3.7013394 

9.8310485 

9.8296235 

7.1271264 

5.3405043 

+0.755402 

+0.596053 

+0.001340 

+0.000022 

+0.756742 

+0.590075 

9.9999625 

9.9999766 

1.7596474 

1.7595178 

9.8664780 

0.8076822 

7.1025559 

5.3885630 

1.7590364 

1.7595176 


+0° 29' 48". 77 
4- 25 59 .12 

42 19 3 .28 
7.9381239 
9.9690490 
9.6665594 
0.464044 

9.9999920 

7.8784502 

9.6378287 

5.2741910 

9.8281695 

6.8617470 

+0.434329 

+0.000727 

+0.435056 


9.9999876 

1.7593661 

9.8688939 

6.9024714 

1.7590001 
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TTT Log i and l, for extenoi contacts [Constantlog — 7 668803] 


log r'g 

Const — log r'g = log sm / 
log sec f 
log k cosec / 
log [2 -j- k cosec /] = log c 
log tan / = log i 

log tc = log l 

l 


Log ^ and l foi mtenoi contacts 


Const — log r'g = log sm / 
log sec / 
log l cosec f 
log [2 — k cosec / ] = log c 
log tan. / = log 1 

log 1 c = log l 

l 


1 * 

2 ; * 

3* 

0 005948 

0 005942 

! 0 005941 

7 662860 

0 000005 

7 662861 

7 662862 

1 772140 

1 772139 

1 772138 

2 066963 

2 006904 

2 066826 

7 662865 

7 662866 

7 662867 

9 729828 

9 729770 

9 729693 

0 536819 

0 536747 

0 536652 

itacts [Constant log = 

= 7.66669: 

7 660748 

0 000005 

7 660749 

7 660750 

1 774252 

1 774251 

1 774250 

?i0 298985 

?i0 297413 

w0 301 919 

7 660758 

7 660754 

7 660755 

nl 954738 

nl 958167 

nl 962674 

—0 009010 

—0 009082 

-0 009176 


IV Tie computation "being made for the otliei hours in tn« 
same manner, the lesnlts aie collected in the following tables 



a 

d 

Exterior Contacts 

Intend Contacts 

l 

log % 

l 

log % 

O* 

117° 59' 52" 44 

20° 57' 48" 50 

0 536867 

7 662864 

— O 008960 

7 660752 

1 

118 2 18 16 

57 23 04 

0 536819 

65 

0 009010 

£3 

2 

4 43 87 

56 57 57 

0 536747 

66 

0 009082 

54 

3 

7 9 58 

56 32 08 

0 536652 

67 

O 009176 

55 

4 

9 35 27 

56 6 58 

0 53b5S3 

68 

0 009293 

56 

5 

12 0 95 

55 41 06 

0 536391 

69 

0 009434 

57 


1 

2 

3 

4 

5 

* 

*1 


*3 

y 

Ax 

A» 

A, 

417 

-flO 

420 

— 1 171856 

— 0 626559 

— 0 081244 

4 0 464044 

4 1 009245 

4- 1 554284 

4 0 545297 

0 545315 

0 545288 

0 545201 

0 545039 

4 18 

— 27 

— 87 
— 162 

—45 

—60 

-75 

4 0 917040 
'4 0 756742 
|4 0 596075 
4 0 435056 
14 0 273704 
!40 112039 

— 0 160298 

— 0 lb0667 

— 0 161019 

— 0 161352 

— 0 161655 

—369 
—352 
— 333 
— 313 


Fox the values of the hourly diffeiences of rand 3 /, we tuod 
from the above, by Ait 296, 
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x f 

log x' 

y* 

log y’ 

0* 

0.545306 

9.736640 

— 0.160483 

n9. 205429 

1 

0.545315 

648 

— 0. 100667 

5927 

II 

EH° 

0.545310 

644 

— 0.160846 

6410 

3 

0.545288 

626 

— 0.161019 

6877 

4 

0.545245 

592 

— 0.161186 

7327 

5 



0.545176 

537 

— 0.161345 

7756 


and for any given time T — T 0 + r, we have 


a? = — 0.081244 + x't 
y = -f 0.596075 + y'v 


} 


(492) 


Finally, to facilitate tlie computation of the hour angle 
ji -r- a = [i x — co (Art. 291), we prepare the values of for each 
of the Greenwich hours. Thus, for T = 1\ we have 


From the Ephemeris, July 18, 1860, 

Sid. time at mean noon = 7 h 46 m 4* .08 
Sid. equivalent of l 71, mean t. = 1 0 9 .86 

Greenwich sid. time = 8 46 18 .89 

“ “ “ in arc, = 181° 88' 28".35 

a = 118 2 18 .16 

/i 1 = 18 81 10 .19 

Thus we form the following table, to which is also added for 
future use the value of the logarithm of 


jj! = the hourly difference of in parts of the radius; 



H 

Hourly diff. 

0* 

358° 31' 8".0 


1 

13 31 10 .2 


2 

28 81 12 .8 

540 02". 15 

3 

43 31 14 .4 


4 

58 31 16 .6 


5 

73 31 18 .7 



log fi = log 54002". 15 sin 1" 
= 9.417986 


T proceed to consider the principal problems relating to the 
general prediction of eclipses, in which the preceding results 
will be applied. 
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Outline of the Shadow on the Surface of the Earth 

298. To find the outline of the moon's shadow upon the earth at a 
given time — This outline is the intersection of the cone of shadow 
with the earth’s surface , 01 , it is the curve on the surface of the 
earth from every point of which a contact of the sun’s and 
moon’s limbs may be observed at the given time. Let 

T= the given time reckoned at the first m endian, 

and let a, d, x, y ) l, and log i be taken from the general tables 
of the eclipse for this time. Then the co-ordinates ?, y, C m Y 
place at which a contact may he obseived at the given time must 
satisfy the conditions (491), 

(l — iZ) sm Q = x — £ 

(Z — if) cos Q = y — yj 
Let 

# = the hour angle of the point Z, 

<d = the west longitude of the place, 

then we have 

# = it — a — fj ± — (o 
ind the equations (483) become 
£ = p cos <f sin # 

7) = p sin cos d — p cos <p f sm d cos # 

C = p sm (f sm d -f p cos / cos d cos # 

The five equations m (493) and (494) involve the six variables 
6, g , £, <p\ and Q, any one of which may he assumed arbi- 
trarily (excluding, of course, assumed values that give impossible 
or imaginary results) , then for each assumed value of the arbi- 
trary quantity we shall have five equations, which fully deter- 
mine five unknown quantities, and thereby one point of the ie- 
quired curve I shall take Q as the arbitiary vaiiable 
In the present foim of the equations (494), they involve the 
unknown quantity />, which being dependent upon <p f cannot be 
determined until the lattei is found. This seems to involve the 
necessity of at first neglecting the compression of the earth, by 
putting p = 1, and after an appioximate value of <p' has been 
found, and thereby also the value of /?, repeating the computation 
But, by a simple transformation given by Bessel, this double 
computation is rendered unnecessary, and the compiession of 


} (493) 


| (494) 
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the earth is taken into account from the beginning. If <p is the 
geographical latitude, we have (Art. 82) 


p COS <p f 

in which 


cos <p 

|/(1 — 6e sin 2 <p) 


P sin <p f = 


sin <p (1 — ee ) 
j/(l — ee sin 2 <p) 


log ee = 7.824409 log j/(l — ee) = 9.9985458 

If we take a new variable such that 


COS CP. = 

l/( 1 — ee sin 2 $p) 

we shall have 

sin Vl = !/(l - cos 2 *) = - ^ ^t /(1 7 ee ) 

■j/(l — ee sin 2 <p) 


or 


COS <P 1 = P COS <p f 

j/(l — ee) sin <p x = p sin <p f 

. tan co, 

tan — 1 


Hence the equations (494) become 


l/(l — ee) 


Put 


£ = cos ^ sin # . 

tq = sin ^ cos d ^/(l — ee) — cos ^ sin d cos # 
C = Bin ^ sin d -^/(l — ee) + cos ^ cos i cos # 


p x sin d x = sin d 

P x cos d x = cos d j/(l — ee) 


p a sin d 2 — sin d j/(l — ee) 
p 2 cos d 2 — cos d 


(495) 


The quantities p v d v p 2 , d v may be computed for the same times 
as the other quantities in the tables of the eclipse, and hence 
obtained by interpolation for the given time. The factors 
p x and p 2 will be sensibly constant for the whole eclipse. *Wq 
now have 


£ = cos <p x sin # 

■Q = p x sin cp x cos d x — p x cos <p x sin d x cos # 
C = p 2 sin (p x siii d 2 -f- p 2 cos <p x cos d 2 cos # 

Let us put 



and assume so that 


P + r A 2 + ,7 = 1 


(496) 
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oi s winch is equivalent, let us take tlie system 


? = COS (p x Sill ft 1 

7] l — sin <p x cos d x — cos <p l sm d l cos ft V (497) 

Cj = sm <p x sm d x + cos <p x cos d x cos ft ) 

The quantity C x chffeis so little fiom £ tliat we may in piactice 
substitute one for the otliei m the small teim ?£, hut if theo- 
retical accuiacy is desired we can leadily find £ when ^ is 
known, for the second and thud of (497) give 

cos <p x cos ft — — r /l sm d l -f- q cos d x 

sm cp x — rj x cos d l -f- q sm d 2 


which substituted m the value of £ give 

C = p 2 Ci cos (d x — dft) — p> r h sin (d x 




C498) 


Our piobleni now takes the following foim We have fust 
the thiee equations 


(l — i£ x ) sm Q — x 
(! — iQ cos Q = y 

? + V + - 1 


t 

s 

Pi h 


} 


(499) 


which for each assumed value of Q determine ?, and Then 
we have 

003 Sin ft == £ 


cos <q cos ft = — y] l sin d x + cos d t 

sm (p x — 7j x cos d x + sm d x 


} 


(500) 


which determine <p x and ft Then the latitude and longitude of 
a point of the required outline aie found by the equations 


tan <p 


tan 


9i 


= P4 


l/(l — ee) 

To solve (499), let /3 and 7 he found hy the equations 
sm ft sin y = x — l sm Q = a 


(501) 


sm ft cos y - 


l cos Q 


= b 


(502) 


then we have 


£ = mi ft sin 7 4 - tZ x sm Q 
r jL -- sin ft cos 7 cos Q 



OUTLINE OP THE SHADOW. 


459 


where we have omitted p x as a divisor of the small term cos Q , 
since we have very nearly p x = 1. Substituting these values in 
the last equation of (499), we find 

C x 2 = cos 2 p — 2 iZ x sin p cos ( Q — f) — (iZ x ) 2 

Neglecting the terms involving i 2 as practically insensible, this 
gives 

C x = ± [cos p — i sin p cos (<2 — r)] 

In order to remove the ambiguity of the double sign, let us put 
Z = the zenith distance of the point Z (Art. 289) ; 
then, since # = p — a is the hour angle of this point, we have 
cos Z = sin (p sin d -f- cos y cos d cos ft 
which by means of the preceding equations is reduced to 

ry « sin <p /CAOn 

cos Z = Z p (50, ^ 

sm <p x 


Hence cos Z and have the same sign. 

But, in order that the eclipse may he visible from a point on 
the earth’s surface, we must, in general, have Z less than 90° ; 
that is, cos Z must be positive, and therefore must he taken 
only with the positive sign. The negative sign would give a 
second point on the surface of the earth from which, if the earth 
were not opaque, the same phase of the eclipse would also he 
observed at the given time. In fact, every element of the cone 
of shadow which intersects the earth’s surface at all, intersects 
it in two points, and our solution gives both points. 

If we put 

tjopsCQ-r) 504 

sin 1" ^ J 


we bave 


Cj= cos p — sin p sin e 


or, with sufficient accuracy, 

= cos (fi + e) (505) 


Thus, {} and y being determined by (502), is determined by 
(504) and (505) : hence also f and y x by the equations 


£ — - ct -}- sin Q 

tj x = b -j-' cos Q 
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The problem is, therefore, fully resolved , but, for the conve- 
nience of logarithmic computation, let c and G he determined 
by the equations 

e Bin 0=V! i (507) 

c cos G = Cj J 

then the equations (500) become 

cos <p x sm # = £ | 

cos cp x cos & = c cos ( G 4* ^i) j (508) 

sm <p x = c sm ( O -)- d x ) J 

The curve thus determined will he the intersection of the 
penumhial cone, or that of the umbial cone, with the earth s 
surface, accoidmg as we employ the value of l foi the one or the 
other. 

299 The above solution is direct, though theoretically but 
appioximate, since we have neglected terms of the oidei of i 
It can, howevei, leadily be made quite exact as follows We 
have, by substituting the values of Ci and rj x m (498), and neg- 
lecting the term involving the pioduct i sin(^— which is 
of the same order as i 2 , 

c == p 2 cos (p + e) — p 2 sm fi cos y sm (d 1 — d 2 ) 
and, putting 

e' = (d x — d 2 ) cos y 

we have, within terms of the order & 2 , 

C = /> 2 cos (ft + e + e') (509) 

The substitution of this value of f m the term % £ involves only 
an enor of the older 2 3 , which is altogether insensible. The 
exact solution of the problem is, therefore, as follows Find /3 
and y foi each assumed value of Q, by the equations 

x — l sm Q — a 
y l cos Q _ b 
Pi Pi 


then e and e' by the equations 

?cos(Q — y) 
sm 1" 


sm p sm y = 
sin p cos y — 


e r = (c£ ; — d 2 ) cos y 
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Find /?' and f by tlie equations 


sin , 


sin / = a + i> 2 cos (jS + « + *0 sin Q = £ 


sin /3 ' cos y’— b + 
then we have, rigorously, 


i> 2 COS (j9 + £ + s') cos Q 




Cj= COS /S' 


and these values of ?, ft, and Ci may then be substituted in (500), 
which can be adapted for logarithmic computation as before.* 


300. It remains to be determined whether the eclipse is begin- 
ning or ending at the places thus found. A. point on the earth s 
surface which at a given time T is upon the surface of the cone 
of shadow will at the next consecutive instant T + dT be 
within or without the cone according as the eclipse is beginning or 
ending at the time T; the former or the latter, according as the 
distance J = — f ) 2 (g — ) 2 ] becomes at the time T b 1 

less or greater than the radius of the shadow l i £. In the ca ?e 
of total eclipse l — z'C is a negative quantity, but by comparh g 
A 2 with (l — i£f we shall obtain the required criterion for all 
cases ; and, therefore, the criterion of beginning or ending, either 
of partial or of total eclipse, will be the negative or positive value 
of the differential coefficient, relatively to the time, of the 


or the negative or positive value of the quantity 



* In this problem, as well as in most of the subsequent ones, I have not followed 
Bessel’s methods of solution, which, being mathematically rigorous, though as 
simple as such methods can possibly be, are too laborious for the practical purposes 
of mere prediction. As a refined and exhaustive disquisition upon the whole theory, 
Bessel’s Analyse der Finsternisse, in his Astronomische Tinier suchmyen, stands alone. 
On the other hand, the approximate solutions heretofore in common use are mostly 
quite imperfect; the compression of the earth, as well as the augmentation of the 
moon’s semidiameter, being neglected, or only taken into account by repeating the 
whole computation, which renders them as laborious as a rigorous and direct method. 
I have endeavored to remedy this, by so arranging the successive approximations, 
when these are necessary, that only a small part of the whole computation is to he 
repeated, and by taking the compression of the earth into account, in all cases, from 
the commencement of the computation. In this manner, even the first approxima- 
tions by my method are rendered more accurate than the common methods. 
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where we emit the insensible variation of i Tor brevity, let us 
doc dy 

wnte sr # , y', &c -^r, and denote the above quantity 

by P, then, afcer substituting the values of oc — 5 = (l—\£) sm §, 
y — r i = (l — tC) cos Q, we have 

J =£[(i' ~ f 1 ') sm Q + tf- ,/) eos <2 — (l'— tf')] 

in which It =t — If we put 

P' = (a/ — ?') sm $ + 0/ — ,') cos Q — (l f — ir) (510) 

we shall have 

P= PP' 

The quantity P will he positive or negative according as L and 

P r have like signs or difteient signs. 

Foi exteiioi contacts, and for interior contacts in annular 

eclipse, L is positive (Ait 293), and hence foi these cases the eclipse 

is beginning or ending accoiding as P' is negatue or positive, hut for 

total eclipse, L being negative, we have beginning or ending 

according as P' is positive or negative 

We must now develop the quantity P' Taking one hour as 

the unit of time, x ', y', Z', if, will denote the houily changes 

of the seveial quantities. The first thiee of these may he 

derived from the general tables of the eclipse for the given time , 

hut £' aie obtained hy differentiating the equations (494), 

in which the latitude and longitude of the point on the earth’s 

suiface are to be taken as constant Since $ = /q — co, we shall 

, dfr d/j.. _ . 

have -^7 = —j ~ , and hence, putting 

/ =■ — sin 1" d' = — sm 1" 

dT dT 

we find 

= jip cos <p r cos $ = fj! ( — y sm d -)- C cos d) 

= / [ — 2/ sin d -f- £ cos <£ -f- (Z — 2C) sm d cos <J>] 
j} f = jx f £ sm d — PC 

= / [ar sin d ~ (l — ?C) sin d sm g] — PC 

c' = — //ecos -+ p? 

= / [ — ^ cob d -f (l — iC) cos sm §] -f- P [y — (Z — ^C) cos <J>] 
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Substituting these values in (510), and neglecting terms involving 
i 2 and id/ as insensible, we have 


P' = a! — U cos Q -|~ d sin Q — z (>/ cos d sin Q — d f cos Q) • 

in which a', and e', denote the following quantities: 

a' — — V — // i.r cos ^ ) 

6' — — y' + // x* sin d > (511) 

d — x r f/ y sin d -j- // cos d j 


The values of these quantities may he computed for the same 
times as the other quantities in the eclipse tables, and their 
values for any given time will then be readily found by interpo- 
lation. For any assumed value of Q , therefore, and with the 
value of £ found by (509), the value of P' may be computed, and 
its sign will determine whether the eclipse is beginning or 
ending. In most cases, a mere inspection of the tabulated values 
of b f , and c', combined with a consideration of the value of 
Q, will suffice to determine the sign of P' ; hut when the place 
is near the northern or southern limits of the shadow, an accu- 
rate computation of P' will be necessary; and, since other appli- 
cations of this quantity will he made hereafter, it will be proper 
to give it a more convenient form for logarithmic computation. 


Put 


e sin E = V 
e cos P — d 


/sin F = d r 
f cos F = fj! cos d 



then we have 


P r = a! -f- e sin (Q — JEJ) — £/ sin (Q — F) (513) 

Since a' and Pare both very small quantities, and a very precise 
computation of P f will seldom be necessary when its algebraic 
sign is alone required, it will be sufficient in most cases to neglect 
these quantities, and also to put £ L for £, and then we shall have 
the following simple criterion for the case of partial or annular 
eclipse : 

If 6 sin ( Q — P) < f sin Q, the eclipse is beginning. 

If e S i n Iq ___ E) > sin Q , the eclipse is ending. 

For total eclipse, reverse these conditions. 

301. In order to facilitate the application of the preceding as 
well as the subsequent problems, it is expedient to prepare the 
values of d v log p v d 2 , log p 2 , a', b', e', e, E,f, F, and to arrange 
them in tables. 
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Foi oui example of the eclipse of July 18, I860, with the 
values of d given on p 454, we foim tlie following table by the 
equations (495) 



d \ 

log Pi 

d t 

log h 

0* 

21° V 39" 5 

9 9987324 

20° 53' 58" 0 

9 9998148 

1 

1 14 0 

28 

53 32 6 

45 

2 

0 48 5 

22 

53 7 3 

46 

8 

0 22 9 

21 

52 41 8 

47 

4 

20 59 57 4 

20 

52 16 4 

48 

5 

59 31 8 

19 

51 50 9 

50 


The values of a/, y f , and required m (511), deiived also from 
the eclipse tables on p 454, by the method of Ait 75, aie as 
follows 




y' 

V 

0* 

+ 0 545277 

— 0 160108 

— 0 000038 

1 

5312 

0486 

061 

2 

5310 

0846 

084 

3 

5256 

1188 

107 

4 

5134 

1512 

130 

5 

4928 

1818 

154 


Hence, by (511) we find the values of a\ b c f to be as follows 
The values for mterioi contacts aie seldom lequired. 



For exterior contacts 

For interior contacts 

a! 

V 

Cf 

a! 

V 

c' 

0 * 

1 

2 

3 

4 

5 

-f 0 001356 
-f 0 000766 
+ 0 000175 

— 0 000415 

— 0 001005 

— 0 001595 

+■ 0 050342 
+ 0 101816 
-f 0 153241 
+ 0 204612 
+ 0 255925 
-f- 0 307171 

+ 0 631779 
+ 0 616776 
+ 0 601711 
4 - 0 586571 
4 - 0 571842 
4- 0 556010 

4 - 0 001350 
4 - 0 000762 
4- 0 000175 

— 0 000413 

— 0 001000 
— 0 001586 

4 - 0 050342 
4 - 0101816 
4 - 0 153241 
4 - 0 204612 
4 - 0 255025 
4 - 0 307171 

4 - 0 631165 
4-0 616162 
-|- 0 601097 
4 - 0 585957 
-)- 0 570728 
4 - 0 555395 


The values of e, E y /, Fj foi extenor contacts , deduced from 
these values of V and c', and from d! = — 25". 5 sm 1", by (512) 
are as follows : 
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B 

lOg € 

F 



log/ 

0» 

4° 33' 21" 

9.801939 

— 0° 1' 44" 

9.388244 

1 

9 22 25 

.795965 

a 

264 

2 

14 17 17 

.793034 

it 

285 , 

3 

19 13 48 

.793255 

it 

305 

4 

24 7 46 

.796604 

it 

326 

5 

28 55 7 

.802923 

U 

347 


S02. To illustrate the preceding formula, let us find some 
points of the outline of the penumbra on the earth’s surface at 
the time T= 2* 8'“ 12 s . Tor this time, we have 


x = — 0.00672 
■y = -f- 0.57409 
l = -j- 0.58673 


log fll = 9.99873 
d 1= 21° O' 45' 
Ml = 30 34 13 


log i = 7.66287 


Let us find the points for Q = 50° and Q — 300°. The com- 
putation may be arranged as follows : 


Q 

By (502) : a = sin /9 sin y 

b — sin ft cos y 

r 

ft 

Hence by (504) : e 

ft e 

By (505) : log C) = log cos (/3 + e) 

sin Q 
co s Q 

By (506) : £ 

By (507) : log log c sin O 

log C, = log c cos O 
log c 

O 

O+d, 

By (508) : log £ = log cos sin >9 
log c cos (O + d t ) — log cos ^cos >9 

log tan # 
log cos y, 

log c sin (6* + i x ) = log sin <? x 

log tan <p x 
log y"(l — ee) 
log tan ^ 

-.9 

ft, — i9 = 


50 ° 


— 0.41788 
+ 0.22975 

— 61° IT 52" 

28 28 52 
— 5 43 

28 23 9 
9.94437 

+ 0.00310 
-j- 0.00260 

— 0.41478 
+ 0.23235 

9.36614 
9.94437 
9.95901 
14° 47' 39" 
35 48 24 
?i9.61782 
9.86803 
n9. 74979 
9.92764 
9.72620 
9.79856 
9.99855 
9.80001 

— 29° 20' 20" 
59 54 33 
32 15 3 


300 ° 


+ 0.45810 
+ 0.30662 
56° 12' 16" 
33 27 7 
— 6 59 

33 20 8 
9.92193 
— 0.00333 
+ 0.00192 
+ 0.45477 
+ 0.30854 
9.48931 
9.92193 
9.94969 
20° 16' 9" 
41 16 54 
9.65779 
9.82560 
9.83219 
9.90803 
9.76908 
9.86105 
9.99855 
9.86250 
34° 11' 46" 
356 22 27 
36 4 40 


Vol-I.— 3e 
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To find whetliei tlie eclipse is ‘beginning oi ending at these 
places, we have, fiom the table on p 465, for T— 2* 8" 12, 


log e 

E 

Q-E 
log e sin (<2 — E) 
log/ 
log Z x f sin Q 


9 7931 
14° 58' 
35 2 

9 5521 
9 3883 
9 2170 


285° 2' 
n9 7780 

n9 2477 


At the fiist point, therefore, we have e sin ( Q — E) > Ci / S1 “ 
and the eclipse is ending At the second point, we have 
e sm ( <2 — .27) < Ci /sin Q, and the eclipse is beginning 


liming and Setting Limits 

308 To find the rising and setting limits of the eclipse By these 
limits we mean the curves upon which aie situated all those points 
of the earth’s surface where the eclipse begins or ends with t le 
sun in the horizon It wall he quite sufficient foi all practica 
purposes to determine these limits by the condition tia e 
point Z is in the horizon. This gives m (503) cos Z , or 
C v = 0, and, consequently, by (496), we have 

e ^ = 1 ( 514 ) 

as tlie condition which the co-ordinates of the requited points 
must satisfy 

Now, let it be leqmred to find the place where this equation 
is satisfied at a given time T. Let x and y be taken tor t is 
time, then we have, by putting 0 m (499), 


l sin Q = x — 5 
l cos Q, = y — y 


Let 


\ 

m sm M = x 

p sm y = £ 

[( 515 ) 

m cos M — y 

then, fiom the equations 

p cos x = 1 

l sm Q — r\\ sin M - 

— p sm y 

| ( 516 ) 

l cos Q — m cos M - 

we deduce, by adding their squares, 

— p cos y 


l 2 = m? — 2 mp cos (M — /) -f- p 1 


2 sm 2 1 [M — f) = 1 — cos (M — fy = 
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If then we put ?, = 31 — y, we have 


sin § X = ; 

y — 3f dz A 


l[(l -f »l- 

i — 

+ 

§ 

1 

a, 

I 

/L 

Amp J 



in which may always be taken less than 90°, but the double 
sign must be used to obtain the two points on the surface of 
the earth which satisfy the conditions at the given time. 

In this formula, m, If, and l are accurately known for the 
given time, but p is unknown. It is evident, however, from 
(514) and (515), that we have nearly p = 1, and this value may 
he used in (517) for a first approximation. To obtain a more 
correct value of y, let us put f = sin y r \ then, by (514), we have 
r tl = cos f 9 and, consequently, since rj = p x 7j v 


p sin y = sin y' 

P cos y = P x COS y f 

Hence we have 

tan y f — p x tan y \ 

sin y* fi l cos y f ) (518) 

^ sin^ cos y \ 

and with this value of p the second computation of (517) will 
give a very exact value of y. With this second value of y a still 
more correct value of p could be found; but the second approxi- 
mation is always sufficient. 

With the second value of y , therefore, we find the final value 
of f by the formula 

tan / = p j tan y 

and then, substituting the values £ = sin y f , 7j x = cos y\ £ x = 0, in 
(500), we have, for finding the latitude and longitude of the 
required points, the formulae 


cos ^sin ft = sin y* 
cos <p j cos ft = — cos y f sin d x 
sin <p x = cos / cos d x 


to = p. t — ft 


tan <p = 


tan <p x 

VO — ee) 



In the second approximation, we must compute A and y by 
(517) sepai-ately for each place. 
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304 The sun is using 01 setting at the given time at the 
places thus determined, accoulmg as # (winch is the horn angle 
of the point Z) is between 180° and 360° oi between 0° and 180° 

To cleteimme whether the eclipse is beginning or ending, we 
may have lecomse to the sign of T f (513), and it will usually be 
sufficient foi the present problem to put both ct f and £ 0 m 

that expression, and then the eclipse is beginning oi ending 
according as sin (Q — E) is negative oi positive Now, by (516), 
we find 

l sin — B') = m sin (AT — E') — p sm {y — E) 

Hence, for points in the using or setting limits, 

If m sin (Af — E) < p sm (y — E\ the eclipse is beginning, 

If m sin (M —E)>p sm (y — E), the eclipse is ending 

305 In order to apply the preceding method of detei mining 
the rising and setting limits, it is necessary first to find the 
extreme times between which the time T is to be assumed, ox 
those limits of T between which the solution is possible The 
two solutions given by (517) must reduce to a single one when 
the surface of the cone of shadow has but a single point m 
common w r itli the earth’s surface , — i e . in the case of tangency of 
the cone and the teirestiial spheroid Now, the two solutions 
reduce to one only when A = 0, and both values of y become M , 
hut if A = 0, the numerator of the value of sm JA must also be 
zero, and hence the points of contact are determined by the 
conditions 

l -\~ m — p = 0 and l — rn, + P = ® 

or by the conditions 

m = p l and m = p l 

There maybe four cases of contact, two of exteiior and two of 
interim contact The two exteiior contacts aie the first and last, 
or the beginning and the end of the eclipse generally , the axis of the 
shadow is then without the earth, and therefore we must have 

for these eases m — \/ x 2 -f- y 2 = p + l 

The first interior contact conesponds to the last point on the 
earth’s surface where the eclipse ends at sunrise ; the second, 
to the first point where it begins at sunset But these interior 
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contacts can occur only when the whole of the shadow on the 
puncipal plane falls within the earth, and for these cases there- 
fore, we must have m — p L ' 

tlie be S inniu S and end generally we have, therefore, by 
(515), 5 J 

CP + 0 sin M = x 
(p + l) cos M=y 

Let J be the time when these conditions are satisfied, and put 

T=T q +t 

in which T 0 is the epoch of the eclipse tables, for which the 
values of x and y are x 0 and y 0 . Then, x' and y f being the mean 
hourly changes of x and y for the time T, we have 


Putting 


x = x 0 + ttJ 

y =y 0 + -y r 

m Q sin M 0 — x 0 n sin j\ r = x f 

m 0 cos M 0 — y 0 n cos JSf = y' 


the above conditions become 



(p + V) sin M = m 0 sin Jf 0 4 * 7 • n sin 

(p 4" 0 cos M — m o cos -Mi + r • 71 008 ^ 

whence 

(p 4“ 0 sin (-M - — -N~) = w 0 si n (Jf 0 — 

(p 4 - 0 cos (If — i\T) = m 0 cos (ilf 0 — iV) 4- nr 

so that, if we put M — N = we have 

sin (ilf 0 — iV') 

sm 4 / — -5 ^ ^ 

P + 1 

T = ^±1 cos 4 — — cos (J£. — N) 
n n v 0 

T= T 0 + t 



in whicn cos ^ may be taken with either the negative or the 
positive sign; and it is evident that the first will give the 
beginning and the second the end of the eclipse generally. 

For the two interior contacts we have 


sin - 4 - 


ot 0 sin (Jtf n — N) 


p — l 
P — 1 


cos 4 — — cos (M - - -ZVO 
n K 0 



n 
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These interior contacts cannot occur when p — l is less than 
m 0 sin ( Jf 0 — iV), which would give impossible values of sin 

In these formula we at first assume p = 1, and, after finding 
an approximate value of 4? we have, by (517), in which A == 0, 
X — M, and in the present problem M = N + ^ : therefore 

r = N + 4 (523) 

with which p is found by (518), and the second computation of 
(521) or (522) will then give the required times. We must 
employ in (523) the two values of $ found by taking cos ^ with 
the positive and the negative sign; and therefore different values 
of p will be found for beginning and ending, so that in the 
second approximation separate computations will he necessary 
for the two cases. 

In the first approximation the mean values of y r , and l 
may he used, or those for the middle of the eclipse. With the 
approximate values of r thus found, the true values of af, 
and l for the time T— T 0 ■+ v may he taken for the second 
approximation. 

After finding the corrected value of we then have also the 
true value of y = N + 4" for each point, and hence also the 
true value of y' hy (518), with which the latitude and longitude 
of the points will be computed by (519). For the local apparent 
time of the phenomenon at each place we may take the value 
of 3 in time, which is very nearly the sun’s hour angle. 

306. When the interior contacts exist, the rising and setting 
limits form two distinct enclosed curves on the earth’s surface. 
If we denote the times of beginning and ending generally, de- 
termined by (521), by T x and T 2 , and the times of interior con- 
tact, determined by (522), by T/ and T 2 ' 7 a series of points on 
the rising limit will be found by Art. 803, for a series of times 
assumed between T t and T 7 /, and points of the setting limit for 
times assumed between T 2 r and T 2 . 

When the interior contacts do not exist, the rising and setting 
limits meet and form a single curve extending through the whole 
eclipse. The form of this curve may be compared to that of the 
figure 8 much distorted. A series of points upon it will be 
found by assuming times between T x and jP 2 . 

307. Example. — L et us find the ifising and setting limits of 
the eclipse of July 18, 1860. 
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First. To find the beginning and ending on the earth gene 
rally, we have for the assumed epoch T 0 = 2 h , page 455, 

m 0 sin Jf 0 = a;, = — 0.081244 n sin JST = x' = + 0.5453 

m 0 cos M 0 = y a = + 0.596075 n cos N= y’= — 0.1608 

which give 

log m 0 = 9.77930 log n = 9.75474 

Hf 0 = 352° 14' 19" IV == 106° 25' .8 

log m„ sin (Jf 0 — IV) = >i9.73938 cos (J/ 0 — JV) = — 0.4336 

For a first approximation, takings = 1, we find, by (521), 

p + l = 1-5367 log sin ^ = w9 .5528 

cos 4 . = q: 2\525 
n 

yyy 

T a — —■ cos ( JJ 0 — N ) = + 2.434 

Approx, beginning T . = 23*909 (July IT) 

“ end T a == 4.959 (July IB) 


Taking cos ^ negative for beginning and positive for ending, 
we have then, by (518) and (528), 


4 

N + 4 = r 

log tan y 
tog Pi 
log tail y 
log sin y r 
log sin y 
log p 

P 

l 

P + l 

Tor the above computed 

log x r — log n sin N 
log y f = log n cos N 


Beginning. 

End. 

200° 55'.4 

339° 4'.6 

807 21 .2 

85 80.4 

n0. 11732 

1.10466 

9.99873 

9.99873 

?i0.11605 

1.10339 

9.89985 

9.99865,5 

9.90032 

9.99866,3 

9.99953 

9.99999 

0.99892 

0.99998 

0.53687 

0.53640 

1.53579 

1.53638 

times we further find 

9.73664 

9.73654 ■ 

W9.20538 

«9. 20774 

9.75467 

9.75477 

106° 23' 50" 

106° 29' 8 
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For a second approximation, therefoie, recomputing (521), we 
now find 

log sin 4. «9 55316 «9 55269 

log cos 4 w9 97032 9 97039 

T 23* 9098 4* 9587 

4 200° 56' 27" 389° 4' 58" 

JST + * = r 307 20 17 85 34 6 

and by (518) log tan / »0 11629 1 10942 

Tken, for the latitude and longitude of the points, we have, 
by (519), 

d t 21° 1' 42" 20° 59' 33" 

fi, 357 9 57 72 54 8 

4 254 38 57 91 35 43 

^ — 4 = 0, 102 31 O 341 18 25 

a 34 38 34 4 9 46 

Therefore the eclipse begins on the earth generally on July 17, 
23' 1 54 m 5 G-reenwich mean time, in west longitude 102° 31' 0" 
and latitude 34° 38' 34", and ends July 18, 4* 57™. 5 in longitude 
341° 18' 25" and latitude 4° 9' 46" 

It is evident that for practical purposes the first appioximation, 
which gives the times within a few seconds, is (parte sufficient, 
especially since the effect of refraction has not yet been taken 
into account (See Art 327 ) 

Secondly — W e now pass to the computation of the curve which 
contains all the points wheie the eclipse begins or ends at sun- 
rise or sunset. In the present example, this curve extends 
through the whole eclipse, since we have m 0 sin (M 0 — IV) > 1 — L 
hence the required points will be found for Greenwich times 
assumed between July 17, 2S h 91 and July 18, 4 7l .96 Let us take 
the series 

T, 0* 0* 2, O 4, 0* 6, 0* 8 . 4 s 6, 4* 8 

The computation being carried on for all the points at once, the 
legular piogi ession of the coriespondmg numbers for the suc- 
cessive times furnishes at each step a veiification of its correct- 
ness To illustrate the use of the formulae, I give the computa- 

tiou foi T= 2 h 0 nearly m full Tor this time, we find, from 
p 454 and p 464, 

v = m sin Jf = — 0 08124 l = 0 53675 d — 21° O' 49" 

V = m cos M = + 0 59608 log p \ = 9 99873 
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and lienee 

M = 352° 14' 21" log m, = 9.77931 m = 0.60160 

Then, by (517), taking p = 1, we have 

ar. co. log Amp 9.61863 

l -f m — p = 0.13835 log 9.14098 

l — m + p = 0.93515 log 9.97088 


A = 26° 49' log sin 3 1 X 8.73049 

With this first approximate value of X we find the value of p for 
each of the two points, by (518), as follows : 


J\£ ± 1 — r 

19° 3' 

325° 25 

log tan y 

9.53820 

9.83849 

log p x tan y = log tan y' 

9.53693 

9.83722 

i p , cos y' 

]og cos r - l0 SP 

9.99887 

9.99914 

V 

0.99740 

0.99802 

Repeating (517) with these values of p : 


ar. eo. log 4 mp 

9.61976 

9.61949 

lo g (7 -f- m — p) 

9.14907 

9.14715 

log (l TO -f p) 

9.96967 

9.96996 

log sin 3 i X 

8.73850 

8.73660 

~4~ A 

+ 27° 4' 4" 

— 27° 0' 26" 

Jkf ± A = y 

19 18 25 

325 13 55 

log tan y 

9.54448 

w9. 84148 

log tan y' 

9.54321 

719.84021 


Hence, by (519), 


’5 135° 45' 4" 242° 36' 45" 

For T= 2*. (p. 455), ^ 28 31 12 28 31 12 

— & = <u 252 46 8 145 54 27 

<? 61 52 35 50 13 46 

Local app. time = *9 in time, 9* 3”.0 16* 10 m .45 

Sunset. Sunrise. 

To find whether the eclipse is beginning or ending at these 
points, we have, from p. 465, and by Art. 304, 

E 14° 17' 

log to sin (Jf — E) n9.3538 w9.3538 

log p sin (y — E) 8.9406 ji9.8772 

Beginning. Ending. 

In the same manner are found the results given in the following 
table : 
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SOLAR ECLIPSE, July 18, 1860 —RISING AND SETTING LIMITS 


Greenwich 

Latitude 

Long W from 
Greenwich 

Local 

App Time 



Mean 

Time 














GO 






o 

0 

+ 44° 

27' 

110° 

35' 

16* 31” 

7 

Begins 

at Sunrise 


2 

52 

34 

121 

33 

15 

59 

8 

It 

a 


4 

58 

1 

132 

21 

15 

28 

7 

i( 

it 


6 

62 

10 

144 

2 

14 

53 

9 

a 

a 


8 

65 

21 

157 

6 

14 

13 

7 

a 

it 

1 

0 

67 

36 

171 

46 

13 

27 

0 

it 

u 


2 

68 

49 

187 

56 

12 

34 

4 

a 

it 


4 

68 

58 

204 

56 

11 

38 

3 

a 

Sunset 


6 

67 

55 

221 

51 

10 

42 

7 

n 

n 


8 

65 

37 

237 

54 

9 

50 

5 

it 

it 

2 

0 

61 

53 

252 

46 

9 

3 

0 

n 

it 


2 

56 

16 

266 

83 

8 

19 

9 

a 

it 


4 

48 

5 

279 

17 

7 

41 

0 

a 

it 


6 

37 

15 

290 

36 

7 

7 

7 

a 

it 


8 

25 

6 

300 

12 

6 

41 

3 

a 

a 

3 

0 

13 

36 

308 

12 

6 

21 

3 

a 

t( 


2 

+ 3 

59 

315 

0 

6 

6 

1 

a 

it 


4 

— 3 

24 

320 

50 

5 

54 

8 

a 

<t 


6 

— 8 

43 

325 

53 

5 

46 

5 

a 

a 


8 

— 12 

14 

330 

17 

5 

41 

0 

a 

it 

4 

0 

— 14 

11 

334 

4 

5 

37 

8 

it 

it 


2 

— 14 

48 

337 

19 

5 

36 

8 

a 

it 


4 

— 14 

6 

340 

2 

5 

88 

0 

Ends 

it 


6 

— 11 

56 

342 

9 

5 

41 

5 

it 

it 


8 

— 7 

32 

348 

25 

5 

48 

4 

it 

it 

0 

0 

+ 25 

45 

99 

10 

17 

17 

4 

Begins at Sunrise 


2 

20 

1 

99 

83 

17 

27 

9 

a 

u 


4 

17 

16 

101 

22 

17 

32 

6 

it 

a 


6 

16 

7 

103 

52 

17 

34 

6 

Ends 

it 


8 

16 

17 

106 

56 

17 

34 

3 

a 

it 

1 

0 

17 

46 

110 

84 

17 

81 

8 

Li 

it 


2 

20 

42 

114 

50 

17 

26 

7 

it 

it 


4 

25 

17 

119 

57 

17 

18 

3 

a 

it 


6 

31 

45 

126 

14 

17 

5 

2 

ct 

it 

. 

8 

40 

0 

134 

15 

16 

45 

0 

a 

it 

2 

0 

50 

14 

145 

54 

16 

10 

5 

ct 

a 


2 

60 

21 

103 

47 

15 

10 

9 

C( 

a 


4 

67 

27 

191 

43 

13 

31 

2 

Cl 

it 


6 

8 

68 

66 

55 

27 

224 

249 

18 

7 

11 

10 

82 

5 

9 

6 

a 

a 

Sunset 

a 



CURVE OF MAXIMUM IX THE HORIZON. 


475 


SOLAR ECLIPSE, July 18, I860.— RISING AND SETTING LIMITS. ( Continued . ) 


Greenwich 
Mean Time. 

Latitude. 

<P 

Long. W. from 
Greenwich. 

6) 

Local 

App. Time. 

& 


8*0 

+ 62° 

48' 

265° 37' 

9* ll m .6 

Ends at Sunset. 

.2 

58 

44 

277 27 

8 

36 .3 

u 

a 

.4 

54 

42 

286 49 

8 

10 .8 

u 

u 

.6 

50 

35 

294 47 

7 

51 .0 

It 

u 

.8 

46 

21 

301 53 

7 

34 .6 

(C 

(t 

4.0 

41 

55 

308 26 

7 

20 .3 

u 

a 

2 

37 

10 

314 40 

7 

7 .4 

(t 

a 

.4 

31 

57 

320 43 

6 

55 .2 

i c 

u 

.6 

25 

55 

326 48 

6 

42 .9 

u 

>6 

.8 

18 

11 

333 18 

6 

28 .9 

ti 

<; 


These points being projected upon a chart (see p. 504), the 
whole curve may be accurately traced through them. It null he 
seen that the method of assuming a series of equidistant times 
gives more points in those portions of the curve where the 
curvature is greatest than in other portions, thus facilitating the 
accurate delineation of the curve. This advantage appears to 
have been overlooked by those who have preferred methods 
(such, for example, as Hansen’s) in which a series of equidistant 
latitudes is assumed. 

308. The preceding computations have been made for the 
penumbra ; but we may employ the same method to determine 
the rising and setting limits of total or annular eclipse by 
employing in the formulae the value of l for interior contacts. 
These limits, however, embra ce so small a portion of the earth's 
surface that they are practically of little interest. 

Curve of Maximum in the Horizon. 

309. To find the curve on which the maximum of the eclipse is seen 
at sunrise or sunset — When a point of the earth’s surface whose 
co-ordinates are f, and £ is not on the surface of the cone of 
shadow, but at a distance d from the axis of the cone, we have 
the conditions (485), 

d sin Q = x — £ 
d cos Q — y — yj 
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The amount of observation depends upon the distance by 
which the place is immersed within the shadow, that is, upon the 
distance L — J, L being the radius of the shadow on the parallel 
plane at the distance £ from the pnncipal plane For the 
maximum of the eclipse, therefore, we have the condition 

dL cU _ 0 
dT dT 


Differentiating the above equations relatively to the time, and 
denoting the denvatives of r, y, &c by accents, as in Art 300, 
we have 


■ sm Q — A cos Q 


which give 


~~~ cos Q + A sm Q — y' — 7 / 
dT ' ^dT u 

dA 

— * = (V f') sm Q + (/— v') cos Q 


The equation L—l — i £ gives 

c' 

dT 

and, therefore, 

I’—iT— Qc'— £') sm Q — (jf—v)') cos Q = 0 (525) 

or, by (510), 

P'= 0 (526) 

This is, therefore, the general condition ■which characterizes 
the maximum of the eclipse at a given time In the present 
problem we bave also the condition that the snn is in the honzon, 
foi which we may, as in Art 803, substitute the condition £i= 0 
Since, however, the instant of greatest obscuiation is not subject 
to any niee observation, a very piecise solution of the problem 
is quite unimportant, and we may he satisfied with the approxi- 
mate solution obtained by supposing £ — 0, and at tbe same 
time neglecting the small quantity a' in P’. The condition 
(526) will then he satisfied when in (513) we have 

sin (<2 — JS7) = 0 

that is, when 

Q — E or Q = 180° + E 
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Hence, for any given time, the conditions (524) become 

rh A sin E = x — £ 
db A cos E = y — tj 

which with the condition 

£ 2 + ^ 2 = l * 

must determine the required points of our curve. The angle E 
is here known for the given time, being directly obtained from 
its tabulated values, but A is unknown. Putting, as in the 
preceding problem, 

m sin M = x p sin y = £ 

m cos M = y p cos r ~ V 

we have 

zh A sin E = m sin M — p sin y 
±: A cos E = m cos M — p cos y 

whence 

0 — m sin (M — E') — p sin (y — E) 
it A = m cos (, M — E ) — p cos (y — E ) 

Therefore, putting ^ = y —E, we have 




The first of these equations will give two values of since we 
may take cos ^ with the positive or the negative sign ; but, as 
only those places satisfy the problem which are actually within 
the shadow, we must have A < Z, or, at least, A not greater than l. 
That value of ^ which would give A > l must, therefore, be 
excluded: so that in general we shall have at a given time but 
one solution. 

It will be quite accurate enough, considering the degree of 
precision above assigned, to employ in (527) a mean value of p, 
or, since p falls between p x and unity, to take log p = Jlog p v 
But, if we wish a more correct value, we have only to take 

y = 4- -f- E (528) 

and then find p as in (518) ; after which (527) must be recom- 
puted. 
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Having found the true value of ^ by (527), and of y by (528), 
we then have y f by the equation 

tan /■= />i tan p 

and the latitude and longitude of each point of the curve by (519). 

The limiting times between which the solution is possible will 
be known from the computation of the rising and setting limits, 
in which we have already employed the quantity m sin (M—E); 
and the present curve will be computed only for those times for 
which m sin (M — E) < 1. These limiting times are also the same 
as those for the northern and southern limiting curves, which 
will he determined in Art. 313. 


310. The degree of obscuration is usually expressed by the 
fraction of the sun’s apparent diameter which is covered by the 
moon’s disc. When the place is so far immersed in the penumbra 
as to be on the edge of the total shadow, the obscuration is total ; 
in this case the distance of the place from the edge of the 
penumbra is equal to the absolute difference of the radii of the 
penumbra and the umbra, that is, to the algebraic sum L + L v 
L x denoting the radius of the umbra (which is, by Art. 293, 
negative) ; but in any other case the distance of the place within 
the penumbra is L — A : hence, if JD denotes tiro degree of 
obscuration expressed as a fraction of the sun’s apparent 
diameter, we shall have, very nearly, 


D = 


L — A 
L + L ± 


(529) 


This formula may also be used when the eclipse is annular, in 
which case L x is essentially positive ; and even when A is zero, 
and the eclipse consequently central, the value of jD given by 
the formula will be less than unity, as it should be, since in that 
case there is no total obscuration. 

In the present problem we have 


D = ( 529 *) 

l + h 

in which l and l Y are the radii of the penumbra and umbra on 
the principal plane, as found by (488). 

Example. — In the eclipse of July 18, 1860, compute the curve 
on which the maximum of the eclipse is seen in the horizon. 
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111 the computation of the rising and setting limits, the 
quantity m sin (M—E) was less than unity only from T— 0\6 
to T— 4\2: so that the present curve may be computed for the 

series of times 0\6, 0\8 4\0, 4\2. For an approximate 

computation we may take logj? = J log p t = 9.9994, and employ 
only four decimal places in the logarithms throughout. 

The computation for T — 2 h is as follows. For this time we 
have already found (p. 473) 


Hence, by (527), 


log m 
if 

E 


M—E 

log m sin ( M — E) 
!og p 


9.7793 
352° 14' .4 
14 17.3 
337 57.1 
w9.3538 
9.9994 


log sin 4 
log cos 4 
log p cos 4 
log m cos (if — E) 


n9.3544 

9.9886 

9.9880 

9.7463 


m cos (if — E) 
p cos 4 

A 


+ 0.5575 
+ 0.9727 

0.4152 


Here, if cos were taken with the negative sign we should 
find A = 1.5302, which is greater than l. Taking it, therefore, 
with the positive sign only, we have 


4 

^ “j~ -£/ = y 

log p 1 = 9.9987 log tan y 

log tan y 

with which we find, by (519), 

0 

w 

. . V 

App. time = $ in time 


— 13° 4'. 3 
+ 1 13. 
8.3271 
8.3258 


176° 37'.2 
28 31.2 
211 54 
69 1 

11» 46 m .5 
Sunset. 


To express the degree of obscuration according to (529*) we 
have, taking the mean values of l and k (p. 454), 



0.5366 

0.0092 

0.5274 


l — A = 0.1214 


D 


0.121 4 

0.5274 


= 0.23 


In the same manner all the following results are obtained: 



480 


SOLAR ECLIPSES. 


SOLAR ECLIPSE, July 18, 1860 — CURVE OF MAXIMUM OF THE ECLIPSE 

IN THE HORIZON 





Long W 

from 

App 

Local 

Degree of 

Greenwich 


A V 

Greenwich 

Time 


Obscuration 

Mean T 











9 


CJ 





D 

0* 

6 

4- 24° 

44' 

107° 

41' 

17* 

19™ 

3 

0 30 

0 

8 

37 

47 

117 

47 

16 

50 

9 

76 

1 

0 

47 

8 

127 

49 

16 

22 

8 

97 

1 

2 

54 

31 

139 

1 

15 

50 

0 

74 

1 

4 

60 

38 

152 

24 

15 

8 

5 

56 

1 

6 

65 

20 

169 

0 

14 

14 

i 

41 

1 

8 

68 

16 

189 

16 

13 

5 

0 

31 

2 

0 

69 

1 

211 

54 

11 

46 

5 

23 

2 

2 

67 

34 

233 

32 

10 

31 

9 

18 

2 

4 

64 

20 

251 

42 

9 

31 

3 

17 

2 

6 

59 

55 

266 

11 

8 

45 

3 

17 

2 

8 

54 

41 

277 

50 

8 

10 

8 

21 

3 

0 

48 

52 

287 

31 

7 

44 

0 

28 

3 

2 

42 

35 

295 

56 

7 

22 

4 

37 

3 

4 

35 

49 

303 

30 

7 

4 

1 

50 

8 

6 

28 

28 

310 

33 

6 

47 

9 

67 

3 

8 

20 

21 

317 

22 

6 

32 

6 

89 

4 

0 

+ 11 

2 

324 

15 

6 

17 

2 

87 

4 

2 

— 0 

45 

331 

14 

6 

1 

1 

48 


Northern and Southern Limiting Curves 

311 To find the northern and southern limits of the eclipse on the 
earth's surface — These limits are the curves in which aie situated 
all the points of the surface of the earth from which only a single 
contact of the discs of the sun and moon can he observed, the 
moon appearing to pass eithei wholly south oi wholly north of 
the sun They may also he defined as cmves to which the out- 
line of the shadow is at all times m contact during its progress 
across the eaith. 

The solution of this problem is derived from the consideration 
that the simple contact is here the maximum of the eclipse, so 
that we must have, as m (526), 

P' = 0 

and consequently, by (513), 

a * + esm(Q— P) = £/sm(Q-~ jp) 


(530) 
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For any given time T, therefore, we are to find that point of 
the outline of the shadow on the surface of the earth for which 
the value of Q and its corresponding £ satisfy this equation. 
This can he effected only indirectly, or by successive approxima- 
tions. F or this purpose, we must know at the outset an approxi- 
mate value of Q; and therefore, before proceeding any further, 
we must show how such an approximate value may be found. 

We can readily determine sufficiently narrow limits between 
which Q may be assumed. For this purpose, neglecting a' in 
(580), as well as F, which are always very small, we have, 
approximately, 


e sin (Q — E) = if s in Q 

The extreme values of C are £ = 0 and f = 1. The first gives 
sin (Q F) — 0, and therefore for a first limit we have 

Q = E or Q = 180° + E 

The second gives 


e sin(<2 — E) = /sin Q 

whence 


Put 


tan ( Q — i E) = 


e 4- f 

-^tan iE 
e-f 


tan 4 = 


e 4-/ 

— ^tan ^E 
e-f 


then the equation tan (Q — \E) 
limits 


— tan ^ gives for our second 


Q=iE+^ or Q=: 180°-fJ^+4 
To compute ^ readily, put 

f v 

tan v = — ) 

e / 

then | (531) 

tan 4 = tan (45° k) tan } E ) 

and Q is to be assumed 


between E and J E -(- 4 

or between 180° + E and 180° -f 4 E 4- 4 
Vol. I. — 31 ' 2 ‘ * 
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These limits may he computed iu advance for the principal 
hours of the eclipse fiom the previously tabulated values of 
E , e, and f and an approximate value of Q may then be easily 
inferred for a given time with sufficient precision for a fiist 
appioximation 

When the shadow passes wholly within the earth, theie are 
two limiting curves, northern and southern For one of these 
Q is to be taken between E and -J E + , for the other, between 

180° ■+ E and 180° + £ E + ^ Since E is always an acute angle, 
positive oi negative, it follows that when Q is taken between 
E and £ E + ^ its cosine is m general positive, while it is nega- 
tive in the other case The equation rj — y — (l — ?£) cos Q 
shows that rj will be less in the first case and greater m the 
second, and hence the values of Q between E and £ E + 4* ^ on( J 
to the southern limit , and the tallies of Q between 180° ■+ E and 
180° -f | + 4 belong to the not them limit 

There is only one limit, noitliern or southern, when one of the 
series of values of Q would give impossible values of £ m the 
computation of the outline of the shadow by Ait 298 But when 
the rising and setting limits have been deteimmed, the question 
of the existence of one oi both of the noithem and southern 
limits is aheady settled ; for if the using and setting limits extend 
through the whole eclipse m noith latitude, only the southern 
limiting curve of oui piesent pioblem exists, and vice versa , 
while if the using and setting limits form two distinct cuives, 
we have both a northern and southern limiting cmve , and the 
lattei must evidently connect the extreme noithem and southern 
points respectively of the two enclosed rising and setting cuives 
In oui example of the eclipse of July 18, 1860, there exists only 
the southern limiting curve of the present problem, the penum- 
bral shadow passing over and beyond tlie north pole of the eaith 
Having assumed a value of Q, we find £ x by the equations (502), 
(504) and (505), and then £ by (509) This computed value of £ 
and the assumed value of Q being substituted in (530), this equa- 
tion will be satisfied only when the true value of Q has been 
assumed To find the correction ot (), let us suppose that when 
tlie equation has been computed logaiitlimically we find 

log :/ sm [Q — F) — log [a' -f e sm (Q — E)] 

If then d Q and rf£ are the corrections which Q and £ requne m 
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order to reduce * to zero, we have, by differentiating this equation, 


[cot (Q — E) 


e cos (Q — E) 


dQ , d£ 
A + AZ 


a! -f- e sin (Q — E). 

in which A is the reciprocal of the modulus of common logarithms. 

In this differential equation we may neglect a' without sensibly 
affecting the rate of approximation. If then we put 

dC 




we shall have 

dQ 


ZdQ 

Ax 


cot (Q — E) — cot (Q — E) + g 


This value of dQ is yet to be reduced to seconds by multiplying 
it by cosec 1" or 206265". & 

To ffnd g, we may take, as a sufficiently exact expression for 
computing dQ, 

dC 

g — — L_ 

C, dQ 

and by differentiating (502) (omitting the factor p u which will 
not sensibly affect g), 

cos p sin r dp ■+■ sin p cos y dy == — l cos Q dQ 
cos p cos y dp — sin p sin y dy = l sin Q dQ 

whence, by eliminating dy, 

d/3 Zsin (<2 — 

dQ eos/3 

By (505) a sufficiently exact value of for our present pur- 
pose is 

C, = cos p 

whence 

. . dp 

— - = — sin p — 

dQ dQ 

g = l sin p sec’ p ein (Q — y) (532) 

Putting, finally, 


G = cot (Q — E)—cot{Q — F) — 


sin ( E — F) 
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we have 


C5J7664> 

& + ff 


(534) 


in will cli 5.67664 is tlie logaritlim of A X 206265". 

When tlie true value of Q has thus been found, the corre- 
sponding latitude and longitude on the earth s surface are found 
as in Art. 298. 


Tig, 43 . 


312. The preceding solution of this problem (which is com- 
monly regarded as one of the most intricate problems in the 
theory of "eclipses) is very precise, and the successive approx! 
mations converge rapidly to the final result. Tor practical pun 
poses, however, an extremely precise determination of the limit- 
ing curves of the penumbra is of little importance, since no 
valuable observations are made near these limits. I shall, there- 
fore, now show how the process maybe abridged without making 

any important sacrifice of accuracy. 
In the first place, it is to be observed 
that great precision in the angle Q 
is unnecessary. If LM ] Tig. 43, is 
the limiting curve which is tangent 
at A to the shadow whose axis is at 
M C, and if Q is in error by the quan- 
tity ACA\ the point determined will be (nearly) A 7 instead of A. 
Now, although A ' may he at some distance from A, it is evident 
that it will still be at a proportionally small distance from the 
limiting curve. In fact, we may admit an error of several 
minutes in the value of Q without sensibly removing the computed 
point from tlie curve. The equation (530), which determines Q , 
may, therefore, without practical error he written under the 
approximate form 

e sin (Q — JS) = sin Q 



and in this we may employ for the value 


— cos fi 

Hence, having found /3 from (502) by employing the first assumed 
value of Q , we then have 
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whence 

tan (§ - iE) = - +/cos/? tan | J7 
e — / cos /9 

by which a second and more correct value of Q can be found. 
This equation will be readily computed under the following form: 

f 

tan / = — cos /? d 

e > (535) 

tan (Q — iE) = tan (45° + »') tan iE ) 

The value of Q thus determined may be regarded as final, and 
we may then proceed to compute the latitude and longitude by 
the equations (502) to (508). In this approximate method, loga- 
rithms of tour decimal places will be found quite sufficient. 


313. For the computation of a series of points by the preceding 
method, it is necessary first to determine the extreme times 
between which the solution is possible. It is evident that the 
first and last points of the curve are those for which £,= 0, and, 
consequently, Q — E, or Q= 180° + E. It is easily seen that 
these points are also the first and last points of the curve of 
maximum in the horizon (Art. 309), and, therefore, the limiting 
times are here the same as for that curve. If, however, we wish 
to determine these limiting times independently (that is, when 
the rising and setting limits have not been previously computed), 
the following approximative process will give them with all the 
precision necessary. 

Since Q = E, or = 180° -f E, we have, at the required time, 


£ = x l sin E 
y = y l cos E 



together with the condition (514), for which we may here employ 

? 1 + f = 1 

If we put ? = sin y, this condition gives rj — cos r. "We have, 
by (512), 

„ U r' 

sin E = — cos E — — 

e e 


and we may here regard e as constant. Let the required time 
be denoted by T=T 0 +r, T 0 being an assumed time near the 
middle of the eclipse. Let b () ', ej, be the values of b' and c' for 
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the time T T 0 , and denote their hourly changes by b n and c", then 
■we have, for the time T \ 

b' = b 0 '+ b" r c'= cj+c" t 

and hence, being the tabulated value of JE for the time T w 


b ,r 

sm E = sin i? A -4 r 

0 e 


COS E : 


COS E 0 -)- — r 


If, also, z 09 2 / 0 , are the values of x and y foi the time T 0 , x f and y f 
their houily changes, we have 

x =X Q + x't y = y 0 + / r 

and the equations (536) become 

sm / = x 0 qp l sin E 0 ±(x>+Lv'y 

COS y = y 0 q= l COS 1 C ") T 

Let ?n, iff, 72, iV”, be detei mined by the equations 
m sin M = x 0 =p l sin i? 0 
m cos if = 2 / 0 zp Z cos j£ 0 

w sm iV” = x f A j" 
e 

n cos JV = 2 /' qp A o" 

m which the upper sign is to be used for the southern and the 
lower sign for the northern limit , then, fiom the equations 

sm y = m sin M ■+ n sm N r 
cos y ~ m cos Jf-j-n cos iV t 

we derive 

Bin (y — JV) = m sm (df — i\T) 
cos (p — 2V) == m cos (df — iV) +. Tlr 
Hence, putting y — N=^, 

sm 4 = m sm (df — JV) 

r cos 4 7)i cos (M — JV) 

~ n n 

T = T Q - 1 — t 

It is evident that cos ^ is to he taken with the negative sign for 
the first point and with the positive sign for the last point of 
the curve. 
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To find the latitude and longitude of the extreme points, we 
take y = N+ tan y’ = p 1 tan y, and proceed by (519). 

Example. — To find the southern limit of the eclipse of Julj 
18, 1860. 

First. To find the extreme times. — Taking T 0 = 2 h , we have, 
from our tables, pp. 454, 455, and pp. 464, 465, 


x 0 = — 0.0812 
y. = 4- 0.5961 
l = 0.5367 

E a = 14° 17' 

log e = 9.7977 


x' = + 0.5452 
y' = — 0.1610 

b"= + 0.0514 
c"= — 0.0151 


where we take mean values of x', y', &c. From these we find 
by (537), taking the upper signs in the formulae, 


log m = 9.3555 
log n = 9.7182 

Hence, by (538), 


M — 289° 35' 
7V = 106 28 
M — JV = 183 7 


log sin (4f — N ) = «8.7354 
log sin 4. = n8.0909 
log cos 4 = 0.0000 


log cos (M — W) = ?i9.9994 
— m coa ( Jf JV) _ + 433 


cos 4 
n 


1 .918 


r = — 1 .480 
or r = + 2 .346 


Therefore, for the first and last points of the curve we have, 
respectively, the times 

T ± = 2* — 1*.480 = 0\520 
T 2 = 2 + 2 .346 = 4 .346 


To find the latitude and longitude of the extreme points corre- 
sponding to these times, we have 



First Point. 

Last, Point, 

4 

180° 42' 

— 0° 42' 

y = JV + 4 

287 10 

105 46 

log tan y 

tt0.5102 

n0.5492 

log p x = 9.9987 log tan y r 

n0.5089 

n0.5479 

cl. 

2i° r.4 

20° 59'.8 


6 19.2 

63 42.7 
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Hence, by (519), 


€0 

102 ° 40' 

1 839° 30' 

9 

16 5 

— 14 47 


Second To find a series of points on the curve. — "We begin by 
computing tbe limits of Q for tbe hours O' 1 , 1 \ 2 \ 3 * 4 h , 5 h Thus, 
for 0 * we have, from the table p. 465, and by (531), 


T 

l °gf 
loge 
log tan v 

V 

IE 

log tan (45° -f- v) 
log tan i E 
log tan 4 
4 

iE -f- 4 


0 * 

9 3882 
9 8019 
9 5863 
21° 5' 6 
2 16 7 
0 3533 
8 5997 
8 9530 
5° 7' 7 
7 24 4 


For the southern limiting curve, Q falls between E and £ J3-+ if, 
* e > f° r between 4° 33' and 7° 24' In the same manner we 
form the othei nnmbeis of the following table. 


T 

Lower limit of Q 

Uppei limit of Q 

0* 

4° 33' 

7° 24' 

i 

9 22 

15 18 

2 

14 17 

23 13 

3 

19 14 

30 53 

4 

24 8 

38 4 

5 

28 55 

44 36 


The points of the curve aie to be computed foi times between 
520 and 4 ;< 346, and we shall, tkeiefore, assume for T the 
seiies 0\6, 0*8, 1 * 0 .. ^ 4*0, 4*2, which, with the extreme 

points above computed, will embiace the whole curve 

Instead of detei mining Q fop each of these times by the 
method of Art 312, it will be sufficient to determine it for the 
Lours 1\ 2% 3* 4*, and, hence, to infei its values foi the mtei 
vemng times Thu*, foi 3T= 1 *, damning Q = 12°, which is a 
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mean between its two limiting values, we proceed by the equa 
tions (502), for which we can here use 

•sin /? sin y = x — l sin Q 
sin /3 cos y = y — l cos Q 


as follows : 


For T q = 1\ ( x 

— 0.6266 

log COS P 

9.7396 

y 

+ 0.9170 

log ~ 

9.5923 

I l 

0.5368 

° e 


Assume Q 

12° 

log tan v ( 

9.3319 

a = x — l sin Q 

— 0.7382 

/ 

12° 7'.1 

b = y — l cos Q 

+ 0.3920 

i£J 

4 41.2 

log a = log sin (3 sin y 

M9.8682 

logtan(45°-f v') 

0.1894 

log b = log sin p cos y 

9.5983 

tan i E 

8.9137 

log sin p 

9.9221 

tan (Q — IE) 

9.1031 



Q — iJB 

7° 13'. 5 



Q 

11 54.7 


We thus find, 


for T= P 2* 

Q = 11° 55', 22° 20', 


3* 4* 

30° 16', 32° 17'. 


From these numbers we obtain by simple interpolation suffi- 
ciently exact values of § for our whole series of points. And 
since it is plain from Art. 312, that even an error of half a 
degree in Q will not remove the computed point from the true 
curve by any important amount, we may be content to employ 
the following series of values as final : 


T 

Q 


T 

Q 

0».6 

8° 


1\6 

l—i 

OO 

O 

0 .8 

10 


1 .8 

20 

1 .0 

12 


2 .0 

22 

1 .2 

14 


2 .2 

24 

1 .4 

16 


2 .4 

26 


T 

Q 


T 

Q 

2\6 

28° 


3\6 

31° 

2 .8 

29 


3 .8 

32 

3 .0 

30 


4 .0 

32 

3 .2 

30 


4 .2 

32 .5 

3 .4 

31 





For each time T we now take x, y, and l, from the tables of 
the eclipse, and, with the value of Q for the same time, deter- 
mine the required point on the outline of the shadow by the 
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complete equations (502) to (.508) inclusive, the use of which has 
already been exemplified in Art. 302. Employing only four 
decimal places in the logarithms, we shall find that the curve 
may he traced through the points given in the following table: 


SOLAR ECLIPSE, July 18, I860.— SOUTHERN LIMIT. 


* Greenwich * 

Latitude. 

Long. W. from 
Greenwich. 

Mean Time. 


O) 

0\520 

+ 16° 5' 

b - 1 

O 

1 >D 

O 

o 

0 .6 

21 32 

88 31 

0 .8 

25 6 

76 37 

1 .0 

26 36 

69 2 

1 .2 

27 17 

63 9 

1 .4 

27 27 

58 14 

1 .6 

27 15 

53 57 

1 .8 

26 47 

50 9 

2 .0 

26 4 

46 48 

2 .2 

25 9 

43 33 

2 .4 

24 3 

40 34 

2.6 

22 48 

37 45 

2 .8 

21 5 

34 33 

3 .9 

19 9 

31 25 

3.2 

16 41 

27 59 

3 .4 

14 14 

24 39 

3 .6 

11 9 

20 44 . 

3 .8 

8 5 

16 55 

4 .0 

+ 43 

11 46 

4 .2 

— 0 39 

5 17 

4 .846 

— 14 47 

339 30 


314. Ve have applied the preceding method only to the deter- 
mination of the extreme limits of the penumbra, which may be 
designated as the extreme limits of 'partial eclipse. The same 
method will determine the northern and southern limits of total 
or annular eclipse, by employing the value of l for the total 
shadow that is, for interior contacts. The latter are, indeed, 
more important, practically, than the former, and therefore in 




CURVE 01? CENTRAL ECLIPSE. 


491 


special cases somewhat greater precision might be desired than 
has been observed in the preceding example. In any such case, 
recourse may be had to the rigorous method of Art. 311. Since 
the limits of total or annular eclipse often include but a very- 
narrow belt of the earth’s surface, extending nearly equal 
distances north and south of the curve of central eclipse, 
they may be derived, with sufficient accuracy for most purposes, 
from this curve, by a method which will be given in Art. 320. 

The curve upon which any given degree of obscuration can 
be observed may also be computed by the preceding method. It 
is only necessary to substitute A for ?, and to give A a value cor- 
responding to D according to the equation (529). All the curves 
thus found begin and end upon the curve of maximum in the 
horizon. 

Curve of Central JEclipse . 

315. To find the curve of central eclipse upon the surface of the 
earth . — This curve contains all those points of the surface of the 
eai’th through which the axis of the cone of shadow passes. The 
problem becomes the same as that of Art. 298 upon the suppo- 
sition that the shadow is reduced to a point — that is, when 
l — i£ = 0, and, consequently, by (493), 

? = x 7) = y 

Hence, putting 



the equations (502) to (508) are reduced to the following ex- 
tremely simple ones, which are rigorously exact: 

sin p sin y = x 
sin p cos y = y x 
c sin C = y 1 
c cos C = cos P 
cos <p x sin ft = x 
cos (p x cos ft — c cos ( C -f df 
sin <p x = c sin ( C + df 
, tan <p . 

tan <p = (o = n — ft 

l/O-ee) 

It will be convenient to prepare the values of y l for the prin- 
cipal hours of the eclipse ; and then for any given time Staking 
the values of x, y v d v from the eclipse tables, these equations 
determine a point of the curve. 
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316. The extreme times between which the solution is possible, 
or the beginning and end of central eclipse upon the earth, are 
found as follows. At these instants the axis of the shadow 
is tangent to the earth’s surface, and the central eclipse is 
observed at sunrise and sunset respectively. Hence, Z being the 
zenith distance of the point Z, we have cos Z = 0, or, by (503), 
Cj= 0, whence, by (499), 

or 

& + l/i = 1 

which is equivalent to putting sin /9 = 1, or cos /? = 0, in the 
first two equations of (539), so that we have 

sin y — x, cos y = y l 

Let rJ and y/ denote the mean hourly changes of x and y { com- 
puted by the method of Art. 296. Let the required time of 
beginning or ending be denoted by T— T 0 + r, T 0 being an 
arbitrarily assumed epoch; then, if (a) and (yi) are the values of 
x and y x taken for the time T 0 , we have for the time T, 

sin y = (x) 4- x'z 
cos y = (y,) 4- y/r 

Let m, M, n, N, be determined by the equations 

m sin if — (sc) n sin A = x' 

m cos M = (i q) n cos A— y' 

then, from the equations 

sin y = m sin M + n sin A. t 
cos y = m cos M -j- n cos A. r 

we deduce, in the usual manner, 

sin ( y — N) = m sin (if — A) 
cos (y — A) = rn cos (if — A) 4- m 

or, putting ^ • == r — A, the solution is 

sin 4 . = to sin (if — A) 

cos 4. m cos (if — A) 

n n 


■ ( 540 ) 


(541) 


r=T 0 4-r 
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where cos ^ is to he taken with the negative sign for the 
beginning and with the positive sign for the end. 

To find the latitude and longitude of the extreme points cor- 
responding to these times, we have, in (589), cos /9 = 0, sin /3 1 5 

and, therefore, C= 90°, c = cos y : lienee, taking r =N+ V, 


cos <p x sin ft = sin y 
cos <p x cos ft = — cos y sin d x 
sin <p x = cos y cos d x 


tan <p — 


tan (p x 

VO — « e ) 


(O = /Otj — # 


( 542 ) 


817. To find the duration of total or annular eclipse at any point of 
the curve of central eclipse. — This is readily obtained from numbers 
which occur in the previous computations. Let T= the time 
of central eclipse, t = the duration of total or annular eclipse, 
then T'=Tt 1 1 is the time of beginning or end. Let x and 
y be the moon’s co-ordinates for the time T; ? and vj those of 
the point on the earth at this time ; x\ y', rf , the hourly in- 
crements of these quantities ; then, at the time T' we have, by 
(491), 

( l — if) sin Q — x =j= i x't — (? -+- i ft) 

(i l — if cos Q — y q= >} ft — (y + i ft) 


But we here have x = fy = rj, and we may put C = Ci = cos 0 
whence 

(1 — i cos /9) sin Q = ( x ' — S') — 

U 

(l — i cos fi) cos Q = =f {f — f) ~ 


For the values of c' and if we have, with sufficient precision, 
since t is very small, 

S' = f ( — y .-.x x d -f- cos /J cos d) 
rj ' = f x sin d 

Hence, by (511) and (512), we find, very nearly, 

x' — S' = d — f cos d cos f3 = c' — / cos p 
y'-f = -b' 

If, therefore, we put 

L = 1 — i cos P a = c' — / cos p (543) 
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we have 

L sin Q = — L cos Q = ^ - 

2 ^2 


where we omit the double sign, since it is only the numerical 
value of t that is required. Hence, we have, for finding t, the 
equations 


tan 



7200 L sin Q 
a 


(544) 


the last equation being multiplied by 3600, so that it now gives 
t in seconds. 

The value of eos (3 is to be taken from the computation of the 
central curve for the given time and log i, log/, c', V , from 
our eclipse tables. 


318. To find where the central eclipse occurs at noon . — In this ease 
we have, evidently, x = 0, and hence, in (539), 

sin P = y t (545) 

by which /3 is to be found from the value of y x which corresponds 
to the time when x = 0. We then have C = y9, c — 1, # = 0, 
and therefore the required point is found by the formulae 

= fi ~h d x w = (546) 

In which d Y and /q are taken for the time when x = 0. 


319. The formulae (539), (545), and (546) are not only extremely 
simple, but also entirely rigorous, and have this advantage over 
the methods commonly given, that they require no repetition to 
take into account the true figure of the earth. It may be 
observed here that the accurate computation of the central curve 
is of far greater practical importance than that of the limiting 
curves before treated of. 

The formulae (541) must be computed twice if we wish to 
obtain the times of beginning and end with the greatest pos- 
sible precision; for, these times being unknown, we shall have 
at first to employ the values of x r and y' for the middle of the 
eclipse, and then to take their values for the times obtained by 
the first computation of the formula. With these new values a 
second computation will give the exact times. 
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Example. — To compute the curve of central and total eclipse 
in the eclipse of July 18, 1860. 

It is convenient first to prepare tlie values of y l = -- for the 

Pi 

principal hours of the eclipse, as well as its mean hourly differ- 
ences. With the value log p x = 9.9987B we form, from the values 
of y given vn the table p. 454, the following table : 


Or. T. 

Vi 

Vi 

0 * 

+ 0.91972 

— 0.16095 

1 

.75896 

114 

2 

.59782 

132 

3 

.43633 

149 

4 

.27450 

166 

r. 

.11237 

182 


To find the times of beginning and end we may assume 71= 2 h ; 


and for this time we have 

(x) = m sin M = — 0.08124 
(y t ) = m cos M= -|- 0.59782 
whence log m = 9.78054 

M= 352° 15' 40" 


x f — n sin N= + 0.5453 
y t f — n cos N = — 0.1613 
log n = 9.7548 

J\T = 106° 28'. 7 


Employing but four decimal places in the logarithms for a first 
approximation, we find, by (541), 


m cos (M — JV) 
n 


= + 0 A .435 


cos 4 
n 


T i 

T„ 


--+ 1 .468 

= — 1 .083 
= + 1 .903 


Approximate time of beginning = 2 4 — P.033 = O'*. 967 
“ “ end = 2 + 1 . .903 = 3 .903 


Taking now x' and y/ for these times respectively, and re- 
peating the computation, we have 
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Beginning 

End 

od = n sm N 

+ 0 54531 

+ 0 54525 

y^~n cos N 

— 016113 

— 0 16164 

log n 

9 75482 

9 75489 

N 

106° 27' 42" 

106° 30' 45" 

771 COS (If — If) 

71 

-f O' 4349 

+ 0» 4357 

cos 4. 

— 1 4684 

4- 1 4685 

n 


T 

0 9665 

3 9042 

4 

213° 23' 12" 

326° 37' 40" 


Foi tlie latitude and longitude of the points of beginning and 
end, we now take y = N -f and with the values of d 1 and 
fi x (pp 455, 464) for the above computed times, we have 



Beginning 

End 

r = N- f -4 

319° 50' 54" 

73° 8' 25" 

di 

21 1 15 

21 0 0 


13 1 1 

57 5 3 

whence, "by (542), 



? 

45° 36' 50" 

15° 45' 34" 

a ) 

126 3 8 

320 53 9 

Local App Time = # 

16' 27 ro 9 

6' 24“ S 


For the seiies of points on the cuive we take the times 1* 0, 
1*2, ?4. . . 8'*. 6, 3 A 8, which are embraced within the 

extreme times above found, and proceed by (539) Thus, for 
2 A 0 we have 


T 

2* 

x = 8111 (3 sm y 

— 0 08124 

y 1 = sin /3 cos y 

4- 0 59782 

log sm p 

9 78054 

log cos fi = log c cos G 

9 90173 

log y x = log c sm 0 

9 77657 

log 6 

9 99856 

O 

36° 51' 21" 

d. 

21 0 49 
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57° 52' 10" 

log x = log cos <p x sin # 

w8 90977 

log c cos = log cos ^ cos $ 

9 72435 

log c sm ((7 + <^i) = log sin <P\ 

9 92636 

$ 

351° 17' 13' 

Vi 

28 31 12 

CO 

37 13 59 

<p 

57 39 20 

App Time = # in time, 

23* 25“ 8* ! 


For the duration of totality at this point, we take from pp 454, 
464, 465, 

l — — 0 009082 b' = + 0 1532 

log i = 7 6608 c' = + 0 6011 

log / = 9 3883 

and hence, with log cos ft = 9 9017 above found, we obtain, by 
(543), 

L — — 0 012734 a = + 0 4061 

and, by (544), disregarding the negative sign of L, 
t = 211* 3 = 3’“ 31* 3 

For the place where the central eclipse occurs at noon, wo find 
that x = 0 at the time T= 2 ? ‘ 149, at which time we have 

+ 0 57378 
35° 0' 53" 

21 0 45 

56 1 38 

56 6 57 

30 45 18 

The whole curve may be traced through the points given m the 
following table . 


Vi — sin /5 

ft 

d i 

•Pi 

9 
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HO LA It ECLIPSE, Tuly 18, 18(30 — CURVE OF CENTRAL YND TOTAL ECLIPSE 


Greenwich 
Mean Time 

Latitude 

f /> 

Long W fiom 
Gieenwich 

i 

App Loc 
Tune 

0 

,il 

Duiation of 
Totality 

0* 967 

45° 

86' 4 

126° 

3' 1 j 

10* 

27“ 

9 


1 

1*5 

j 1 0 

50 

37 8 

113 

11 6 , 

17 

21 



i 1 2 

57 

10 2 

89 

14 6 | 

19 

9 

1 


35 1 

1 4 

59 

29 1 

72 

52 8 ; 

20 

20 

G 

2 

55 8 

! i 6 

69 

55 1 

59 

5 2 j 

21 

83 

7 

3 

114 

1 1 8 

59 

11 6 

47 

16 6 ! 

22 

33 

0 

3 

23 1 j 

2 0 

57 

39 3 

37 

14 0 

23 

25 

1 

3 

31 3 j 

2 149 1 

56 

7 0 

30 

45 3 

0 

0 

0 

3 

3 

34 7 j 

2 2 

55 

31 5 

28 

42 0 

0 

11 

2 

36 2 j 

2 4 

52 

56 9 

21 

25 1 

0 

52 

4 

3 

38 0 i 

2 6 

50 

0 9 

15 

3 9 

1 

29 

8 

3 

36 4 | 

2 8 

46 

46 3 

9 

21 8 

2 

1 

(> 

3 

32 0 1 

3 0 

48 

13 6 

4 

2 2 

2 

37 

9 

3 

24 6 

3 2 

39 

20 7 

358 

47 1 

3 

10 

9 

3 

14 4 

3 4 

35 

1 6 

353 

12 5 

3 

45 

) 

3 

1 1 

3 6 

30 

1 5 

346 

35 4 

4 

23 

7 

2 

~~43~5 

3 8 

23 

28 5 

336 

44 1 

5 

15 

1 

2 

18 5 

3 904 

15 

45 b 

320 

53 2 

0 

24 

8 
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Northern and Southern Limits of Total oi Annular Eclipse 

320 To find the northern and southern limits of total or annular 
eclipse — As already remarked m Ait 314, these limits 111,1 9 )C 
ngorousl) determined by the method of Ait 311, by taking 
l — the ladms of the umhra (i e foi interior contacts), but I here 
propose to deduce them ftom the pievionsly computed curve ot 
central eclipse This radius l is assumed to he so small that ive 
may neglect its squaie, which can seldom exceed 0003, and this 
degree of approximation will m the gieatcr number of ^cascs 
suffice to cleteimme points on the limits within 2' or 3', which is 

piaetically quite accurate enough 

The two limiting curves of total or annul ai eclipse, then, lie 
so neai to the central cuive that tlie value r, = cos ft, for a given 
time T, already found m the computation of the latte 1 curve, 
may he used foi the foimei m the appioximate equation win el i 
determines <2 We can, therefore, immediately find $hy(535 ), — ■% e 
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tan v' = — cos /S 

e 

tan (Q - iJS) = tan (45° + /) tan iH 

where/, e, and E are to be taken from the eclipse tables for the 

time T. , 

The co-ordinates of the point on the central curve correspond- 
ing to the time T being f = x and y y = r n (Art. 315), those for 
a point on the limiting curve may be denoted by x + dx and 
y x + d\j v These being substituted for £ and r h in the equations 
(499), v r e have 

dx = -(l- iQ sin Q dy 1 = (J £,) cos Q 

where in the expression for dy x we omit the divisor p„ as not 
appreciably changing the value of so small a term. 

Let <p v &, o) be taken from the computation of the central 
curve for the time T, and let <p y + d<p v o> + dw, be the cor- 
responding values of <p y and to for the point on the limit for 
the same time. Then, by differentiating (500), observing that 
dd = — dto, we have 

cos <p x cos ft dot -\- sin <p t sin ft d<p x = — dx 
cos <p x sin ft do) — sin <p t cos ft d<p ± = — dy t sin d x *+ d£ x cos d x 
cos <p 1 d<p 1 = dy x cos d x -j- d£ x sin d x 

whence, by eliminating d£ x and substituting for its value given 
by the third equation of (497), we find 

C 4 cos <p x dw = — dx (cos <p t cos d x + sin <p x cos ft sin d x ) 

— dy ± sin ^sin ft 

Z ± d<p x r= — dx sin ft sin d x + dy x cos ft 
Hence, substituting cos /? for 

dw = 1 — m l22Ll (cos ft sin Q sin d x + sin ft cos Q) tan <p , 

COS ft 

l — l COS ft . r, J 

j L sin Q cos d x 

cos ft 

dip = -- -° S — (sin ft sin Q sin d t — cos ft cos Q) 

1 cos ft 
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Tlie^e values aie yet to be divided by sin l 7 to 1 educe them to 
minutes of arc It will be convenient to put 



sin 1' sin I' 


l — i cos j3 V 

cos (8 sin V cos fi 



In which V , s', and X will be expiessed m minutes 

We may m practice substitute d(p for d<p v within the limits of 
accuracy we have adopted , for we find, from the equations on 
P 457, 

, d<p, COS 2 tf , 1 — 66 8111 2 (p 

dp — 1 — - ~ d(p, L 

|/(1 — ee) cos 2 <p x j/(l — ee) 


wheie tlie multipliei of d<p x cannot differ more fiom unity than 
Y{ 1 — ee) does, — i e not more than 0.00335 so that the substitu- 
tion of one for the other will never produce an error of V so long 
as d<p x is less than 5° 

Finally, adapting the values of doj and dcp for logarithmic 
computation, by putting 

h sin H = cos Q 
h cos H = sm Q sm d 1 

^ [A cos (ft — H) tan <p x -f- sm Q cos r/J 
) h sm (ft — IT) 

The fonuulae (547) give two values of Q differing 180° The 
second value will evidently give the same numencal values of 
do) and dy, hut with opposite signs, and therefore we may com- 
pute the equations (549) with only the acute value of and then 
the longitude and latitude of a point on one of the limits are 

-j- da )y <p -)- dtp 

and those of a point on the other limit are 

ay — day , <p — dtp 

The fhst of these limits will be the noithem m the ease of 
total eclipse, hut the southern in the ease of annular eclipse, 
opening always to take l with the negative sign for total ellipse, 
as it comes out the formula (487) and (489J 
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It is evident that this appioximate method is not aeeuiate 
when cos ft is veiy small, that is, near the extieme points of the 
curves, and it fails wholly for these points themselves, since 
cos ft is then zeio and the value of X becomes infinite These 
extieme points, however, are deteimmed dnectly in a veiv 
simple manner by the foniiuke (536), (587), (538), combined with 
(519), by employing m (536) and (537) the value of l foi mtenor 
contacts, and it is with these formulae, thcrcfoie, that the com- 
putation of the limits of total or annular eclipse should be com 
menced 

Example — Find the noithern and southern limits of total 
eclipse in the eclipse of July 18, 1860 

Fust To find the extreme points — The values of b' and c' foi 
extenor contacts, from which the values of E on p 465 are 
derived, diffei so little fiom those foi mteiioi contacts that m 
practice, unless extieme precision is lequued, we may dispense 
with the computation of the latter Foi oui present example, 
theieforc, taking the value of E foi T 0 = 2 7 ‘ and the mean value 
of log e, as in the computation of the extieme points of the 
southern limit for the penumbia, p 487, together with 

l = — 0 0091 

we find, by (537), for the northern limit, 

log m = 9 7854 M = 352° 33' 6 

log n = 9 7553 N = 106 27' 0 

and for the southern limit, 

log m = 9 7731 M = 351° 55' 0 

log n = 9 7542 N = 106 27 0 

Hence, by (538), 


Noithern Limit Southern Limit 


i- 

First Point 

Last Point 

Fust Point 

Last Point 

* 

T 

213° 54' 3 

0* 976 

326° 5' 7 

3" 892 

212° 39' 0 

0" 951 

327° 21' 0 

3*917 


Taking y — ZV+ tj/ , and the values of d l and /i, for these times 
i ospectively, with log /> l == 9 9987, we find, by (518) and (519), 
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r 

820° 

21' 

3 

72° 

32' 

7 

[ 319° 

6' 

0 

73° 

48 

0 ' 

log tan / 

n9 9170 


0 5012 


9363 


0 5355 



21° 

r 

2 

21° 

0' 

0 

21° 

1' 

2 

21° 

0' 

0 

& 

246 

31 

7 

96 

26 

7 

247 

26 

7 

95 

57 

7 

!\ 

13 

9 

6 

56 

54 

1 

12 

47 

1 

57 

16 

6 

CL) 

126 

37 

9 

320 

27 

4 

125 

20 

4 

321 

18 

9 

9 , 

46 

7 

7 

16 

21 

6 

45 

2 

8 

15 

11 

4 


Second To find a seiies of points between these extremes, by 
the aid of the curve of cential eclipse, we assume the same seiies 
of times as in the computation of that cnive, and proceed by 
(547), (548), and (549) , to lllustiate the use of which I add. the 
computation for T = 2 A in full From the computation, p. 496, 
we have 

For T= 2* log cos /? 9 9017 

log tan <f x 0 1970 

.9 351° 17' 2 

21 0 8 
37 14 0 
57 89 S 


Then, by (547), By (548), 


(p 465) log L 

9 5953 

l 

— 0 009082 

€ 


log l 

»7 9582 

log COS ft 

9 9017 

logZ' 

nl 4945 

log tan '/ 

9 4970 

log* 

7 6608 

v' 

17° 26' 0 

log l r 

11971 

iJEJ 

-4 

QO 

-4 

l f 

15' 74 

log tan (45° -f /) 

0 2823 

V sec ft 

— 39 16 

log tan iU 

9 0982 

X 

— 54.99 

log tan ( @ — iJE) 

9.3805 



Q—iJB J 

13° 30' 3 



Q 

20 39 0 




Hence, by (549), 


log cos Q = log h sm H f 9 9712 
log am Q sm <2, = log h cos H 91020 
log h 9 9751 

H 82° 18' 2 

* — R 268 59 0 


O) 

9 
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log A 

ml.7396 

log l 

rel.7396 

log A 

9.9751 

log A 

9.9751 

log cos (# — H') 

W8.2490 

log sin (# — H) 

n9.9999 

log tan <p x 

0.1979 

log dtp 

1.7146 

log (1) 

0.1607 

d(p 

+ 51'.83 

log A 

nl.7396 



log sin Q cos d x 

9.5175 



log (2) 

wl.25 7 l 



CO 

+ r.45 



(2) 

— 18 .08 



dw 

- 16 .63 




Hence, for the time T= 2\ we have the two points, 



N. Limit. 

S. Limit. 

O) ±z do) 

36° 57/4 

37° 30'. 6 

ip dz dtp 

58 31.1 

56 47.5 


SOLAR ECLirSE, July 18, 1860. 


Northern Limit of Total Eclipse. 


Gr. T. 

Latitude. 

<t> 

Longitude, j 

0) | 

i 

0*976 

46° 

8' 

126° 

38' 

1 .0 

50 

18 

116 

27 

1 .2 

57 

47 

90 

57 

1 .4 

60 

13 

74 

0 

1 .6 

60 

46 

59 

40 

1 .8 

60 

4 

47 

23 

2 .0 

58 

31 

36 

57 

2 .2 

56 

21 

28 

9 

2 .4 

53 

43 

20 

40 

2 .6 

50 

43 

14 

12 

2 .8 

47 

24 

8 

44 

3 .0 

43 

47 

3 

1 

3 .2 

39 

49 

357 

43 

3 .4 

35 

25 

352 

6 

3 .0 

30 

18 

345 

23 

3 .8 

23 

31 

335 

8 

3 .892 

16 

22 

320 

27 


Southern Limit of Total Eclipse. 


Gr. T. 

Latitude. 

Longitude- 

0) 

0*.951 

45° 

8' 

125° 

20' 

1 .0 

50 

57 

109 

56 

1 .2 

56 

45 

87 

33 

1 .4 

58 

45 

71 

46 

1 .6 

59 

4 

58 

31 

1 .8 

58 

19 

47 

11 

2 .0 

56 

48 

37 

31 

2 .2 

54 

42 

29 

16 

2 .4 

52 

11 

22 

10 

2 .6 

49 

19 

15 

56 

2 .8 

46 

9 

10 

39 

3 .0 

42 

41 

5 

3 

3 .2 

38 

52 

359 

51 

3 .4 

34 

38 

354 

20 

3 .6 

29 

45 

347 

48 i 

3 .8 

23 

26 

838 

20 

3 .917 

15 

11 

321 

19 
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321 Tlie curves above computed are all exhibited m the fol- 
lowing chart 



lor the construction of such chaits, on even a much larger 
scale, the degree of accmacy with which our computations 
have been made is fai greatei than is necessary, and many 
abridgments may be made which will leadily occui to the 
skilful computer * 


For a graphic method of constructing eclipse charts, see a paper by Mr 

h\l\cey right, Proceedings of the V.111 Association for the Adv of Science, 8tli 
meeting (1854), p 35 
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Prediction of a Solar Eclipse for a Given Place. 

322. To compute the time of the occurrence of a given phase of a 
solar eclipse for a given place . — The given phase is expressed by a 
given value of A, and we are to find the time when this value 
and the co-ordinates of the given place satisfy the conditions 
(485). This can only he done by successive approximations. 

Let it be proposed to find the time of beginning or ending of 
the eclipse at the place. The phase is then A — l — i£, and we 
must satisfy the equations (491). Let T 0 be an assumed time, 
and T= T 0 + v the required time. Let x, y, x', y', d, l, log i, be 
taken from the eclipse tables (p. 454) for the time T 0 . Assuming 
that x and y vary uniformly, their values at the time T are 
x -f- x't and y + y'r. The co-ordinates of the place at the time 
T a are found by (483) or (483*), in which y is the sidereal time 
at the place. Putting 

ft = [i — a = j — (o 


in which w is the west longitude of the place and may be taken 
from the table (p. 455) for the time T\ T 0 , the formulae become 

A sin B = p sin <p* £ = p cos <p f sin ft ^ 

A cos B = p cos <p' cos ft y] — A sin (i? — d) V (550; 

Z=Aq,o&\b — d) ) 

Let £', rf denote the hourly increments of £ and rj ; then, assuming 
that these increments also are uniform, the values of the co-ordi- 
’ nates at the time T are £ + £'r and r) + r. The values of £ ; 
and rf are found by the formulae (p. 462) 

£' — [i! p cos <p' cos ft 
7]' = p!% sin d — d'Z 

in which p! and d ! are the hourly changes of p and d multiplied 
by sin 1". The rate of approximation will not be sensibly 
affected by omitting the small term d ' £, and the formulae for f ' 
and rj f may then be written as follows : 


Put 


£' = p! A cos B r/ = //£ sin d (551) 

j l = l — 


then, neglecting the variation of this quantity in the first ap- 
proximation, the conditions (491) become, for the time Z 7 , 

L sin Q = x — £ + (pd — £') T 
L cos Q = y — 7] -j- Cl/ — rf ) r 
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Let the auxiliaries m, M 7 n, and iV'be determined by 
tions 

m sm M = x — c n sm JV = x r — f ' 

m cos M ~ y — 9 n cos A r = f — r/ 


the equa- 
| (552) 


then, from the equations 


Jj sm Q = m sm M w sm JV r 
cos Q = m cos M -f n cos iV r 

we deduce 

L sm (<2 — N) — m sm (1/ — JV") 

JD cos (Q — N) = m cos (M — N) •+ m 


Hence, putting ^ = Q — N 7 we have 

sm (M — N) 

sm 4 = 

L 

L cos 4 m cos (M — N') 

T n n 

by ■which, r is found Since the first of these equations does not 
determine the sign of cos the latter may he taken with either 
the positive or the negative sign We thus obtain two value? 

of T= T q the first given by the negative sign of — C °— 

fi 

being the time of beginning, and the second given by the posn 
tive sign being the time of ending of the eclipse at the place. 

For a second approximation, let each of the # computed times 
(or two times nearly equal to them) he taken as the assumed 
time T 0: and compute the equations (550), (551), (552), (553) for 
beginning and end separately. 

The first approximation may he m eiroi several minutes, hut 
the second will always be correct withm a few seconds, and, 
therefore, quite as accurate as can be required, for a perfect 
prediction cannot be attained in the present state of the Eplie- 
mendes 

The formula for r may also be expressed as follows 



m sm (if — — jj 

n sm 4 

which m the second approximation will he more convenient 
than the foimei expression, hut when sm ^ is ^ ery small it Will 
not be t>o pieeise. 
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If we put 

t — the local mean time of beginning or end, 

we have 

t~ = 2 0 + T O). 

323. The prediction for a given place being made for the 
purpose of preparing to observe the eclipse, it is necessaiy also 
to know the point of the sun’s limb at which the first contact is 
to take place, in order to direct the attention to that point. This 
is given at once by the value of 

Q = A + + 

which is the angular distance of the point of contact reckoned 
from the north point of the sun’s limb towards the east (Art. 295). 

The simplest method of distinguishing the point of contact on 
the sun’s limb is (as Bessel suggested) by a thread in the eye-piece 
of the telescope, arranged so that it can be revolved and made 
tangent to the sun’s limb at the point. The observer then, by a 
slow motion of the instrument, keeps the limb very neaily in 
contact with the thread until the eclipse begins. The position 
of the thread is indicated by a small graduated circle on the rim 
of the eye-piece, as in the common position micrometer. 

This method is applicable whatever may be the kind of 
mounting of the telescope. Nevertheless, if the instrument is 
arranged with motion in altitude and azimuth, it will be conve- 
nient to know the angle of the point of contact from the vertex 
of the sun’s limb, which is that point of the limb which is nearest 
to the zenith- The distance of the vertex from the north point 
of the limb is equal to the parallactic angle which being here 
denoted by y, is found, according to Art. 15, by the formulae 

p sin y = cos <p sin # 
p cos y = sin <p cos d — cos c o sin d cos # 

•(where we have put p for sin £ and # for the sun’s hour angle). 
As y is not required with very great accuracy, we may here take 
[see (494)] 

p sin y = c P 008 T = ^ 

in which c and rj are the values of the co-ordinates of the place 
at the instant of contact. But, if c and rj denote the values at the 
time T 0 , we must take 

p sin y — £ -f 5 


p COS y — rj ij't 


(554) 
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m which we employ the values of ?, /], r/, and r furnished by 

the last approximation We then have 


Angular distance of the point of contact from 
the vertex towards the east, 


\=Q-r 

) = A+ 4 


— r 


(555) 


324 To find the instant of maximum obscuration for a given place, 
and the degiee of obscuration — At the instant of gieatest obscura- 
tion the distance A of the axis of the shadow fiom the place of 
observation is a minimum * If we denote the lequired time by 
T y =T 0 + t v the equations of Ait 322 determine r x for a given 
value of A if we substitute A for L Denoting the value of 
Q — A f or this case by we have, therefore, 


A sin = m sin (if — A) 

A cos 4 ± = m cos ( M — - A) + n r t 

the sum of the squares of which gives 


A*=z m 2 sin 2 {M — A) + [m cos (if — A) + nrj* 

Since m and M aie computed for the time T 0 , and A is sensibly 
constant, the tenn m 2 sm 2 (if — A) is constant, and therefore A 
is a mmimum when the last term is zero, that is, when 


m cos (Ai" — A) 
n 


(556) 


which quantity is already known fiom the computation of ( 553 ). 
"We have, also, 

A = ±m sm (if -JV)=±i sin 4 (557) 

m which the sign is to be so taken as to make A positive. The 
degree of obscuration is then given by the formula (Art 310), 


D = 


X- j 
L + L, 


in which D is expiessed in fiaetional parts of the sun’s diamete 
an an are the ia dii of the penumbia and umbra (tb 

small r ^ ~ >S a maxlmum > as ln Art 309, but we heie neglect tl 

the o' Tut the ° f ^ ^ 

J U > but the above approximation is sufficient in practice 
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latter being negative) for the place of observation. From (-±88) 
we find, by putting sec/— 1, 


and hence 


i + £ i= 2(i-Z0 
D 


( 558) 

2 (i — k) 

m which k = 0.2723. 

If we neglect the augmentation of the moon’s diameter, or, 
which is equivalent, the small difference between L and l, and 
put 


l 




we have 


2 (l -ft) 

JD = e ~ e sin 4 


(5591) 


where the lower sign is to be used when sin $ is negative, so 
that D is always the numerical difference of e and s sin In this 
form e may be computed for the eclipse generally, and will be 
derived from the computation for the penumbra for the given 
place. A preference should be given to the value of 4 found 
from the computation for the time nearest to that of greatest 
obscuration, which is usually that used in the first approximation 
of Art. 322. 


Example.— Find the time of beginning and end, &c., of the 
eclipse of July 18, 1860, at Cambridge, Mass. 

The latitude and longitude are 

9 = 42° 22' 49" <o = 71° T 25" 

For this latitude we find, by the aid of Table III., or by the 
formulae (87), 

log p sin <p' = 9.82644 log p cos / = 9.86912 

With the aid of the chart, p. 504, we estimate the time of the 
middle of the eclipse at Cambridge to be not far from 1*. Hence, 
taking T 0 = 1* for our first approximation, we take for this time, 
from the eclipse tables, p. 454, 

* = — 0.6266 *'=-)- 0.6463 

y = -f 0. 7567 y' = — 0. 1605 

d— 20° 57'.4 /*,= 13° 31\2 


l = 0.5368 
log i — 7.66287 
log /u'zzz 9.41799 
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Hence, by (550) and (551), 

y x — o = # == 302° 23' 8 

jB == 59 24 6 

£ = — 0 6246 
s? = + 0 4844 
f'= + 0 1038 
^ = — 0 0585 


log £ = 9 7853 

= 0 0028 

£ = 2 — 0 5340 


and, by (552) and (553), 


w sinl/ = s — g — — 0 0020 
m cos M = y — tj = + 0 2723 
log m= 9 4350 


Jf = 359° 34' 7 

i¥— W = 250 34 1 

log sm 4 = «9 6955 

log cos 4 ~ 9 9387 


n sm N = x ' — f ' = -f- O 4415 
7icosiV = 2 /' — rf = 0 1020 

log » = 9 0562 

J\T= 103° O' 6 

_ OTC0S ( J/ - y ) _ , o» 140 
n ~ 

CQS 4 ] 021 

n 

r — 0 883 
T 1 or +■ 1 163 
Approximate time of beginning = 0 A 117 
“ “ end =2 163 


Taking then for a second approximation T 0 = 0 7i 12 foi 'begin- 
ning, and T 0 — 2 71 16 for end, we shall find* 



Beginning 

End 


0* 12 

2* 16 

X 

— 1 10642 

-f 0 00601 

y 

4- 0 89783 

-|- 0 57034 

x f 

+ 0 54528 

-f 0 54530 

y f 

— 0 16015 

— 016090 

d 

20° 57' 45" 

20° 56' 58" 

t 1 1 

0 19 8 

30 55 13 

l 

0 53686 

0 53673 

# 

289° 11' 43" 

319° 47' 48" 


— 0 69868 

— 047755 

r i 

+ 0 53915 

-f 042423 

log c 

9 66935 

9 88504 

r 

+ 0 06368 

+ 0 14793 

V 

— 0 06544 

— 0 04470 


* The values of a' and y' here employed are not those given m the table p 455, 
hut their actual values for the time T Q , as given m the table of a' and y f on p 
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Beginning. 

End. 

iC 

0.00215 

0.00353 

L 

0.53471 

0.53320 

m sin M 

— 0.40774 

-f 0.4835C 

m cos M 

+ 0.35868 

+- 0.14611 

log m 

9.73484 

9.70342 

M 

811° 20' 16" 

73° 11' 15" 

n sin 2\ r 

+ 0.48160 

+ 0.39737 

n cos JST 

— 0.09471 

— 0.11620 

log n 

9.69098 

9.61702 

JV 

101° 7' 32" 

106° 18' 0" 

JL — -A r 

210 12 44 

j 326 53 15 

4 

210 44 0 

328 49 56 

JSC — N— + 

— 31' 16" 

— 1° 56' 41" 

r 

+ 0*.0197 

-f (>*.0800 

rp f 

0*1397 

2 .2400 

T l 

0* 8™ 28 s 

2* 14" 1 24 J 

OJ 

4 44 80 

4 44 30 

Local time, t\ 

19 28 63 

21 29 54 

i 

July 17. 

July 17. 

Anglo of Pt. of Contact from \ 



North Pt. of the sun = > 

311° 51' 32" 

75° 7' 56" 

Q*=ir+* > 




A, third approximation, commencing with tlie last computed 
times, changes them by only a fraction of a second. 

To find the angular distance of the point of contact from the 
vertex of the sun’s limb, we have from the second approximation, 


by (554) and (555), 


£ -j- £' t = $ sin y 

vj -j- yj'r = Jp COS^ 

r 

Angle from vortex = Q — y 


Beginning. 

End. 

— 0.6974 

— 0.4658 

+ 0.5379 

+ 0.4206 

307° 38'.8 

312° 4'.5 

4 12.7 

123 3 .4 


The time of greatest obscuration is hest found from the first 
approximation, which gives, by (556), 
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T 0 = V 

-mcos (If—*) 0140 

n 1 1 

T x -- l h 140 

_ p 8“ 24' 

o> = 4 44 30 

local time of max obscur =t— %j 23 54 

For the amount of gieatest obscuration we have, also, from 
the first approximation, by (557) and (558), 

log I = 9 7275 
log sin 4 = »9 6955 
log 4 = 9.4230 
A = 0 2649 
T — d = 0 2691 

0 514 


1 = 0 5840 
1 = 0 2723 
Z — A = 0 2617 
2(Z —1) = 0 5234 


D-. 


0 2691 
0 5284 


Or, by (559), taking as constant the value of e found by employ 
mg the mean value l = 0 5367, i e 


we have 


£ = 1 015 

e sm 4 = — 0 508 
D = 0 512 


which is quite accurate enough 


325 Prediction foi a guen place by the method of the American 
Pphemens — This method is based upon a transformation of 
Bessel’s formula suggested by T. IIenry Sal ford, Jr , and, with 
the aid of the extended tables m the Ephemens, is somewhat, 
more convenient than the preceding The fundamental equa- 
tion (490) gives, by transposition, 

(* — «y = (I — C tan fy -(y — ^ 
the second member of which may be resolved into the factors 


or, by (494), 


b =(l — Ctan/) + (y— ,) 
c = (l — ctan/) — (y — rj) 


b = 1 -j_ y — p sm p' (cos d -|- sm d tan /) 

+ P cos ip' (sin d — cos d tan /) cos »9 

c — 1 — y + p sm <p’ (cos d — sin d tan /) 

— f> cos <p' (sm d -j- cos d tan /) cos # 
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If we put 


A=x B = l + y C= — l + y 

F = cos d + sin d tan / = cos (A — /) sec / 

F = cos d — sin d tan / — cos (d -f- /) sec/ 
a = sin d — cos d tan/ = sin (d — /) sec/ 

J3T = sin d + cos d tan/= sin (cZ +/) sec/ 


all of which are independent of the place of observation and are 
given in the Ephemeris for each solar eclipse, for successive 
times at the Washington meridian, we shall then have to com- 
pute for the place 

a = x — f = A — p cos <p’ sin # 1 

b = B — F p sin + (x /> cos cos # V (560) 

c = — 0 + iF 1 /> sin v' — if cos <p' cos # j 

and the fundamental equation becomes 

a — 1 /be 


We have here, as before, & = /q — a ) ; and the value of /q is 
also given in the Ephemeris for the Washington meridian. 

If now for any assumed time T 0 we take from the Ephemeris 
the values of these auxiliaries, and, after computing a , 6, and c 
by (560), find that a differs from \/bc, the assumed time requires 
to be corrected; and the correction is found by the following 
process. Put 

m = \/bc ) 

a', b\ ml = the changes of a, b , m, in one second, 

r — the required correction of the assumed time j 


then at the time of beginning or ending of the eclipse we must 
have 

a -f a'r = m + w'r 


whence 


m — a 
0! — m! 


To find a' we have, by differentiating the value of a and de- 
noting the derivatives by accents, 

a! = A! — p! p cos <p ' cos & 


Vol. L— 33 


(561) 
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in -winch. fJ denotes the change oi p x m one second, and is the 
same as the p! ot oui foimer method divided by 3600 

To find m f ve have, following the same notation, and neglect- 
ing the small changes of E , F \ E , /, and/, 

B' = y’ — O' 

b' = B r — p! G p cos / sm # 

d = — C f 4- \illl p cos <p f sm // 

Since /is small, we may m these appioximate expressions put 
G = if, and hence 

V= — d= B’— ft’ G-p cos p' sm £ C 561 " 1 ) 


iSTow, fiom the foimula m 2 = 6c, we derive 
2 mm' = cV + bd— (c — b) V 



which, if we assume 

tan *$=/£ = ! = !£ (*») 

^ \ J m 6 

becomes 

wi' = — 6' cot § 
and therefore r is found by the formula 

T = m — a . (563) 

o! + V cot Q 

The Ephemens gives also the values of A f , and C\ which 
aie the changes of A , J3, and C m one second These changes 
being veiy small, the unit adopted m expiessmg them is 000001 , 
so that the above value of r, as also the value of p r m (561), 
must be multiplied by 10 6 The formulae (560-563) then agree 
with those given m the explanation appended to the Ephemens 
It is easily seen that Q heie denotes the same angle as in the 
preceding articles; for we have at the instant of contact 


tan Q = 


V 2 m x — £ 

m r b — c y — 7] 


Examples of the application of this method are given in every 
volume of the American Ephemens. 
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326. The preceding articles embrace all that is important in 
relation to the prediction of solar eclipses. Since absolute rigor 
is not required in mere predictions, I have thus far said nothing 
of the effect of refraction, which, though extremely small, must 
be treated of before we proceed to the application of observed 
eclipses, where the greatest possible degree of precision is to be 
sought. 

CORRECTION FOR ATMOSPHERIC REFRACTION IN ECLIPSES. 

327. That the refraction varies for bodies at different distances 
from the earth has already been noticed in Art. 106 ; but the 
difference is so small that it is disregarded in all problems in 
which the absolute position of a single body is considered. 
Here, however, where two points at very different distances from 
the earth are observed in apparent contact, it is worth while to 
inquire how far the difference in question may affect our results. 

Let SMDA , Fig. 44, be the path 
of the ray of light from the sun’s 
limb to the observer at A, which 
touches the moon’s limb at M ; SMB 
the straight line which coincides with 
this path between S and M, but when 
produced intersects the vertical line 
of the observer in _B. It is evident 
that the observer at A sees an ap- 
parent contact of the limbs at the 
instant when an observer at B would 
see a true contact if there were no 
refraction. Hence, if we substitute 
the point B for the point A in the 
formula of the eclipse, we shall fully take into account the effect 
of refraction. 

For the purpose of determining the position of the point J3, 
whose distance from A is very small, it will suffice to regard the 
earth as a sphere with the radius p = CA. It is one of the pro- 
perties of the path of a ray of light in the atmosphere that the 
product q/x sin i is constant (Art, 108), q denoting the normal to 
any intinitesimal stratum of the atmosphere at the point in which 
the ray intersects the stratum, p the index of refraction of that 
stratum, and i the angle which the ray makes with the normal. 


Fig. 44. 
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If, then, p , // 0 , Z } denote the valuer of p, and. i fox the point JL, 
we have, as in the equation (149), 

qii sin i = pfjL Q sm 

in which iP is the apparent zenith distance of the point M, and 
p Q is the index of refraction of the air at the observer 

Now, let us consider the noimal q to he diawn to a point D of 
the lay where the refractive power of the air is zero, that is, to 
a point m the rectilineal portion of the path where /i = l Then 
our equation becomes 

q sm i = pix Q sm Z f 

m which q = CD, i = MDF— CDB Putting Z = the true 
zenith distance of M = MJB V , and s = the height of JB above 
the surface of the earth = AB , the triangle CDB gives 

(/) -(- s) sm Z = q sm i 

which with the preceding equation gives 

1 i (564) 

P sm Z 

In order to substitute the point B foi the point A m our com- 
putation of an eclipse, we have only to wnte p + s for p in the 

equations (48B), or p |l -f ~ jfoi p Therefore, when we have 

computed the values of log £, log y, and log £ by those equa- 
tions in their present form, we shall meiely have to correct them 

by adding to each the value of log ^ 1 + J This logarithm 

may be computed by (564) for a mean value of p 0 (= 1 0002800) 
and for given values of Z For Z we may take the true zenith 
distance of the point Z (Art. 289), determined by a and cL But 
by the last equation of (483) we have so nearly cos Z = £ that 
m the table computed by (564) we may make log £ the argu- 
ment, as in the following table, which I have deduced fi om that 
of Bessel (Astron. ITntersuchungen , Yol II p. 240). 



REDUCTION TO THE SEA LEVEL. 


517 


log ? 

Correction of logs, 
of v, C- 

8.5 

0.0000446 

8.4 

.0000525 

8.3 

.0000602 

8.2 

.0000672 

8.1 

.0000734 

8.0 

0.0000788 

7.9 

.0000835 

7.8 

.0000875 

7.7 

.0000909 

7.6 

.0000937 

7.4 

0.0000978 

7.2 

.0001006 

7.0 

.0001023 

6.5 

.0001044 

6.0 

.0001051 

00 

0.0001054 


log f 

Correction of logs, 
of f, v, 

0.0 

0.0000000 

9.9 

.0000001 

9.8 

.0000002 

9.7 

.0000005 

9.6 

.0000008 

9.5 

0.0000014 

9.4 

.0000023 

9.3 

.0000035 

9.2 

.0000054 

9.1 

.0000081 

9.0 

0.0000119 

8.9 

.0000167 

8.8 

.0000225 

8.7 

.0000292 

8.6 

.0000367 

8.5 

0.0000446 


The numbers in this table correspond to that state of the at- 
mosphere for which the refraction table (Table II.) is computed; 
that is, for the case in which the factors /3 and y of that table are 
each = 1. For any other case the tabular logarithm is to be 
varied in proportion to $ and y. 

It is evident from this table that the effect of refraction will 
mostly be very small, for so long as the zenith distance of the 
moon is less than TO 0 we have log C > 9-58, and the tabular 
correction less than .000001. From the zenith distance 70 to 
90° the correction increases rapidly, and should not be neglected. 

CORRECTION FOR THE HEIGHT OF THE OBSERVER ABOVE THE 
LEVEL OF THE SEA. 

828. If 5 ' is the height of the observer above the level of the 
sea, it is only necessary to put p + s' for p in the general formulas 
of the eclipse ; and this will be accomplished by adding to log £ , 

log 7 J, and log £ the value of log (l + M, which is (M being 

the modulus of common logarithms) 

+&C ] 

Blit s' is always so small in comparison with >> that we may 
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neglect all Tint the first teini of this formula, and hence, by 
taking a mean value of p (for latitude 45°) and supposing s' to 
be expressed in English feet, we find 

Correction of log log log £ = 0 00000002079 s r (565) 

For example, if the point of observation is 1000 feet above 
the level of the sea, we must mciease the loganthms of £, f), 
and £ by 0 0000208 

If s' is expressedm meti es, the collection becomes 0 000000064 s'. 

APPLICATION OF OBSERVED ECLIPSES TO THE DETERMINATION OP TER- 
RESTRIAL LONGITUDES AND THE CORRECTION OF THE ELEMENTS 
OF THE COMPUTATION 

329. To find the longitude of a place f om the observation of an 
eclipse of the sun — The observation gives simply the local times 
of the contacts of the discs of the sun and moon m the case of 
paitial eclipse, two exterior contacts only, 111 the case of total or 
annular eclipse, also two interior contacts 
Let 

a) = the west longitude of the place, 
t — the local mean time of an obseived contact, 
p. = the corresponding local sideieal time 

The conveision of t into p requires an approximate knowledge 
of the longitude, which we may always suppose the ohseivei to 
possess, at least with sufficient pieeision for this pm pose 

Let T 0 he the adopted epoch from which the values of x and y 
are computed (Art 296), and let 

# 0 , y Q — the values of oc and y at the time T 0 , 

of, y r = then mean hourly changes foi the time t -f ai , 

then, if we also put 

T = t+aj—T 0 (5S6) 

the values of x and y at the time t +co (which is the time at the 
first meridian when the contact was observed) are 

^0 + x't, Vo + y r ? 

The values of x' and y f to be employed m these expressions 
may he taken for the time t ■+ 10 obtained by employing the 
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approximate value of and will be sufficiently precise unless 

the longitude is very greatly in error. 

The quantities l and i change so slowly that their values 
taken for the approximate time t + o> will not differ sensibly 
from the true ones. For the same reason, the quantities a and d 
taken for this time will be sufficiently precise : so that, the latitude 
being given, the co-ordinates 6, rj, £ of the place of observation 
may be correctly found by the formulae (488). Since, then, at 
the instant of contact the equation (490) or (491) must be exactly 
satisfied, we have, putting L=l — i £, 

L sin Q = x a — Z + x'r 1 (567) 

L cos Q = y„ — y + y'* i 

in which r is the only unknown quantity. Let the auxiliaries 
m, M, n, Abe determined by the equations 

m sin M — x 0 — £ n s hi N = x ) (558) 

>n ooeM=y, — v ncosJV=y' ) 

then, from the equations 

L sin Q = vi sin M+n sin N . r 
L cos <2 = m cos M + n cos N . r 

by putting 4> = Q — N, we obtain 

m sin (Jf — N) 
sin 4 = — 

L cos 4 m cos (if — JSf) 

T = n n 

m sin (M — IV — 4-) 
n sin 4. 

where the second form for r will be the more convenient except 
when sin 4 is very small. As in the similar formulae (553), the 
angle 4 must be so taken that L cos 4 shall be negative for 
first contacts and positive for last contacts, remembering that in 
the case of total eclipse L is a negative quantity. 

Having found r, the longitude becomes known by (566), which 

(570) 



gives 


w — T, — t + T 
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If the observed local time is sideieal, let // 0 be the sidereal 
time at the first meridian, corresponding to !T 0 , then, r being 
1 educed to sidereal seconds, we shall have 

= Mo — f* + r 

and this process will he free from the theoretical inaccuracy 
arising from employing an approximate longitude m converting 
/ 1 into t 

The unit of r m (569) is one mean houi , but, if we write 

t h L cos 4 , Jim cos (M — N) 

n n 

^ m sm (M — N — 4 ,) 

n sm 4 / 

we shall find r in mean or sidereal seconds, accoidmg as we take 
h = 3600, or h == 3609 856 

B30. The rule given in the preceding article for determining 
the sign of cos ^ (which is that usually given by wnteis on this 
subject) is not without exception m theoiy, although m practice 
it will be applicable in all cases where the observations are 
suitable for finding the longitude with precision, and, were an 
exceptional case to occur in practice, a knowledge of the approxi- 
mate longitude would remove all doubt as to the sign of the teim 
L cos 4 tj . 

— - — . .but it is is easy to deduce the mathematical condition 
for this case 

At the instant of contact, the quantity 

to — * + + <y. - ^ + y'r)* 

is equal to L\ At the next following instant, when r becomes 
r +^t, it is less or greatei than L 2 accoidmg as the eclipse is 
beginning or ending. If then we regard L 2 as sensibly constant, 
t e differential coefficient of this quantity relatively to the time 
must be negative for first and positive for last contacts The 
half of this coefficient is 

(x » - f + *' T ) V' - *0 + (Jk - r, + y’r) (y’ - ,') 

Syiiy 6 ^ derivatives of f and 7 are denoted by f' and 7 '), or, by 
(567), putting N+ 4 for Q, J> 

L [Bin (X -f 4 , <V_ s'j _|_ cos (y _j_ 
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Computing £' and r/ lay the formulae (551), or, in this case, hy 
£' = /i' p cos <p' cos ( jl — a ~) f = fi £ sin d, 

and putting 

n'sin JP=od — £' ji'cos N' = y' — f 


the above expression becomes 

JL ri cos (i\T — N r + 4) 

Hence, when L is positive, that is, for exterior contacts and 
interior contacts in annular eclipse, ^ mnst 80 to ^ en ^ iat 
cos (JV— JS' •+ 4/) shall be negative for first and positive for last 
contact. That is, for first contact ^ must be taken between 
#7 — JV-f 90° and N'— N -ff 270° ; and for last contact between 
N r _'jv 4 - 90° and N'—N— 90°. Tor total eclipse, invert these 
conditions. 

In Art. 322, we have N = JV', and hence the rule given tor 
the case there considered is always correct. 


331. To investigate the correction of the longitude found from an 
observed solar eclipse, for errors in the elements of the computation. 

Let 

lx, lL = the corrections of x, y, and L, respectively, 
for errors of the Epliemeris, 
at? = tlie corrections of ? and y for errors in p and <p r , 

AT = the resulting correction of t . 

The relation between these corrections, supposing them very 
small, will be obtained by differentiating the values of L sin Q 
and L cos Q of the preceding article, hy which we obtain 

a L sin Q + I eos£>A<2 = ax — a? + x’at 
a L cos Q — 1 sin Q aQ = Ly — Ly + y’ at 

where lx and a y, being taken to denote the corrections of 
x — x 4 - x'x and y = y Q -\- y’r, include the corrections of rJ and y'. 
Substituting in these equations n sin If for x' and n cos N for 
/, and eliminating lQ, we find 

a L = (lx — a£) sin Q + CM — at;) cos Q + n cos (Q — If) . at 
and substituting for Q its value N + 


. sin (IV + 4) , , , cos (A-}- 4) , aZ 

(lx a£) ncos4 ” * >J ’ ji cos 4 a cos 4 
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or 

at =. — -i- (ax sm JS T - [~ a y cos N) i ( — a t cos iV'-f Ay sm N) tan 4 
-f- — (a? sin JV + a^ cos i\ r ) — — ( — at cos iV^ + a^ sm i\T) tan 4 


+ 


a L sec 4 
n 


(571) 


which is at once the collection of r and of the longitude, since 
we have, by (570), ao> == at 


332 In this expiession foi a r, the conections ax, Ay, &c have 
particular values belonging to the gnen instant of obseivation 
01 to the given place In oidei to lendei it available toi deter- 
mining the collections ot the ongmal elements of computation, 
we must endeavor to 1 educe it to a function of quantities winch 
are constant dining the whole eclipse and independent ot the 
place of observation Foi this puipose, let us fust consider 
those paits of at which involve ax and a y For any time T p at 
the first meiidian, we have 


x = i 0 -|~ n sin iV ( jPj — T 0 ) 

_ y = y 0 + n cos * r ( T i — T o) 

whence 

xsmN+ycosN= x 0 sm N y 0 cos JS r -f n ( T x — T 0 ) 

— x cos N + y sm JV = — x 0 cos jV -f- y 0 sm -N” 

The last of these expiessions, being independent of the time, is 
constant If we denote it by x , that is, put 

k — ~ x Q cos JV -f y Q sin N= — x cos JSF ■+■ y sm JSF (572) 

we shall find from the two expiessions 

xx + W == ** + [x 0 sm iV'-)- y 0 cos iV'-f- n (T ± — T 0 )] 2 (573) 


^ This equation shows that the quantity \/xx + yy, which is the 
distance of the axis of the shadow fiom the centre of the caith, 
can never be less than the constant x, and it attains this minimum 
value when the second term vanishes, that is, when 

x 0 smiV'+y 0 cos2\7 + T 0 ) = 0 

and hence when 

— ~ (x Q sm N + y 0 cos iV) 


T n 


(574) 
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which formula, therefore, gives the time T x of nearest approach ot 
the axis of the shadow to the centre of the earth, while (572, 
gives the value of the distance of the axis from the centre of the 
earth at this time. By the introduction of the auxiliary cpiauti- 
ties T, and jc, we can express the corrections involving tx and t\j 
in their simplest form ; for we have now, for the time of ohser- 
vation t + <*>> 

x sin if + y cos JV = a, sin N + y 0 cos N + » (t + « — T o) 

— n (t +• to — Tj) 

and if mi, and ax are the corrections of w, and x on 
account of errors in the elements, we hav e 


ah sin JT-(- ay cos JV= — •+(< + "— r i) l (575) 

— air cos F -f Ay sin F = ak J 


These expressions reduce those parts of av which involve tx ana 
to functions of a T v ah, and ax, which may he regarded as 

constant quantities for the same eclipse. ... 

We proceed to consider those parts of Ar which involve a? 
and A 3 5 . These corrections we shall regard as depending only 
upon the correction of the eccentricity of the terrestrial meridian; 
for the latitude itself may always be supposed to he correct, 
since it is easily obtained with all the precision required for the 
calculation of an eclipse; the values of a and d depend chiefly 
on the sun’s place, which we assume to be correctly given in the 
Ephemeris; and p. is derived directly from observation. Now, 
we have (Art. 82), e being the eccentricity of the meridian. 


, COS ip 

p cos <p = — — . : ^ 

r r ^(1 — 66 sm 2 ?) 

whence, by differentiation, 


p sin (p ' = 


(1 — ee) sin g> 
l/(l — ee sin 2 <f) 


A . p COS <p 

Aee 


= p COS <p- 


pp sin 2 <p f 
2 (1 — ee? 


A . p sin <p 


p sm ip ■ 


pp sin 2 <p' 

2 (1 — eef 


p sin <p f 
1 — ee 




p sin cp l 
\ — ee 


or, putting 


Aee 



524 


SOLAR ECLIPSES 


A p COS <p f 

Aee 


= ifiPp cos <p f 


a p sin <p f _ _ _ * a 

— - = i PPp sin <p' — p 

Aee 


From the values 


(576) 


£ = p cos / sin (/i — a) 

rj = p sm cos d — ^0 cos ?>' sin d cos (ji — a) 

we deduce 

— = ippe ^a= ippy — p cos d 

Aee Aee 

and hence 


A? sm 2 V + A? cos jV = J/?/3 ( £ siniV+ ? cos JV) Aee — /? cos cos iV Aee 

— A£ cos A 7 + At? sm W = $/?/? (— £ cos N + v sm N) Aee — p cos d sm JV Aee 

The values of f and ^ may be put under the forms 


£ = # 0 — (# 0 — f ) = a? 0 — m sm -M 

^ = y 0 — (y 0 — ?) = Vo — m cos ^ 


oy which the second members of the preceding expressions are 
changed respectively into 

i P® [ *o 8in ^ r + y 0 cosN — m cos (31 — W)] Aee — ft cos d cos dV Aee 
and | pp x 0 cos AT 4 * y 0 sm N -f- m sm (31 — iV)] Aee — p cos d sm N Aee 

oi ? by (574) and (572), into 


§ PP [» (^0 — ^i) — m cos (31 — iV)] Aee — p cos d cos JV Aee 
i PP [ * + m sm (M — W)] Aee — p cos d sm JST Aee 


or, again, by (569) and (570), into 

i PP [n (t a — T 7 ) — Jj cos 4] Aee — /? cos d cos JV Aee 
an< ^ i PP [ * + X sm 4 ] Aee — P cos i sm iV Aee 

Hence, that part of at which depends upon Aee is equal to 

ft ? 

s [* ( f + " - *i) - * tan 4 _ L sec 4 ] Aee _ P cos l cos + 4) Aftp 

« COS 4 

When these substitutions are made in (571), we have 


A7 = A U = iA7’ 1 +Atan4 £f_A( J + 
^ n [- ^ ~ ^1) — * tan 4 — L s ee 


m \ An , , . A L 

T x ) {- A sec 4 

n w 


4 ] _ Aee (577) 

co^ 4 J 


cos 4 
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where we have multiplied by h to reduce to seconds. The unit 
is either one second of mean or one second ot sidereal tmie, 
according as r is in mean or sidereal time. It t ’ 

take A = 3600; if the latter, A = 3610. 

333 The transformations of the preceding article have led us 
to an expression in which the corrections a T ax and Are arc 
all constants for the earth generally, and which, therefore, have 
the same values in all the equations of condition formed from 
the observations in various places. But a still further rans 
ation is necessary if we wish the equation to express the rela- 
tion between the longitude and the corrections of the Ephemeras, 
so that we may finally be enabled not only to correct the longn 
tudes, but also the Ephemeras. 

Since aT„ ax, a?i are constant for the whole eclipse, we cm 
determine them for any assumed time, as the time itselt. t 
this time we have 


x sin N y cos N — 0 
— x cos JV -|- V sin N = * 
ax sin N -f- &y cos N = nA ^i 
ax cos N -\- &y sin N = ak 

The general values of x and y (482) may be thus expressed: 

X v- Y 

smi 

where 


(578) 


sin7t 


X- 


: COS 8 sin (a - a) Y= sin 3 cos d - cos 3 sin d cos (a -a) 


From these we deduce 


A x = sinx ~ X tan it 


_ A T AST 

^ gin tc y tan k 


whence 


An . 


...... iJsiu V+ AFoos V _ siT1 cos 

Ax sin N -f A# cos JV . ' ' J y tan 7T 


. ... — AJTcosIV-j- AFsin-ZV v gin — — 

_AzcosW + M sin W jrpp 4- (.a: cos iv P ' tan tt 

and for the time 1\ these become, according to (578), 

a X sin N + a F cos N 




sm T! 


— AXcosiV-f AYsinJV atc 
— iinV tan* 
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Again, by difiei entiatmg the values of X and F, we have 

A Jf = COS d COS (a — a) A (a — a ) — Sill (5 Sill (a — a) A# 
aY — [cos <5 cos -|- sin d Sill d COS (a — a)] Ad 

— [8111 d Sill d -|- COS d QO&d COS (a — flf)] AcZ 
+ cos d sm d sin (a — a) A(a — nr) 

But for the time of neaiest appioach we may take ol — a and 
put cos (d — d) = 1, whence 

aA = cos 5 a (a — a) aT = a(<5 — d) 

so that 

—ha T — Sm ^ CQS * A ( a ~~ *0 + CQS A A(d — d) 

1 sm 7 t 

— COS A COS * A(a — <0 + Sill A A(3—d) An 

sm 7T tan n 



To find ah, which depends upon the corrections of x f and y f , 
we ohseive that x f and y 7 , regarded as derivatives of x and y ? are 
of the form 

iE J_ , dY 1 

dT sm it ^ dT sm^r 


But -^7 and -^-depend upon the changes of the moon's right 

ascension and decimation, which for the brief duration of an 
eclipse are correctly given m the Ephemeris. The errors of r 7 
andy 7 , therefoie, depend upon those of n so that if we write 


x' 


a 

sm it 



SIIITT 


and regard a and b as correct, we find 


AX f ~ 


j A7Z 

tan r 


= — y r 


Att 

tan7r 


t rom the equations n sm A= x\ n cos N — y 7 , we have 


An sm A + n a JY cos X = Aof = — n sm A 


Aff 

tan7r 


ah cos A 7% a A sin A =? Ay r ■==. — h cos A^ * 


An 

tan 7T 
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whence, by eliminating aN,* 

_ _ A7r (580) 

n tan rc 

Since a(oc — a), a(<J — rf), at: will in practice be expressed in 
seconds of arc, we should substitute tor them a (tx ctj sin 1 , 
A (<J — d) sin 1", ATT sin V ' in the above expressions ; but if we at 
the same time put 7 r sin 1" for sin n and tan tt, the factor sin 1" 
will disappear. 

To develop a _L, we may neglect the error of the small term if 
and assume aL = aL We have from (486) and (488), by 

neglecting the small term Ac sin and putting g=l 9 z= gin — > 
the following approximate expression for i .* 


which gives 


siniT 
f sin 7T 


-h /{ 


aL = &l = 


All 

r'n 


±z A/i 



A7T 

7T 


(581) 


Substituting the values of aT,, a.x, ah, and aI given by (579), 
(580), and (581), in (577), and putting 


— A. 

nn 

the formula becomes, finally, 

Aw = — v [ sin N cos d. A(a a) + cos — «0] 

-j- v [ — cos JV cos d.A(a — a) + sin iV.A(ti' — rf)] taD 4 



: 7tA h 


sec 4 


-f -f w — 3\) — * tan 4 — ~ sec 4J A7r 

+ v PP [w (< + w — ^1) — * tan 4 — £ sec 4] — 


/ 3 cos d cos (iV-f 4)“ 
cos 4 


nAer, 

(582) 


where the negative sign of ttaAc is to be used for interior contacts. 
It is easily seen that tta/c represents very nearly the correction 


* The angle N is independent of errors in tt, since tan 
have taken AiV = 0. 


2V s= - : so that we might 
0 
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of the moon’s apparent senudiameter, and —— that of the sun’s 

semidiametei , and that rzb.ee is the coirection of the assumed 
reduction of the paiallax foi the latitude 90° 


834 Discussion of the equations of condition for the collection of 
the longitude and of the elements of the computation — The longitude 
co found by the equation (570), (Art 329), requues the correction 
a co of (582) If, for bievity, we put 

y = sin N cos d a (a — a) + eos N a(<5 — d) > 

& = — cos N cos d a(o — a) + sm N a(£ — d) ) 

and 

co' = the true longitude, 


we have the equation of condition 

w! = o -[- bo) = oj — vy -p v tan 4 # -f- &c (584) 

If the eclipse has been observed at several places, we can foim 
as many such equations as theie are contacts obseived If the 
observations are complete at all the places, we can, foi the most 
part, eliminate fiom these equations the unknown coirections of 
the elements, and determine the relative longitudes of the several 
places, and if the absolute longitude of one of the places is 
known, that of each place will also be detei mined. 

I shall at fust consider only the teims involving j and The 
quantity uy is a constant for all the places of observation, and 
combines with w, so that it cannot he determined unless the 
longitude of at least one of the places is known If then we put 

Q — o) r a = v tan 4 

the equations of condition will assume the form 


Q — aft — co zrr 0 

the sake of completeness, that the four contacts 
of a total or annular eclipse have been observed at any one place, 
and that the values of the longitude found from the several con- 
tacts by Art 329 are a> 2 , co co 4 We then have the four equa- 
tions 

[1] Q — a t $ — o> l = 0 

[2] fl - a a # — = 0 

[8] Q — & 3 ft — a> 3 = 0 
[4] Q — — 0> 4 = 0 
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wheio the numoials may he assumed to express the oiclei m 
which tlie contacts aie ohseived, [1] and [4] being extenoi, and 
[2J and [8] uitenoi In a paitial eclipse we should have hut the 
1st and 4th of these equations 

Since extenor contacts cannot (in most cases) be observed with 
as much precision as intei ioi ones, let us assign different weights 
to the observations, and denote them by p v p 2 , p# p v respectively 
Combining the four equations accouling to the method of least 
squaies, we foim the two normal equations 

[p ] fl — [pa ] — [p<o ] = ° 

[pa] £2 — [pan] # — [paw] — 0 

ivheie the lectangulai brackets aie used as symbols of summa- 
tion F lom these, by eliminating Q, and putting 


we find 


[paa] — Lpa] = p 

[ p aw]-i^±[pa]=Q 

F» + <2 = 0 


(585) 


fiom which the value of & would be determined with the weight 
P But the computation of Q under this form is inconvenient 
By developing the quantities P and Q, obseiving that [yaa] =» 

+ VPi + Vi a i + &c » we sha11 find 


p __ yii’aK — «iV + Mi K ~ a 3) 2 + i’i fiK — g «)' 

Pi + .Ps + Pi +Pi 

. p t p*(a t — °s) a + Pt Pi ( a i ~ 4- Pa Pi ( g a — 

Pl+Pl+PlP Pi 

Q Pi Pj (g l — « 2 ) fa — ° 2 ) + Pi Pa ( a i ~ a a) fa — °») + -Pi P* ( a i g <) (“l “* ) 

V — Pi + Pi + Pa + Pi 

PlP* fa °i) fa U 3) 4" Pi Pi fa a d) fa — U *) 4~ P 3 P* ( tf 3 a _*)_ fa ~ U i) 

T * ~~ Pl+Pl '+Ti +Ti 


These forms show that if we sub ti act each of the equations [1], 
[2], [3] from each of those that follow it 111 the group, wheieby 
we obtain tlie six equations 

(«, — O # + — «> a = 0 

(a 1 — a 3 ) # + w 1 — w a — 0 
(«i — aj 0 -f w x — <«, = 0 

0*3 — «*) » + "3 — "3 = 0 

(fa — - « 4 ) ^ + "a — "4 = 0 

(<* 3 — fa) # + "s — "4 = 0 


Vol 1—14 
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and combine IIichc m\ equations according to tin* method of 
least squint's, taking then weights to be respectively 

A P> . . A A >&c 

/', I P, H- P, I- A A Pi t A I id 

we shall amve at the same Imal equation (585) ashy the direct 
ptocess, with the advantage ol avoiding the multiplication of the 
large mnnbeiw w 2 , &e 

Suppose that at another ]ila<‘e but three contacts have been 
observed, the true longitude being to", and the comiiutcd longi- 
tudes < 0 ,, a to 7 , and that, having pul SP - to" -( ry, we have 
to lined the three equations 

[5] £2' — ti s »y — <«, — _ 0 with the weight /\ 

[0] £2' — a e f)— co,, — 0 “ “ id 

[7] £2' — ti 7 »V - a, — 0 “ 11 

The subtraction of caeli of the first two from those which folloi 

gives the three equations 

C a s — «*) * + A — "a ~ 0 

(a, - <7 7 ) -y d <« 5 - U>, = 0 

(d 0 fly) 1 y “'ll — — o 

of which the weights will be i espcctively, aeeordmg to the abov 
ioims, 

P-.P* A A A Pi 

A+A+2V id + A> -I 25 id I- A -bid 

and the combination of these three equations, according 
weights, will give a normal equation of the form 

P'.yq <7--0 

which gives a value of S with the weight P'. 

Now, suppose that this method applied to all the observatio 
at all the places lias given us the series ol equations in t?, 

P,y -|-0=O 
£ ,y -f- Q 1 = o 
P">y -b Q"= 0 , Ac , 

then, since P, P', P", &c* are the weights of these several deb 
mmations, the final normal equation lor determining d, deriv 
Ironi all the observations, is 

[-?]* + [<?]== 0 
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that is, it is simply the sum of all the individual equations in d 
formed for the places severally. 

The same reasoning is applicable to any of the terms which 
follow the term in d in (584) ; so that if we suppose all the terms 
to be retained, this process gives an equation in d for each place, 
in which besides the term Pd there will be terms in a/;, aH : &e., 
and from all the equations, by addition, a final normal equation 
(still called the equation in $) as before. In the same manner, 
final normal equations in a k, aIL &e. will be formed. Thus we 
shall obtain five normal equations involving the five unknown 
quantities d, a k 9 a JET, att, Ate, which are then determined by 
solving the equations in the usual manner. But, unless the 
eclipse has been observed at places widely distant in longitude, 
it will not be possible to determine satisfactorily the value of 
att, much less that of Aee. It will be advisable to retain these 
terms in our equations, however, in order to show what effect an 
error in tt or ee may produce upon the resulting longitudes. 

When d, &c. have been found, we find ii, J2', &c. from the 
equations [1], [2] .... [5], [6] .... The final value of J2 will he 
the mean of its values [1 — 4] taken with regard to the weights ; 
and so of J2', &c. Hence we shall know the several differences 
of longitude 

«/ — «/' == Si — Si', (o'— to'" = Si — Si", &C. 

If one of the longitudes, as for instance <o is previously 
known, we have 

vy = Si — w 


and hence all the longitudes become known. 

Finally, from the values of y and d the corrections of the 
Ephemeris in right ascension and declination are obtained by 
the formulae 


cos <5a(<x — a ) = sin JS T . y — cos JS T . # 
a(<5 — d) = cos _ZV\ y + sin N . $ 


} 


(586) 


335. When only two places of observation are considered, one 
of which is known, it will he sufficiently accurate to deduce 
and t? from the observations at the known place (disregardin 
the other corrections), and to employ their values in finding the 
longitude of the other place. 


9q ^ 
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33(3 "Who ii good meiidian observations oftlio moon me avail- 
able, taken neai the time oi tlic eclipse, the quantities a(gc — a), 
a(<? — d) [tor winch we may take a(« — a'), a (5 — 5')], be 
found fiom tliem. The teims m y and & inaj then he diicctly 
computed hy (583) and applied to the computed longitude , after 
which the chseus&ion of the equations of condition may with 
advantage he extended to the lemaunng teims 

337 Befoie proceeding to give an example of the computation 
hy the pieceding method, it will be well to recapitulate the 
necessaiy foiirmlse, and to give the equations of condition a 
practical form 

I The geneial elements of the eclipse, rq d, Z, log ?, a, y, 
are supposed to have been computed and tabulated as m Art 207* 

II. The latitude of the place being (p, the logarithms of p cos if 
and p sin if are found hy the aid of oui Table III , oi lay the 
foimulse (87). 

The mean local time t of an obseived contact being given, 
find the conesponding local sideieal time jjl , also the time M ~ to 
at the fust m endian, employing the approximate value ot the 
longitude a> 

[If the obseived time is the sideieal time /a the time [j. -+ «> at 
the first meridian, converted into mean time, will give the 
appioximate value of t ■+ cod] 

Tor the time t + to take a, d , l , and log i from the ecdix>se 
tables, and compute the co-ordinates of the place and the ladiua 
of the shadow by the formula 

A sin B = p sm f r c = p cos <f sin Q a — ct) 

Aqo$B = p cos <f cos (/jt — a) 7] — A sm (J? — d) 

Jj — l — iZ Z =A cos (2? — d) 

‘When log £ is small, add to log £, log and log £ the correc- 
tion for refi action, from the table on p 517 

III Tor the assumed epoch T Q at the first meiidian (being the 
epoch fiom winch the mean hourly changes x ' and ?/ arc ieok- 
oned), take the values of x and y from the etdipse tables, 
denoting them by r 0 and y 0 AUo the mean hourly changes x f 
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and y' for the time t + o». Compute the auxiliaries m, M, &c. 
by the formulae* 

m sin M = — ? n s ' n — x 

m cos itf = y 0 — v n cos N = y' 

m sin (M — N) 
sin 4 = — 


where d, is (in general) to he so taken that L cos $ shall he 

negative for a first and positive for a last contact (but in certain 

exceptional cases of rare occurrence see Art. 330). 

I hen „ at\ 

h L cos 4 - Am cos(.M — A) 


or, when, sin ^ is not very small, 


km sin (M — N — 4) 
n sin 4 


If the local mean time t was observed, take h — 3600 in these 
formulae, and then the (uncorrected) longitude is found hy the 


equation 


O) = T 0 — t -j- T 


If the local sidereal time /i was obsei’vcd, take h = 3609.856, 
in the preceding formulae ; then, « 0 being the sidereal time at the 
first meridian corresponding to T 0 , we have 


U) = — n + T 

The longitudes thus found will be the true ones only when 
all the elements of the computation are correct. 

IV. To form the equations of condition for the correction of 
these longitudes, when the eclipse has been observed at a suffi- 
cient number of places, compute the time T x of nearest approach, 
and the minimum distance x, by the formulae 


T y = T 0 — — (*'„ sin N + y a cos iV) 

71 

x = — x 0 cos N -\-y 0 sin JST 


-k The values of F and log n being nearly constant, it will be expedient, where 
many observations are to be reduced, to compute them for the several integral hours 
at the first meridian, and to deduce their values for any given time by simple 
interpolation. 
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Take n for the time T v and compute the logarithm of 

v — — 

nit 

the same value of h being used here as before. 

For each observation at each place compute the coefficient? 
v tan ^ v sec ^ and 

nr 

E=vn(t -|~ a) — T ± ) — x v tan 4 v sec 4 

r it 

where the unit of t -f co — T x is one mean hour, 

* = I >(< + o -T x ) - x y tan 4 - L sec 4] - V A C0S J C0S (jLLil 

cos 4 

iu which 


if = 959".788 log H = 2.98218 

a p sin <p r 

P = JZlfe lo S (1 - = 9.99709 

Then, a>' denoting the true longitude, the equation of condition is 

0/= O — v, y _|_ tan 4.1^ dz V sec 4. irA/c -f- v sec 4 . — -+• EAit 4. F. it Aee 

i, F 

where the negative sign of the term v sec^ .tzaJz is to be used 
for interior contacts. 

The discussion of the equations thus formed may then be 
earned out^by Art. 334; taking as the unknown quantities 

h , An, and 7mee. 


, Find the longitude of Washington from the fol- 

lowing observations of the solar eclipse of July 28, 1851: 

A.t "Washington (partial eclipse) : 

Beginning of eclipse, July 27, 19* 21** 31\2 M.T. 

End “ “ u 20 50 38.0 “ 


At Konigsherg (total eclipse): 

Beginning of eclipse, 
Beginning of total obsc., 
End of total obscuration, 
End of eclipse, 


July 28, 3 38 10.8 


a 

u 


u 4 38 57 .6 
“ 4 41 54,2 

“ 5 38 82 .9 ' 


a 

a 

£( 

it 


it 
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F or these places we have given — 

Lat. 0 Long, w 

Washington, + 38° 53' 89".25 + 5" 8- 11‘.2 

Konigsberg, 54 42 50 .4 — 1 22 0 .4 

The longitudes are reckoned from Greenwich. That of 
Kouigsberg will be assumed as correct, while that of Washington 
will be regarded as an approximate value which it is proposed 
to correct by these observations. 

I. The mean Greenwich time of conjunction of the sun and 
moon in right ascension being, July 28, 2 h 21 m 2*. 6, the general 
eclipse tables will be constructed for the Greenwich hours 0*, 

2% 3\ 4*, and 5 h of July 28. For these times we find the follow- 
ing quantities from the Nautical Almanac : 


For the Moon.* 


Greenwich mean 
time. 

a 


7T 

July 28, 0* 

125° 40' 6". 75 

+ 20° 3' 30". 00 

60' 27". 30 

1 

126 19 9' .41 

19 58 9 .36 

28 .41 

2 

126 58 10 .80 

19 52 39 .99 

29 .49 

3 

127 37 10 .82 

19 47 1 .92 

30 .54 

4 

128 16 9 .87 

19 41 15 .21 

31 .56 

5 

128 55 6 .86 

19 35 19 .89 

32 .56 


For the Sun. 


Greenwich mean 
time. 

ct' 

6 ' 

log r' 

July 28, O'* 

127° 6' 5". 25 

4- 19° 5' 24". 70 

0.006578 

1 

8 32 .63 

4 50 .23 

76 

2 

10 59 .99 

4 15 .74 

74 

3 

13 27 .34 

3 41 .21 

72 

4 

15 54 .67 

3 6 .64 

70 

5 

18 21 .99 

2 32 .05 

67 


* The moon’s a and 6 in the Nuut Aim. are directly computed only for every noon 
and midnight and interpolated for each hour. I have not used these interpolated 
values, but have interpolated anew to fifth differences. The moon’s parallax has 
been diminished by 0".8 according to Mr. Adams’s Table in the Appendix to tho 
Naut Aim. for 1856. 
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With these values we form the following tables, as in Art. 297 : 



a 

d 

Exterior Contacts. 

Interior Contacts. 

1 

log i 

1 

log i 

C A 

1 

2 

3 

4 

5 

127° 6' 17". 22 
8 39 .51 
11 1 .78 

13 24 .03 
15 46 .27 
18 8 .50 

19° 5' 16". 56 

4 42 .76 

4 8 .96 

3 35 .14 

3 1 .30 

2 27 .46 

0.534046 

4023 

3973 

3899 

3801 

3679 

7.063244 

45 

47 

49 

51 

53 

— 0.011771 
11795 
11844 
11917 
12015 
12137 

7.661131 

32 

34 

30 

38 

40 



X 

A, 

A a 

a 3 

y 

A, 

Ac 

A a 

0* 

1 

2 

3 

4 

5 

— 1.338900 

— 0.769366 

— 0.199775 
+ 0.369815 
-f 0.939350 
+ 1.508766 

-f 0.569534 
.569591 
.569590 
.569535 
.569416 

+ 57 
— 1 
— 55 
—119 

—58 
— 54 
—64 

+ 0.968589 
.885569 
.802185 
.718449 
.634370 
.549950 

— 0.083020 
.083384 
.083736 
.084079 
.084420 

—364 
—352 
-343 
— 341 

+ 12! 
+ it 
+ 2 


Hence the mean changes rJ and y\ for the epoch % = 2'* (ac- 
cording to the method of Art. 296), and the corresponding values 
of N and log n, are as follows : ' 



x' 

y' 

N 

log n 

0* 

1 

T 0 =2 

3 

4 

5 

+ 0.569563 
591 
600 
590 
563 
514 

— 0.083202 
3384 
3562 
3736 
3908 
4078 

98° 18' 39". 7 

19 42 .7 

20 45 .3 

21 47 .5 

22 50 .0 

23 52 .7 

9.760126 

168 

194 

205 

203 

186 


„ , \ e . ful computation for Honigsberg, where both exterior 
* ™ ® no1 contacts were observed, will serve to illustrate tho 

se of the preceding formulae in every practical case. 

For f = 54° 42' 50".4 we find 


log /> sin <p’= 9.909898 


log p cos ?'= 9.762639 


gt a ( Greenwich mean noon, duly 28, was 

putatiou of f ^ 1W ) l el1 !t is foimd as g^en below. The com- 


'/■, and L will be as follows: 
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1st Ext. Cont. 

1st Int. Cont. 

2d Int. Cont. 

2d. Ext. Cont. 

t 

3* 38™ 10*. 8 

4* 38™ 57*. 6 

4* 41™ 54®. 2 

5* 38 m 32*. 9 

t -J— to 

2 16 10.4 

3 16 57.2 

3 19 53.8 

4 16 32.5 

ft 

12 0 46 .44 

13 1 43 .22 

13 4 40 .31 

14 1 28.31 

fi (in arc) 

180° 11' 36". 6 

195° 25' 48". 3 

196° 10' 4". 7 

210° 22' 4" 7 

For t -f- «, a 

127 11 40 .1 

127 14 4 .2 

127 14 11 .2 

127 16 25 .6 

“ d 

19 3 59 .8 

19 3 25 .6 

19 3 23 .9 

19 2 52 .0 

ji — a 

52 59 56 .5 

68 11 44 .1 

68 55 53 .5 

83 5 39 .1 

log sin (fj, — a) 

9.902343 

9.967762 

9.969952 

9.996838 

log cos (fj, — a) 

9.779473 

9.569889 

9.555679 

9.080040 

log i 

9.664982 

9.730401 

9.732591 

9.759477 

1 

+ 0.462362 

4- 0.537528 

+ 0.540244 

4- 0.574748 

log A sin B 

9.909898 

9.909898 

9.909898 

9.909898 

log A cos B 

9.542112 

9.332528 

9.318318 

8.842679 

B 

66° 47' 32".2 

75° 10' 40". 4 

75° 38' 5". 9 

85° 6'14".3 

B — d 

47 43 32 .4 

56 7 14 .8 

56 34 42 .0 

66 3 22 .3 

log A 

9.946544 

9.924595 

9.923693 

9.911486 

log sin ( B — d) 

9.869192 

9.919191 

9.921499 

9.960919 

log cos ( B — d) 

9.827809 

9.746201 

9.740991 

9.608355 

log y 

9.815736 

9.843786 

9.845192 

9.872405 

V 

+ 0.654239 

4- 0.697888 

4- 0.700152 

4- 0.745427 

?og { 

9.774353 

9.670796 

9.664684 

9.519841 

For t + to, log i 

7.663248 

7.661137 

7.661137 

7.663252 

u <« l 

+ 0.533956 

— 0.011940 

— 0.011944 

4- 0.533772 


-f 0.002739 

4- 0.002148 

4- 0.002117 

4- 0.001524 

L 

-f 0.531217 

— 0.014088 

— 0.014061 

4- 0.532248 


III. The epoch of the table of x* and y J being T 0 = 2*, we have 
for this time 


x 0 = — 0.199775 y 0 = + 0.802185 


with which we proceed to find the values of co. 


m sin M = x Q — £ 

— 0.662187 

— 0.737303 

— 0.740019 

m cos M = ?/ 0 — v 

4- 0.147946 

4- 0.104297 

4- 0.102033 

log ?n sin If 

«9. 820948 

;i9. 867646 

7*9.869242 

log m cos if 

9.170107 

9.018272 

9.008741 

M 

282° 35' 42". 8 

278° 3' 5". 4 

277° 51' l"-6 

log m 

9.831527 

9.871949 

9.873331 

For t 4- 2V 

98° 21' 2".l 

98° 22' 5".l 

98° 22' 8". 2 

“ “ log n 

9.760198 

9.760206 

9.760206 

M— N 

184° 14' 40". 7 

179° 41' 0".3 

179° 28' 53". 3 

log sin (if — N) 

7*8.869321 

7.742368 

7.956643 


— 0.774523 
H- 0.056758 
?i9.889035 
8.754027 
274° IV 28". 3 
9.890198 
98° 23' 7". 3 
9.760200 
175° 48' 21' ".0 
8.864135 
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log L 

9.725272 

w8. 148840 

n 8 . 14801 fi 

9.726114 

log sin 4 

n8.975576 

rz9.465463 

«9.681958 

9.028210 

* 

185° 25' 27". 7 

343° 1 ' 8". 6 

208° 44' 14".0 

6 ° V 88 ". 2 

M - W — 4 

358 49 13 .0 

196 39 51 .7 

330 44 39 .3 

169 40 47 .8 

iogsin [M — jV — 4 ) 
^ = 3600, log h 

«8.818626 

3.556303 

rc9. 457526 

m9. 689051 

9.253208 

log r 

2.965682 

3.060100 j 

3.67C521 

3.911290 

T 

-fi 0 A 15 m 24*.O 

-f i* i 6 m ia..o| 

+ 1*19“ 8 *.l 

-j- 2 h 15 tn 52 , .5 

T*- t 

— 1 38 10 .8 

— 2 38 57.6: 

— 2 41 54.2 

— 3 38 32 .9 

(j 

— 1 22 46 .8 

— 1 22 46.6] 

— 1 22 46.1 

— 1 22 40 .4 


rp^~‘ Equations of condition . — To find T\ and x, we have foi 
Jo = J , 

log = »9.300S iv = 98° 20' 7 

whence '° S, -= 9 - M4S '<« » = M60 3 


x sin JST 

- = +0.3434 


n 

y 0 cos JV 


7 + 0.2023 
= 2V5457 


tt= 3630" 
log /9= log 

1 — ee 


- X 0 COS JV : 


0.0290 log JT =2.9822 


+ y 0 sin JV = -j- 0.7938 log r’ = 0.0066 
* = + 0.7648 log w = 3.5599 

log * = 9.8835 log — = 9.4157 

f 7C 


— 9.9128 


log v = log — = 0.2362 


With these constants prepared, we readily form the coefficients 
ol the equations of condition as follows : 



1st Ext. Cont. 

1st Int. Cont. 

1 2d Int. Cont. 

2d Ext. Cont. 

log tan 4 
log sec 4 
v tan 4 
v sec 4 

8.9775 
nO.0019 
-1- 0.163 
— 1.730 

n9. 4848 

0.0194 
| — 0.526 
- 4 - 1.801 

9.7390 
ra0.0571 
+ 0.944 
— 1.964 

9.0307 

0.0025 

4 0.185 

4 1.733 

* + « — T x 
log (< -f U _ T x ) 

— 0*2762 
719.4412 

4 0*. 7355 
9.8606 

-f 0*.7860 
9.8954 

4 1 A . 7300 
0.2380 

vn (< + u _ J7 ) 
— * v tan ,5, j 

n 1 

— 0.2739 

— 0.1251 

-f 0.7295 

4 0.4023 

-f- 0.7795 
— 8.7223 

4 1-7155 
— 0.1414 

~ v sec 4 I + 9-4506 

— 0.4691 

H- 0.5117 

— 0.4512 

E ■ 

-f 0.0516 [ 

-j- 0.6627 

4 0.5689 

4 1-1229 
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1st Ext. Cont. 

1st Int. Cont. 

2d Int. Cont. 

2d Ext. Cont 

vn (t + q — 

— 0.2739 

+ 0.7295 

+ 0.7795 

+ 1.7155 

— xv tan 4 

— 0.1251 

+ 0.4023 

— 0.7223 

— 0.1414 

— L v sec 4 

+ 0.9192 

+ 0.0254 

— 0.0276 

— 0.9222 


+ 0.5202 

+ 1.1572 

+ 0.0296 

+ 0.6519 

log 

9.7162 

0.0634 

8.4713 

9.8142 

log ipp 

9.5246 




log 1st part of F 

9.2408 

9.5880 

7.9959 

9.3388 

W + 4 

283° 46'. 2 

81° 21'.8 

307° 4'. 9 

104° 28'. 3 

log cos {N + 4) 

9.3766 

9.1766 

9.7803 

«9.3978 

log ( — vp cos d sec 4) 

0.1264 

?i0.1439 

0.1816 

n0.1270 

log 2d part of F 

9.5030 

W9.3205 

9.9619 

9.5248 

1st part of F 

+ 0.1741 

+ 0.3873 

+ 0.0099 

+ 0.2182 

2d “ “ F 

+ 0.3184 

— 0.2092 

+ 0.9160 

+ 0.3349 

F 

+ 0.4925 

+ 0.1781 

+ 0.9259 

+ 0.5531 


Putting co' + vy = Q, we have, therefore, for the four Konigs- 
berg observations, the equations 


I p 


l 


(A) 


2 

2 

1 


0 = — 1 A 22 m 46'.8 + 0. 163 d — 1.730 rrA& — 1.730 — — -I- 0.052 Att 4- 0.493 irhet 

T r 

&=— 1 22 45 .6 — 0.526 —1.801 +1.801 +0.668 +0.178 

Qz= — l 22 46.1+0.944 +1.964 —1.964 +0.569 +0.926 

0=— 1 22 40.4 + 0.185 +1.733 +1.733 +1.123 +0.553 


where we have annexed a column for the weight p, giving 
interior contacts double weight. 

A similar computation for the two observations at Washington 
gives the following equations, in which ii' = a)" + vy, co' ' de- 
noting the true longitude of Washington: 


(B) 


p 

1 

1 


0' = 5* 7 m 29*.9 + 1.660 & - 2.392ttA& — 2.392 — — 2.681 Att + 0.722 r Aee 

r' 

Q'=5 7 21.9 — 2.406 + 2.959 +2.959 + 0.509 — 1.323 


More observations would be necessary in order to determine 
nil the corrections; but I shall retain all the terms in order to 
illustrate the general method. Subtracting each of the Konigs- 
berg equations from each of those which follow it, we obtain the 
six equations, 
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* 


,A') 


4 

2 

3 


A 

3 


0 = + 1' 2 —0 689^ — 0071 ttA& + 3 531 — + 0 611 A* — 0 815 


0 — . + 0 / — j— 0 /81 — j— 3 694 

0 = + 6 4 -f 0 022 -f 3 463 

0 = — 0 6 + 1 470 + 3 765 

0 = 4- 5 2 + 0 711 + 3 534 

0 = + 5 7 — 0 759 — 0 231 


r 


— 0 234 

+ 0 517 

+ 0 433 

+ 3 463 

+ 1 071 

+ 0 060 

— 3 765 

— 0 094 

+ 0 748 

— 0 068 

+ 0 460 

+ 0 375 

+ 3 697 

+ 0 554 

— 0 373 


where the weight in each case is the quotient obtained by 
dividing the product of the two weights of the equations whose 
difteience is taken, by the sum of the weights of the four 
original equations (Art 334) 

The same method, applied in the case of the two "Washington * 
equations, gives the single equation 


CB' 


0 = — 8' 0 — 4 066 # + 6 351 irAk + 5 351 + + 3 190 An- — 2 055 irAes 


From the equations (A') and (B') are formed the following 
final equations, having regard to then weights, in the usual 
manner 


0= + 15495-j-10 426# 

0 = — 12 445 — 5 300 
0 — — 8 1 91 — 16 377 
O = — 9 371 — 6 609 
0 = -t- 7 951 + 5 281 


5 300 7rA/c • 


1A o — A If 

16 3/ / 

r' 


6 609 Att 


+ 34 506 
+ 6135 
+ 10 040 
— 2 575 


+ 6 135 
+ 34 505 
+ 10 740 
— 8 214 


+ 10 040 
+ 10 740 
+ 5 672 
— 3 816 


+ 5 281 TrAee 

— 2 575 

— 8 214 

— 3 316 
+ 2 675 


As we cannot expect a satisfactoiy determination of Aar and zacc 
from these observations, we disregaid the last two equations, 

and then, solving the first thiee, we obtain t?, za k, and —y- m 
terms of ajt and zh.ee, as follows 


* = — 4" 36 4- 0.875 att — 0 525 it tee 
TAk = + 0 02 — 0.216 Att — 0 004 xAee 
aE , „„ 

~p~ 1 88 — 0.095 An — 0 010 itAee 

These values substituted in the equations (A) give 

= — 1* 22n 44* 38 + 0 651 att + 0 432 itAee 

Q = 1 22 46 64 + 0 684 + 0 443 

£ = — 1 22 46 58 +0 685 + 0442 

Q = — 1 22 44 34 + 0 653 + 0 432 
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the mean of which, giving the second and third double weight, ia 
(A.") Q — _ 1» 22“ 45*.86 + 0.674 ax -f 0.439 xAee 

The equations (B) become 

Qf _ 5* 7»» 26’.99 — 1.314 ax — 0.116 xAee 
Q'—b 7 27.03 — 1.314 — 0.101 

the mean of which ia 


(B") Q' = 5 1 7“ 27*.01 — 1.314 AX — 0.109 rAee 

How, if we assume the longitude of Kdnigsberg to be well 
determined, we have 

a = uJ -f- vy — — l l 22”* 0'.4 + vy 


which, with the equation (A"), gives 

vy — — 45*.46 -f- 0.674 ax -j- 0-439 xAee 
Hence, by (B "), the true longitude of Washington is 

uJ’— Q’ V y = 5* 8* 12”.47 — 1.988 ax — 0.548 xAee 


If the longitude of Washington were also previously well estab- 
lished, this last equation would give us a condition for deter- 
mining the correction of the moon’s parallax. Thus, if we adopt 
(0 "= 5 k 8 m 12 s . 34, which results from the U. S. Coast Survey 
Chronometrie Expeditions of 1849, ’50, ’51, and ’55, this equation 


gives 

whence 


0 = 4- 0.13 — 1.988 Air — 0.548 xAee 
ax = 4- 0".07 — 0.276 xAee 


The probable value of Aee, according to Bessel, is within 
± 0.0001, so that the last term cannot here exceed 0".10. If, 
therefore, the above observations are reliable and the supposed 
longitudes exact, the probable correction of the parallax indi- 
cated scarcely exceeds 0".l, a quantity too small to be established 
by so small a number of observations. Nevertheless, the example 
proves both that the adopted parallax is very nearly perfect, and 
that a large number of observations at various well determined 
places in the two hemispheres may furnish a good determination 
of the correction which it yet requires. 



542 


tUJUR FCLIPSES 


-2i M ," 0ll r ° f ' he E P heme >" "«!'« ascent 

&, are found by ’(586 Ho 1 ?* r° th ° ab ° VG dete,rainatlon of Y and 
’ DCl by ( 586 ) to bc (putting- ct' fo, a and S' foi d) 


A(a ■ 
A (8 - 


-a'): 


28" 42 + 0 469 a* + 0 187 rA«e 
0 48 — f— 0 314 A7 t — 0 556 xAee 


JXrr 7 n « ht ■*■»« «h the leeults 

eel.pse ( “e 0b,<il ’'‘ lt ‘»“ s »" *■><! *»i the date of th„ 

■mpvoved Ime tbe Epheiiiendeii have been greatly 
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Pig 4j 


>if W/i ^ e 7 ? « 9 ^n opposition of the moon and sun 

ahum eclipse will occur- The solution of this piob- 
em is similai to that of Ait 287, except that for 
tie sim s semidiametei theie must be substituted the 
apparent semidiameter of the eaith’s shadow at the 
l&tanee of the moon, and also that the appaient 
is anee °f the centies of the moon and the shadow 

earfh’ 10t l ^ hy P aralIax > since when the 

eaith shadow falls upon the moor an eclipse occms 

to ah obseiweis who have the moon above then- 
f 11 \ 45 > 1S the sim’s centre, E that 

l d 6 eai ?’ LM the semidiameter of the earth’s 
shadow at the moon, we have 

Appaient semidiameter of the total 
shadow = LEM 

= BLE—EVL 
= BLE — (AES —EAV)' 

= - — s'+S 

here we employ the same notation as m Art 287. 

mei eases the apparent ^ that the eaith ’ s atmosphere 

fift ieth part » so th at J 8 ’"' lo ' v by aW rts 

* This fractional increase of the breadth n-r i a “ ” — 

*<>’ and *>y M^yer as JL Beer and ^ the shadow was given by Lambert as 

of eclipses of lunar spots in the verv f-i LEK ° Un A fl0m a number of observations 
3W JnJZ^Ll7n 'Z° r Tr hpSOOe ° eCember 26 ’ “»* See 

verp'tchende Selenography von Wilhelm Beer’U De allgememt 

* na Johann Heineich Mad:ler,’’ 
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App. semid. of shadow = — (*-*'+*') (587) 

50 

in order that a lunar eclipse may happen, Ave must have, 
therefore, instead of ( 477 ), 

51 

£ cos I' < — (tc — s' — j- it') 4 - s (588) 

or, taking a mean value of I ', as in Art. 287, 

^ < [|j (^ — s' + *0 + s] X 1-00472 
Employing mean values in the small fractional part, we have 

[!“ (* — s' + "0 + sj X .00472 = 16" 
and the condition becomes 


P < 50 (* — *+ *0 + 5 + 16 " (589) 

If in this we substitute the greatest values of ~, tv 1 , and s, an d 
the least value of s', the limit 

fi < 63' 53" 

is the greatest limit of the moon’s latitude at the time of opposi- 
tion for Avhieh an eclipse can occur. 

If we substitute the least values of tv, it', and s, and the greatest 
value of s', the limit ' ° 

fi < 52' 4" 

is the least limit for which an eclipse can fail to occur. 

Hence, a lunar eclipse is certain if at full moon B < 52' i" 
impossible if /3 > 63' 53", and doubtful between these limits. The 
doubtful cases can be examined by (589), or still more exactly 
by (588), employing the actual values of *, *', s, s', at the time 
and computing I' by (475). ’ 

These limits are for the total shadoiv. For the penumbra avc 
have 

App. semid. of penumbra = (jr -j- s' -j- *') 


(590) 
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so tli at tlie condition (588) may be employed to determine 
whether any portion of the penumbra will pass over the moon, 
by substituting + s' for — s'. It will be worth while to make 
this examination only when it has been found that the total 
shadow does not fall upon the moon. 


339. To find the time when a given phase of a lunar eclipse will 
rig. 46 . occur . — The solution of this problem may be 

^ derived from the general formulae given for 

\ solar eclipses, by interchanging the moon and 

\ earth and regarding the lunar eclipse as an 

\ eclipse of the sun seen from the moon ; but the 

\ following direct investigation is even more 
/'/'X \ sample. 

I sL — Y — j m \ Let JS, Tig. 46, be the point of the celestial 
_ y V_y sphere which is opposite the sun, or the appan 
ent geocentric position of the centre of the 
earth s shadow; M y the geocentric place of the centre of the 
moon ; P \ the north pole. If we put 


we have 


a = tlie right ascension of the moon, 
a' = the right ascension of the point S, 
~ R- A. of the sun -f- 180°, 
d = the declination of the moon, 

S' = the declination of the sun, 

Q = the angle PSM, 

L = SM, 

— <$'== the declination of S f 


and the triangle PSH gives 


sin It sin Q — cos 
sin L cos Q = cos 


sin (a — a') 

'sin d -f- sin £'cos d cos (a 


*') 


} (591; 


The eclipse begins or ends when the arc SM is exactly equal to 

aV h, SUm ™, th ® a PP arent semidiaraeters of the moon and the 

■ _ ow ' e guie of the shadow “will differ a little from a 

. + aS . * 6 * S a s P lieroid 1 but it will be sufficiently accn- 

for ^o earth at? a sphere Wlth a mean radius, or that 

1587 flJ /Srt ' T n iS 18 equivalent t0 substituting for win 

SvhTf ( , tllC : P l ralla - X reduce(l to the latitude 45°, which 
may he found by the formula 
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*i — [9.99929] x (592) 

where the factor in brackets is given by its logarithm. 

Hence the first and last contacts of the moon with the pe- 
numbra occur when we have 


51 


L — — (*, + s' + x') -j- s 


(593) 


For the first and last contacts with the total shadow, 

51 

L = 50 ~ S ' + ^ + s (594) 


For the first and second internal contacts with the penumbra, 

51 

Zz=1 50 ^ + s '+0 — s (595) 

For the first and second internal contacts with the total shadow, 
or the beginning and end of total eclipse, 

r 51 , 

^ = 50 ^ ~ S + ^ s (596) 


The solution of our problem consists in finding the time at 
which the equations (591) are satisfied when the proper value of 
L is substituted in them. A. very precise computation would, 
however, he superfluous, as the contacts cannot be observed with 
accuracy, on account of the indefinite character of the outline 
both of the penumbra and of the total shadow. It will be suffi- 
cient to write for (591) the following approximate formulae, easily 
deduced from them: - 

L sin Q = ( 0 — o') cos <5 

L cos Q = 5 + Bin2<SsinH(a-»') 

sin 1" 

Let us put 

= sin 2 8 sin 2 j (a — a ') 
sin 1" 

# = (a — a') COS d 

y = * + a'— e 

3* j y r — the hourly increase of x and y , 
then, if the values of x and y are computed for several 

Vol. I.— 35 


i 


(597) 


(598) 


successive 
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hours neai the time of full moon, we shall also have x f and / 
from then differences , and if x 0 and y 0 denote the values of x 
and y for an assumed epoch T 0 , near the time of opposition, we 
shall have for the required time of contact T— T 0 + r the 
equations 

L sin Q = x Q -f x'r 
L cos§ =y 0 +/r 

from which r is obtained by the piocess already frequently 
employed in the piecedmg problems. Thus, computing the 
auxiliaries m, if, A T , by the equations 

m sin if = n sin JV — x' 

m cos M = y 0 % cos JV = if 

we shall have 

m sm (M — JV) 
sni & = 1 L 

L 

Jj cos 4 / m cos (M — JV) 

n n 

T=T Q +r 

m which we take cos ^ with the negative sign for the first contact 
and with the positive sign for the last contact. 

The angle § = 1S veiy neai ly the supplement of the 

angle PMS , Fig 46 , fiom which we infer that the angle of posh 
tion of the point of contact reckoned on the noon's Innbfrom the north 
Tfovnt of the limb towards the east = 180° + JV + ^ 

The time of gieatest obseuiation is found as m Ait 324, to be 

T t = T 0 _ — ~ S — (601) 

which is also the middle of the eclipse 
The least distance of the centres of the shadow and of the 
moon being denoted by we have, as m Art 324, 

A = ±:m sm (4 I — JV) (602) 

the sign being taken so that A shall be positive. If then we put 

J) = the magnitude of the eclipse, the moon’s diameter being 
unity, 
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in which the value of L for total shadow from (594) y„ to he 
employed. 

The small correction e in (598) may usually he omitted, but 
its value may be taken at once from the following table : 


Value of e. 


6 

P 

! 

__ J 


0" 

1000" 

2000" 

3000" 

4000" 

5000" 

0000" 

0° 

0" 

0" 

0" 

0" 

0" 

0" 

0" 

5 

0 

0 

1 

2 

3 

5 

8 

10 

0 

0 

2 

4 

7 

10 

15 

15 

0 

i 

2 

6 

10 

15 

22 I 

20 

0 

i 

3 

7 

13 

19 

CO 

cm 

25 

0 

l 

4 

8 

15 

23 

33 | 

30 

0 

i 

4 

9 

17 

26 

38 j 


The quantity c has the same sign as <5, and is to be subtracted 
algebraically from d + <$'. 


Example. — Compute the lunar eclipse of April 19, 1856. The 
Greenwich mean time of full moon is April 19, 21* 5'\5. We 
therefore compute the co-ordinates x and y for the Greenwich 
times April 19, 18*, 21*, 24*. 



18'* 

21* 

24* 

3> R. A. =oi 

13" 46“ 36'.62 

13" 52“ 9*. 81 

13" 57 m 45*.12 

© It. A. + 180° = a' 

13 52 52 .98 

13 53 20.93 

13 53 48.88 

a — a! 

— 6 16 .36 

— 1 11.12 

+ 3 56 .24 

a — a! (in arc) 

— 5645" 

— 1067" 

+ 3544" 

j 

D JDcel. = a 

— 11° 27' 0".2 

—12° 6' 43". 7 

—12° 46' 5".5 

O “ = s' 

+11 35 49 .4 

+11 38' 22 .8 

+11 40 56 .6 

£ 

+ 13 . 

0 . 

+ 6. 

y 

+ ' 542" 

— 1701" 

CO 

o 

CO 

1 

log (a — a') 

m3. 75166 

w3. 02816 

3.54949 

log COS d 

9.99127 

9.99022 

9.98913 

log X 

m3. 74293 

m3. 01838 

3.53862 
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ltwar eclipses. 
Hence we have the following table: 


18* 

21 

24 

X 

Diff. 

= 3x’ 


y 

Diff. 

= %/' 


— 5533" 

— 1043 
+ 3456 

+ 4490 
+ 4499 

Off — + 1498 

+ 542" 

— 1701 

— 3903 

— 2243 

2202 

T—f 

wH 

1> 

1 

II 


To find L, we have, hj (598) and (594), 

~ — 54' 32" Xj = 3267" 

/= 957 

t? = 9_ 

+ — s' + tc' = 2319 
S3 (~, — s' -f- -') = 46 

8= 891 
L for shadow = 3256 


7T, + s' + W = 4238" 
h (*, + s' + *') = 85 

s = 891 


L for penumbra = 5209 
Assuming the time T 0 = 21* we proceed by (599) and (600) : 

+ = msinjf - 1043 ^=asmJV +1498 

y. = »co8jf -1701 y'=neosJf _ 741 

210° 31'.0 jy 116° 19 .2 

l0gm S - S00 ° log a 3.2230 


— cos (ilf — 2V) = + 0*108 

^.= 21 


— Time of middle of eclipse = 21 .108 



Shadow. 

Penumbra. 

log sin 4 

9.7855 

9.5815 

Jj cos 4 



n 

+ 1 J .542 

=F 2*881 


21 .108 

21 .108 

Beginning 

19 .566 

18 .227 

End 

22 .650 

23 .989 


For the magnitude of the eclipse, we have, by (602) and (608) : 
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to sin (M — N) = A = 1987" 
L = 3256 
L— A = 1269 
2s = 1782 


D 


1269 

1782 


= 0.71 


For the position of the points of contact with the shadow, we 
have, from the above value of log sin ^ for shadow, taking cos ^ 
as negative for first and positive for second contact, 



1st Contact. 

2d Contact. 

4 

142° 24' 

37° 36' 

N 

116 19 

116 19 

180° — f- JV — J- + 

78 43 

333 55 


and hence 

1st contact is 79° from north point of limb towards the east, 

2d 26° “ « « « “ west. 

The times of the several contacts for any meridian are obtained 
from the times above found by subtracting the west longitude of 
"that meridian. 


0CCULTATI0NS OF FIXED STARS. 

840. The occultation of a fixed star by the moon may be 
treated as a simple ease of a solar eclipse, in which the sun is 
removed to so great a distance that its parallax and semidiameter 
may be put equal to zero. The cone of shadow then becomes 
a cylinder, and the point Z of Art. 289 is nothing more than 
the position of the star, so that the co-ordinates of the moon at 
anytime are found by the formulae (482) by regarding a and d 
sis the right ascension and declination of the star. In like 
manner the co-ordinates of the place of observation will be found 
■by (483). The radius of the shadow is constant and equal to k, 
•which is, therefore, to be substituted for L — l — ir i u (490) and 
(491). The co-ordinates z and C will not be required unless we 
compute the latter for the purpose of taking into account the 
effect of refraction according to Art. 827. 

For the convenience of the computer I shall here recapitulate 
the formulae required in the practical applications, making the 
modifications just indicated, 
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B41 To find the longitude from an observed occuliation of a star bn 
foil “ CC ° rdmg t0 the method of Alt 329 > ^ proceed as 

I a PP roxima tely, the time of conjunction of the moon 

ft S 2 111 - n , rigdt ascension, reckoned at the fiist meridian Take 
om ie phemeris, for foui consecutive integral houis, tv o 
mg auc * wo following the time of conjunction, the moon’s 
to ascension (a), decimation (o), and horizontal paiallax(n-) 
lake also from the most reliable source the stai’s light ascension 
\ a ) and declination (3'). 

the formu^ ^ ese bouis com pnte the co-oidmates x and y by 

X == C0S 3 S ln 0 — a') 

Bin x 

y — — ( 3 ~ *0 COS 2 i(a — q') -f sm (8 4- 8') sin 2 J (a — a') 


sin Tt 


vanahnr 1 ^^/^ 1 , 1 Value3 m a table > deduce their hourly 
been computed ^ ° r ^ mstants for whlch x and d have 

or emersion nf Itf Slderead tmie of an observed immeision 
loimtude t +i 6 ^ &t & place whose latitude is <p, and west 

dmafes of dm f 6 COrres P ondlll g local mean time The eo-oi 
he place are to be computed by the formulas 


A sin B = p sm <p' 

A cos B = P cos 9 ' cos O — a ') 


£ = p cos <p' sin (jul — a') 
y = A sm (B — 3’) 

* = A cos ( B — <5') 

refraction from theTable o^p ? ^ ’ the correctlon for 

me™ianrr i nei\7+ en Tt tmie T ° ieckoned at tbe 

vaiy pioportionally with ^ * and d may be eonsideied to 

F or the assumed tun^take+P “ the interral * + « ~ K 

1" -r,, and %) and also' dm t ^ a nes x and d (denoting them 
-1/, &c by the formula* and ^ aUd C ° mp " te the aux ' 
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m sin M = x 0 — c n sin N = x' 

m cos M — y 0 — y n cos JV — y' 

m sin (M — IV s ) 

sm 4 = 1 log ~k = 9.435000* 

where ^ is (in general) to be so taken that cos ^ shall be nega- 
tive for immersion and positive for emersion (but in certain 
exceptional cases of rare occurrence, and of but little use in 
finding the longitude, see Art. 330). Then 

r hk cos 4 hm cos (Ilf — N ) 

n n 

or, when sin ^ is not very small, 

hm sin (M — JV — 4) 

n sin 4 

If the local mean time t was observed, take h — 3600 in these 
formulae, and then the longitude will be found by 

a* = T 0 t - f r 

But if the local sidereal time p was observed, take h = 3609.856 
in the preceding formulae ; then, p 0 being the sidereal time at the 
first meridian corresponding to T 0 , 

v = n 0 — t*. -f- r 

The longitude thus found will be affected by the errors of the 
Ephemeris. 

IV. To form the equations of condition for correcting the 
longitude for errors of the Ephemeris when the occupation has 
been observed at more than one place, compute the auxiliaries 

Tj = T 0 — (x 0 sin JV -)- y a cos IV) 

* = — x 0 cos JV+y 0 sin JV 

— A. 

n% 

the same value of h being used as before. 

* According to Otoemans (Astron. Naeh., Vol. LI., p. 30), we should use for occul- 
tations k = 0.27264, or log k = 9.435590, which amounts to taking the moon’, 
apparent semidiameter about l".2o greater in occultations than in solar eclipses. 
But it is only for the reduction of isolated observations that we need an exact value 
since, when we have a number of observations, the correction of whatever value of 
i we may use will be obtained by the solution of our equations of condition. 
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Then, for each observation at each place, compute the coeffi- 
cients v tan ^ sec and 


22 = vn (t - \- u> — T x ) — xv tan 4 

where co is the approximate longitude and the unit of t -4- co — T x 
is one mean hour, and also 

-n i ^ . rn . t i V /? COS 3 ' COS ( JV -]~ 4) 

F = ififi [y n (t + a — T x — »u tan 4 — kv sec 4] cos~4 ' 

in which 

p — log (1 — ee) = 9-99709 

Then, co' denoting the true longitude, 

w'= co — vy v tan 4 . # -f- v sec 4 • -f- F . att -)- F . rtAee 

in which y and # have the signification 

Y = sin N COS d A (a — a') -f- COS A A(<5 — i5') 

#= — COS A COS 5 A (a — a')+ sin A A(<$ — 5') 

The discussion of the equations of condition thus formed may 
then be carried out precisely as in Art. 334, taking y, /?, ttaA:, act, 
and 7rAee as the unknown quantities. 

Example. — The occupation of Aldebaran , April 15, 1850, was 
observed at Cambridge, Mass., and Konigsberg, as follows :* 

At Cambridge , <p — 42° 22' 48". 6, w = 4 h 44 w 30*. 

Immersion, 2* l m 52*. 45 Mean time. 

Emersion, 3 1 38 .35 u “ 

At Konigsberg , <p = 54° 42' 50".4, w = — 1* 22 w 0*.4 
Immersion, 10 ft 57™ 43*. 66 Sidereal time. 

Emersion, 11 47 47 .60 u u 

I. The G-reenwiclx mean time of conjunction of the moon and 
star was about 7 h 30™, and hence we take our data from the 
Nautical Almanac as follows : 


* Astronomical Journal, Vol. I., pp. 139 and 175. 
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1850 April 15. 

a 

6 

7T 

6 4 

65° 56' 21".16 

+ 16° 40' 0".05 

58' 55".22 

7 

66 32 32 .06 

16 46 30 .53 

58 55 .87 

8 

67 8 46 .02 

16 52 54 .77 

58 56 .49 

9 

67 45 3 .02 

16 59 12 .76 

58 57 .10 


The position of Aldebaran for the same date was 


a'= 06° 49' 33". 9 S'= + 16° 12' 1".7 

Hence, by I. of the preceding article, we form the following 
table : 


Gr. T. 

X 

x' 

y 

y 

6» 

— 0.86519 

+ 0.58849 

4- 0.47664 

+ 0.10871 

7 

— 0.27671 

47 

.58531 

63 

8 

+ 0.31176 

42 

.69390 

56 

9 

+ 0.90014 

82 

.80243 

48 


II. The sidereal time of Greenwich Mean Noon, April 15, 
1860, was l 4 33" 1 8’. 96. With this number, converting the 
Konigsberg times into mean times for the sake of uniformity, we 
find 



Cambridge. 

Konigsberg. 


Immersion. 

Emersion. 

Immersion. 

Emersion. 

t 

2* ]m 52 J .45 

3 A 1™ 38*. 35 

9* 23 m 15*. 64 

10* 18 m 11\38 

t *-J~ 0) 

6 46 22.45 

7 46 8 .35 

8 1 15 .24 

8 51 10.98 

P 

54° 2' 2". 55 

69° 0' 58". 35 

164° 25' 54". 90 

176° 56' 54". 00 

H — a' 

347 12 28.65 

2 11 24.45 

97 36 21 .00 

110 7 20 .10 

log p sin (f> 

9.826441 


9.909898 


log p COS 0' 

9.869121 


9.762639 


log f 

n9. 214324 

8.451362 

9.758801 

9.735287 

log V 

9.646065 

9.641159 

9.904038 

9.922175 

logs 

9.944427 

9.952794 

9.185091 

8.549725 


The value of log £ has been found in order to find the correc- 
tion for refraction. This correction is here quite sensible in the 
case of the Konigsberg observations which were made at a great 
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zenith distance. By the table on p. 517, we find that the loga 
vi t hins of c and y must be increased by 0.000006 for immersion, 
and by 0.000041 for emersion. Applying these corrections, the 
values of the co-ordinates are as follows : 


— 0.16380 

4 0.02827 

4 0.57386 

+ 0.54366 

4 0.44266 

4 - 0.43768 

4 0.80175 

4 0.83602 


TTT- Assuming convenient times not far from t + o>, we 1 ave 


Assumed T 0 

6*8 

7*. 8 

8 A .0 

8 *. 85 

x 0 

— 0.39440 

4 0.19406 

4 0.31176 

4 0.81188 

y 0 

4 0.56358 

4 0.67218 

4 0.69390 

4 0.78615 

f = m sin M 

— 0.23460 

4 0.16579 

— 0.26210 

4 0.26822 

i/ 0 — 1 } = in cos M 

4 0.12092 

4 0.23450 

— 0.10785 

— 0.04987 

M 

297° 40' 16". 5 

35° 15' 36". 1 

247° 38' 1".0 

100° 81' 57". 7 

log m 

9.415608 

9.458164 

9.452433 

9.435871 

x'—n sin N 

4 0.58847 

4 0.58843 

4 0.58842 

4 0.58836 

y’ =. n cos N 

4 0.10865 

4 0.10857 

4 0.10856 

4 0.10849 

N 

79° 32' 21". 1 

79° 32' 45".8 

79° 32' 48". 5 

79° 33' 8 ". 5 

4 

216 11 35 .9 

312 33 59 .0 

167 35 28 .5 

21 1 28 .1 

{h = 3600) r 

— 89*. 74 

— 128*. 82 

— 08*. 63 

— 3*. 52 

0 

4 A 44™ 37*. 81 

4 * 44™ 12*. 83 

1*22™ 7*. 01 

22™ 4 s . 90 


IV. Bor the equations of condition, taking T 0 — 7 A .8, 

T, = 7*2772 * = 3536" 

x = + 0 .6258 log v = 0.2308 

and putting 

iu, = the true longitude of Cambridge, 
w ± ' — “ “ Konigsberg, 

we find, neglecting terms in nee, 

o> i — 4*44“ 37».81 — v y — j— 1.245 17 — 2.108 nAk — 1.293 ajt 

w x = 4 44 12 .83 — i > r — 1.852 ,7 + 2.515 nAk + 1.600 att 

= — 1 22 7 .01 —vy — 0.374 >9 — 1.742 tta k + 0.991 att 

«,/ = — 1 22 14 .90 — vy + 0.654 $ + 1.822 *A k + 1.195 A* 

whence the two equations % 

0 = -)- 24*.98 + 3.097 # — 4.623 nAk — 2.953 att 
0 = 4 7 .89 — 1.028 # — 3.564 *Ah — 0.204 att 

If we determine t? and nnk in terms of An, these equations give 

6 = — 3". 33 4 0.607 att 
tta/c = 4^ .17 — 0,232 An 
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and then we find 

to x = 4* 44™ 26 J .98 — vy — 0.048 Arc 

a>{= — 1 22 11 .29 — vy + 1.169 ATT 

Assuming <w/= — l'* 22“ 0*.4 as well determined, the last equa- 
tion gives 

vy = — 10 s . 89 -|- 1.169 Arc 
which substituted in the value of a>, gives 

w x = 4* 44™ 37 s .87 — 1.217 Arc 

Finally, adopting the correction of the parallax for this date as 
given in Mr. Adams’s table (Appendix to the Nautical Almanac 
for 1856), Arc = + 5".l, this last value becomes 

a> 1 — 4* 44™ 31*.66 

which agrees almost perfectly with the longitude of Cambridge 
found by the chronometric expeditions, which is 4'* 44™ Sl s .95. 
With the same value of Arc we find 

r = — 2". 90 0 = — 0".23 kaA = + 1".99 

and hence, by (586), the corrections of the Ephemeris on this 
date, according to these observations, are 

a(o —a') = — 2".93 a(5 — S') = — 0".77 

The value rcA/c = + 1".99 gives tJc — 0.00056, and hence the 
corrected value k = 0.27227 + 0.00056 = 0.27283, which is not 
very different from Oudemans’s value. (See p. 551). 

342. When a number of occupations have been observed at a 
place for the determination of its longitude, it will usually be 
found that but few of the same occupations have been observed 
at other places. If, then, we were to depend altogether upon 
corresponding observations at other places, we should lose the 
greater part of our own. In order to employ all our data, we 
may in such case find for each date the corrections of the moon’s 
place from meridian observations (see Art. 235), and, employing 
the corrected right ascension and declination in the computation 
of x and y, our equations of condition will involve only terms in 
rcA/c and Arc. The value of Arc will, however, be different on 
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different dates, and, therefore, if we wisli to retain this term, we 
must introduce in its stead the correction of the mean parallax 
which is the constant of parallax in the lunar tables. If this 
constant is denoted by 7r 0 , we shall have, very nearly, 

7f 

A tz = — A7T 0 
*0 

where z is the parallax for the given date. The equations of 
condition will then be of the form 

w x = o) a . n&k -f- b . a,7t 0 

where 

a = v sec 4 b = — JS 

*0 

In Peiece’s Lunar Tables, now employed in the construction of 
our Ephemeris, tt 0 — 8422". 06. 

348. The passage of the moon through a well determined 
group of stars, such as the Pleiades , affords a peculiarly favorable 
opportunity for determining the correction of the moon’s semi- 
diameter as well as of the moon’s relative place, of the relative 
positions of the stars themselves, and also (if observations are 
made at distant but well determined places) of the parallax. 
Prof. Peiece has arranged the formulae of computation, with a 
view to this special application, for the use of the IT. S. Coast 
Survey. See Proceedings of the American Association for the 
Adv. of Science, 9th meetings p. 97. 

344. When an isolated observation of either an immersion or 
an emersion is to be computed, with no corresponding observa- 
tions at other places, it will not be necessary to compute the 
values of x and y for a number of hours. It will be sufficient to 
compute them for the time t + co (t being the observed local 
mean time, and co the assumed longitude) ; and, as the correction 
of this time will always be small, the hourly changes may he 
found with sufficient precision by the approximate formulae, 
easily deduced from (482), 
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w | iere da and do denote tlie hourly increase of a and 8 respect- 
ively. 

845. To predict an occultation of a given star by the. moon for a 
given place on the earth . — We here suppose that it is already known 
that the star is to be occulted at the given place on a certain 
date, and that we wish to determine approximately the time of 
immersion and emersion in order to he prepared to observe it. 
The limiting parallels of latitude between which the occultation 
can be observed will be determined in the next article. 

For a precise computation we proceed by Art. 322, making 
the modifications indicated in Art. 340. 

But, for a sufficient approximation in preparing for the obser- 
vation, the process may be abridged by assuming that the moon’s 
right ascension and declination vary uniformly during the time 
of occultation, and neglecting the small variation of the parallax. 
It is then no longer necessary to compute the co-ordinates x and 
y directly for several different times at the first meridian, but 
only for any one assumed time, and then to deduce their values 
for any other time by means of their uniform changes. It will 
be most simple to find them for the time of true conjunction of 
the moon and star in right ascension, which is readily obtained 
by the aid of the hourly Epliemeris of the moon. Let this time 
be denoted by T f) . W e have at this time x — 0, and the value of 
y will be found with sufficient accuracy by the formula 

S—d' 

y •=— 

in which 8, it, are the moon’s declination and horizontal parallax 
at the time T„, and o' is the star’s declination. 

Let Aa (in seconds of arc) and a 8 here denote the hourly 
changes of the moon’s right ascension and declination for the 
time J\. Then we have, nearly, 


Let T x be any assumed time (which, in a first approximation, 
may be the time T u itself). Then the values of the co-ordinates 
at this time are 


x = x' (2\ — T 0 ) 


y = y 0 + y\ T i— T «) 
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and to find the time ( T) of contact of the star and the moon's 
limh, we shall, according to Art. 322, have the following formulae : 

ft = — a — o) 

in which /qis the sidereal time at the first meridian corresponding 
to T v a! is the star’s right ascension, and co is the longitude* 

A sin B = p sin <p r £ = /> cos <p f sin ft 

A cos B = p cos <p' cos ft t] = A sin ( B — <$') 

p! = 54148 sin 1" ? = // A cos B 

log //= 9.41916 rj r = / S sin 

m sin M = x — c n sin N — x' — 

m cos M = y — 7) n cos J\T = y' — rj 

sin + = log A = 9.43500 

k cos 4 / mcos(JkT — N) 

T n n 

T=T l + r 

where ^ is f° be taken so that cos ^ shall he negative for 
immersion and positive for emersion. 

For a second approximation, we take T as the assumed time 
1\ and repeat the computation for immersion and emersion 
separately. The new value of $ for this second approximation 
will he most readily found by adding the sidereal equivalent of 
t (converted into arc) to its former value. 

It is more especially desirable to know the true time of 
emersion, and the angle of position of the point of reappearance 
of the star. Since this angle in solar eclipses was reckoned on 
the sun’s limb, while here it must be reckoned on the moon’s, 
it will be equal to 180 + Q : so that, taking the value of ^ from 
the last approximation, we shall have 

north pt. of the moon’s limb j ‘ "r 4 

For the angle from the vertex of the moon’s limh, we find y by 
the equations 

p sin y = £ -f- £ f r p cos y = ^ + V r 
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where £, f r are to he taken from the last approximation ; 
and then 

Angle of pt. of contact from ) _ nn 0 , at , , 

the vertex of the moon’s limb j ' ' ? 

If the computation in any case gives m$m(M—N)>k, we 
have the impossible value sin^> 1, which shows that the star is 
not occulted at the given place. If we wish to know how far 
the star is from the moon’s limb at the time of nearest approach, 
we have (Art. 324) 

J = ± m sin (31 — A) 

the sign being taken so that A shall be positive. This is the 
linear distance of the moon’s centre from the line drawn from 
the place of observation to the star,’ and therefore the angular 
distance as seen from the earth is it A. The apparent semidiameter 
of the moon is 7r/>:, and hence the apparent distance of the star 
from the moon’s limb is tc (A — /,;).* 

Example. — Find the times of immersion and emersion in the 
occultation of Aldebaran , April 15, 1850, at Cambridge, Mass. 

The elements of this occultation have been found on p. 553, 
with which an accurate computation may be made by the 
method of Art. 322 ; but, according to the preceding approximate 
method, we proceed as follows. The Greenwich time when the 
moon’s right ascension was equal to that of the star is found, 
from the values of a on p. 553, to be 

T 0 = 7*.47 = 7 h 28™ 12*. 

For this time we have 

= + 2174" 3 = + 16° 49' 31". 1 

Atf = + 384 3 ' = 16 12 1 .7 

* = 3536 3 — 3'=+ 2249" 

whence, by the above formulae, 

y Q = + 0.6360 x'= + 0.5886 y'= + 0.1086 

Then the computation for Cambridge, <p = 42° 22' 49 /r , 
co = 4 U 44 w 30", will be as follows. For the first approximation, 
we assume T x = T 0 , and hence we have 


* More exactly, allowing for tlie augmentation of the moon’s semidiameter, it ia 
tt ( j — h) (1 -j- ( sin 7r), where we have £ = A cos (B — 3'). 



560 


OCCULT ATIONS OF FIXED STAFS. 


T x = 7* 28“ 12*. 

Sid. time Gr. noon — 1 33 9 .0 

Eeduction for T x = 1 13 .6 

=~ 9 2 84.6 

«/ = 4 27 18.3 
m =_ 4 44 30 
— = 23 50 46.3 


= 357° 41'.6 


with which we find the following results : 


x = 0. 

y — 

+ 0.6360 

e = — 0.0298 

r i = 

+ 0.4377 

m sin if = 0.0298 

m cos M = 

+ 0.1983 

jf = 8° 32'.4 

log m = 

9.3021 

x' = + 0.5886 

y f = 

+ 0.1086 

?'== + 0.1940 

r! = 

— 0.0022 

n sin JV == -(- 0.8946 

n cos N = 

+ 0.1108 

= 74° 19M 

log n = 

9.6127 

log sin 4 = ^9.8895 

log cos 4 = 

9.8590 

... Wicospf- N)_ 0n690 

k cos 4 

q= 0*4801 

ft 

n ~~~ 


For immersion. 

For emersion. 

r = — 0*. 6491 

r = + 0\3111 

T x = 7 .4700 

T,= 

7 .4700 

T = 6.8209 

T = 

7 .7811 

T = 6* 49™ 15* 

T = 

7* 46" 52* 

o 

co 

II 

9 

W = 

4 44 30 

Local time = 2 4 45 

Local time = 

3 2 22 

Tliese times are nearly correct enough ; but, for a more accurate 


time of emersion, we now assume T x — 7 7 ‘.7811, with which we 
find 

x = x’(T x — T 0 ) = -f 0.1831 y'(T x — T 0 ) = + 0.0338 

2/o — + 0-6360 
y = + 0.6698 

and to find the new value of # we have r = -f 0' 1 . 3111 = 18“ 40”, 
the sidereal equivalent of which is 18 m 43*.l, or in arc 4° 40'. 8. 
This, added to the above value of &, gives the corrected value 
■& — 2° 22'.4. Eepeating the computation with these new values 
of x, y, and <?, we find 
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4 = 317° 22' 

A = 74 55 
180 

212 17 
r = 3 33 
208 34 

The star reappears at 212° 17' \ 
from the north point, or 208° 34' / 
from the vertex, of the moon's f 
limb. ) 

This time agrees within 21 s with the actually observed time of 
emersion (given on p. 552). The principal part of the difference 
is due to the error of the Epliemeris on this date. 

846. To find the limiting 'parallels of latitude on the earth for a 
given occultation . — The limiting curves within which the occupa- 
tion of a given star is visible may be found by the general 
method given for solar eclipses, Art. 311, which, of course, may 
be much abridged in such an application. But, on account of 
the great number of stars which may be occulted, it is not pos- 
sible to make even this abridged computation for all of them. 
The extreme parallels of latitude are, however, found by very 
simple formulae, and may be used for each star. 

For a point on the limiting curve, the least value of A in Art. 
324 is in a solar eclipse = L, but in an occultation it is = k. 
Hence we have, by (557), the condition 

rh m sin (31 — A) = k 

or, restoring the values of m sin M= x — £ , m cos M=y — 37, 

(x — c) cos A — (y — rf) sin A — ± k 

The angle A is here determined by the equations (552) ; but, for 
an approximate determination of the limits quite sufficient for 
our present purpose, we may neglect the changes of £ and 37, and 
take 

n sin A = x' n cos A = y T 

Let £ 0 and y Q be the values of x and y for the assumed epoch 
T q ; then for any time T— T 0 + r we have 

x = x 0 + n sin A . r y = y 0 + n cos A . r 

Vol. I.— 36 


m cos (31 — JS) 


• 0\5082 


/:cos^ 


T-. 


+ 0 .4901 


Local time 


- 0 .0181 
7 .7811 
7 .7630 
7 s 45™ 47* 
3 1 17 
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which, reduce the above condition to 

(x 0 — f ) cos N — (y 0 — i) sin N = ± A 

By the last equation of (500), we have, by neglecting the com- 
pression of the earth, 

sin <p = 7} cos d' -\~ Z sin d' 

in which 

C - i/(l - £ 2 - V 2 ) 

and we are now to determine the maximum and minimum values 
of which fulfil these conditions. Let us put 

a == — ? cos _ZV ~j- ^ sin JV* 
b = c sin + 7) cos JV* 

from which follow 

S = — a cos JV -f 6 sin iV 
^ = a sin JV" + 6 cosiV 
C = i/(l — a 2 - & 2 ) 

Then we also have, by our first condition, 

a = — x Q cos JSF + y 0 sin JV* ±: k 

which is a constant quantity, since we may here assume x r and y r 
to be constant. 

Since we have a 2J r b 2 -\- £ 2 = 1, we can assume y £ so as ^ 
satisfy the equations 

cos y = a 
sin y cos £ = b 
sin y sin £ = C 

in which sin y may be restricted to positive values. The formula 
for (p thus becomes 

sin <p = cos y sin N cos <5' sin y cos £ cos JSF cos d ' -f- sin y sin e sin <V 

which may be put under a more simple form by assuming ft and 
L so as to satisfy the conditions 

sin ft — sin JSF cos o' 
cos /? cos A = cos N cos d' 
cos ft sin A = sin d f 

in which cos ft may be restricted to positive values. 
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W e thus obtain 

sin (p = sin ft cos y -f cos ft sin y cos (A — e) 

in which (p and e are the only variables. Since cos /9 sin y is 
positive, this value of sin <p is a maximum when cos (A — e) = 1 
or A — £ = 0 ; and a minimum when cos (A — e) = — 1, or 
A — e = 180°. Hence we have, for the limits sin (p = sin(/3 ± f), 
that is 

for the northern limit, <p = p + y 
for the southern limit, <p = /$ — y 

One of the points thus determined may, however, be upon 
that side of the earth which is farthest from the moon, since we 
have not restricted the sign of £, and our general equations 
express the condition that the point of observation lies in a line 
drawn from the star tangent to the moon’s limb, which line 
intersects the surface of the earth in two points, for one of which 
£ is positive and for the other negative. But, taking £ only with 
the positive sign, we must also have sin £ positive. For the 
northern limit, therefore, when A = s, sin A must be positive, 
which, according to the equation cos /3 sin A = sin can be the 
case only when d' is positive. Hence the formula <p =-= (3 + y 
gives the most northern limit of visibility only when the star is 
in north declination. For similar reasons, the formula cp = j3 — y 
gives the southern limit only when the star is in south declina- 
tion. The second limit of visibility in each case must evidently 
be one of the points in which the general northern or southern 
limiting curve meets the rising and setting limits, — namely, the 
points where £ = 0, and consequently, also, sin £ = 0, cos £ — ± 1, 
which conditions reduce the general formula for sin <p to the 
following : 

sin <p = ( slnN cos y ± cosiV sin y) cos 3 r = sin (N ± y) cos <Y 

If cos N is taken with the positive sign only, the upper sign in 
this equation will give the most northern limit to be used when 
the southern limit has been found by the formula <p = /3 — y ; and 
the lower sign will give the southern limit to be used when the 
northern limit has been found by the formula <p =• [ ? + y- 

Finally, since the epoch T {) is arbitrary, we may assume for it 
the time of true conjunction in right ascension when x 0 -~=- 0, and 
we shall then have 

a — cos y ~~ y Q sin iV* zb k 
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The above discussion leads to the following simple arrangement 
of the formulae 


cos y x — y 0 sin JSf d= 0.2723 
sin [3 = sin A cos d f 
<Pi — P ± Yi 

cos = y Q sin A =p 0.2728 
sin <p^z= sin (A ^ 3 ) eos*<$' 


(7 < 180°) \ 

0*< 90°) ) 

(0041 

(A< 90°) ) 


in which the upper or the lower signs are to he used, according 
as the declination of the star is north or south. When the 
declination is north, <p x will be the northern limit and <p 2 the 
southern; and the reverse when the declination is south. The 
angle A is here supposed to be less than 90°, and is found by 
the formula 

tan A = — 

y 

always considering y ' as well as x' to be positive. 

When the cylindrical shadow extends beyond the earth, north 
or south, we shall obtain imaginary values for y x or y 2 . The 
following obvious precepts must then be observed : 

1st. When cos y x is imaginary, the occupation is visible beyond 
the pole which is elevated above the principal plane of reference, 
and, therefore, we must put for the extreme limit <p x = 90°, or 

<pi = — 90°, according to the sign of S'. 

2d. When cos y 2 is imaginary, the value of <p 2 will be the lati- 
tude of that point of the (great circle) intersection of the prin- 
cipal plane and the earth’s surface which lies nearest the depressed 
pole; that is, we must take v 2 — 5' —90°, or y 2 = d' 90°, 
according as o' is positive or negative. 

It is also to be observed that the numerical value of <p x 
obtained by the formula <p x = ft zb y x may exceed 90°, in which 
case the true value is either <p x = 180°— (ft ± y x ), or <p x = — 180° 
*- (/3 zb y x ), since these values have the same sine. 


Example. — Find the limiting parallels of latitude for the 
occupation of Aldebaran , April 15, 1850. 

We have found, page 559, for this occupation, 

y 0 = + 0.6360 a;' = 0.5886 y f = 0.1086 

Hence, with o' = 16° 12', we find 
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JV== 79° 33' 
y. sin N — 4- 0.6255 
k = 0.2723 

cos Y x — + 0.8978 
cos y a ~j“ 0.3532 
r 2 = 69° 19' 

A— n =. 10 14 


log sin ;3 = 9.9751 
/5 = 70° 47' 

n = 26 8 

13 -)- ^ = 96 55 
^ = 83 5 

= 9 49 


It is hardly necessary to observe that the oecultation is not 
visible at all the places included between the extreme latitudes 
thus found, since the true limiting curves do not coincide with 
the parallels of latitude, but cut the meridians at various angles, 
as is illustrated by the southern limit in our diagram of a solar 
eclipse, p. 504. Unless a place is considerably within the 
assigned limits, it may, therefore, be necessary in many cases to 
make a special computation, by the method of Art. 845, to deter- 
mine whether the oecultation can be observed. 


OCCULTATIONS OF PLANETS BY THE MOON. 

847. If the disc of a planet were always a circle, and fully 
illuminated, its oecultation by the moon might be computed by 
the general method used for solar eclipses by merely substituting 
the parallax and semidiameter of the planet for those of the sun; 
and this is the method which has generally been prescribed by 
writers on this subject. But with the telescopes now in use, 
and especially with the aid of the electro-chronograph, it is 
possible to observe the instants of contact with the planet’s limb 
to such a degree of accuracy that it appears to be worth while 
to take into account the true figure of the visible illuminated 
portion of the planet. Moreover, the investigation of this true 
figure possesses an intrinsic interest which justifies entering upon 
it here somewhat at length. 

In order to embrace at once all cases, I shall consider the 
planet as a spheroidal body which even when fully illumi- 
nated presents an elliptical outline, and when partially illumi- 
nated presents an outline composed of two ellipses, of which 
one is the boundary of the spheroid and the other is the limit of 
illumination on the side of the planet towards the observer. I 
begin with the determination of the first of these ellipses. 
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348. To find the apparent form, of the disc of a spheroidal planet * — 
Let us first express the apparent place of any point of the 
surface of the planet, by referring it to three planes perpen- 
dicular to each other, of which the plane of x\j coincides with the 
plane of the planet’s equator, while the axis of z coincides with 
the axis of rotation. In this system, let 

x,ifjZ = the co-ordinates of the point on th*' surface of the 
planet, 

77 , C = those of the observer. 

Straight lines drawn from the observer to the centre of the 
planet and to the point on its surface determine their apparent 
places on the celestial sphere. If these places are referred to 
the great circle which corresponds to the planet’s equator, and 
if we put 

h X! — the geocentric longitudes of the apparent places of the 
planet’s centre and the point on its surface, reckoned 
from the axis of x } in the great circle of the planet’s 
equator, 

£,^' = the latitudes of these places referred to the great 
circle of the planet’s equator, 

/>, f = the distances of the centre of the planet and the point 
on its surface from the observer, 


we shall have (Arts. 32 and 38)f 


p cos (3 cos X = — £ 

1 

p cos p sin X — — rj 

} (605) 

p sin fi = — C 

J 

/ cos /S' COS X = X — $ 

1 

p r cos/5' sin X! — y — y 

V (606) 

p r sin /3' = z — C 

J 


* The method of investigation here adopted, so far as relates to the apparent form of 
the disc, is chiefly derived from Bessel, Astronomische Untersuchunyen , Vol. I. Art. VI. 

t The group (606) may be deduced by supposing for a moment that the position 
of the observer is referred to a system of planes parallel to the first, hut having its 
origin at the point on the surface of the planet. The co-ordinates in this system are 
equal to those in the first increased respectively by x , y, and z. The negative sign 
in the second members of both groups results from the consideration that the longi- 
tude of the observer as seen from the planet is 180° -f- A, or 180°-}- X\ and hi* 
latitude, — /?, or — fi'. Compare Art. 98. 
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Now, let 0 and C, Fig. 47, be tbc apparent 
places of the planet’s centre and the point on its 
surface, projected upon the celestial sphere; Q 
the pole of the planet’s equator; P the pole of the 
earth’s equator ; and let 

S'— the apparent distance of C from 0 — the arc 
OC, 

p’ — the position angle of 0 reckoned at 0, from 
the declination circle OP towards the cast, 

= POC, 

p = the position angle of the polo of the planet 
= POQ; 

then, in the triangle QOC, we have 

sin s' sin f p' — p ) = cos /9' sin (A' — A) 
sin s' cos (p r — p)~ cos /? sin ,9'— sin j3 cos /3' cos O’ — A) 

Multiplying these by p', and substituting the expressions (605) 
and (606), we obtain 



p' sin s' sin ( p ' — p) = — x sin A y cos A 

P ' sin s' cos \p' — p) — — x sin /3 cos A — y sin ,3 sin A -f- s cos [3 

or, since s' is very small and //sins' or p's' differs insensibly 
from p sin s' or ps', 

ps' sin Op' — p) — — x sin A + y cos A ) 

ps' cos ( p ' — p) = — x sin /? cos A — y sin /3 sin A z cos /9 / / ' 


These equations apply to any point on the surface of the planet. 
If we apply them to those points in which the visual line of the 
observer is tangent to that surface, they will determine the curve 
which forms the apparent disc. The equation of an ellipsoid of 
revolution whose axes are a and />, of which b is the axis of 
revolution, is 


xx yy zz 
m+JE + bb 


(608) 


and the equation of a tangent line passing through the point 
whose co-ordinates are £, rj, and £ is 


i = ^l + yi + z i 

an a a bb 


(609) 


The distances ?, j?, and £ are very great in comparison with x, 
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y, and z. If we divide (609) by p, the quotients ^ will be 

CC 'll Z 1 

of the same order as ~, p but the quotient will be inappre- 


ciable in relation to the quotients — > — , Performing* this 

act aa bb ° 

division, therefore, and substituting the values of £, 37 , and £ from 
(605), we may write for the equation of the tangent line 


x cos p cos A 
aa 


y cos /3 sin >1 £ sin p 

aa 1 


bb 


(610) 


If the curve J.CB, Pig. 47, is referred to rectangular axes 
passing through the apparent centre 0 of the planet, one of 
which is in the direction of the pole of the planet, and if u and 
v denote the co-ordinates, of any point of the curve, so that 

u = s' sin (p f — p) 
v = s f cos (p' — p ) 

the equations (607) and (610) will enable us to determine x , y, 
and z in terms of u and v. Putting 



aa 


the three equations become 


pu = — x sin A -f- y cos A 
pv = — (x cos X -j- y sin X) sin p + z cos p 
0 = (x cos X -f- y sin A) (1 — ee) cos (3 + z sin p 

from which we derive 


— x sin A 4. y cos A = pu 

— x cos A — y sin A = pv — 

1 — ee cos 2 p 

(1 — ee) cos B 

Z = pv - — 

1 — ee cos 2 p 

Substituting these values in (608) and putting 
a 

s ~ — the greatest apparent semidiameter of the planet, 

c = ]/(l — ee COS 2 /3) 
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we find 

ss = uu + ~ (611) 

which is the equation of the outline of the planet as projected 
upon the celestial sphere, or upon a plane passed through the 
centre of the planet at right angles to the line of vision. It 
represents an ellipse whose axes are 25 and 25 y(l — ee cos 2 /?), 
e being the eccentricity of the planet’s meridians. The minor 
axis ( OB , Fig. 47) lies in the direction of the great circle drawn 
to the pole of the planet’s equator. 

We next proceed to determine what portion of this ellipse is 
illuminated and visible from the earth. 

349. To find the apparent, curve of illumination of a planet's surface 
If the sun be regarded as a point (which will produce no sensible 
error in this problem), the curve of illumination of the planet, as 
seen from the sun , can be determined by conditions quite similar 
to those employed in the preceding problem ; for we have only 
to substitute the co-ordinates expressing the sun’s position with 
reference to the planet, instead of those of the observer. If, 
therefore, we put 

A, B = the heliocentric longitude and latitude of the centre 
of the planet referred to the great circle of the 
planet’s equator, 

the equation of the tangent line from the sun to the planet, 
being of the same form as (610), will be 

_ x cos B cos A , ?/cos#sin/t , 2 sin.# 

0 = — — f- ± yr — (612) 

aa aa bb y J 


If each point which satisfies this condition be projected upon 
the celestial sphere by a line from the observer on the earth, and 
n and v again denote the co-ordinates of the projected curve, we 
have here, also, to satisfy the equations 


pu = — x sin X -|- y cos X 

pv = — (x cos X -f- y sin X) sin /? -fi z cos /? 



in which X and /? have the same signification as in the preceding 
article. The values of x, y, and z, determined by the three 
equations (612), (613), being substituted in the equation of the 
ellipsoid, we obtain the relation between u and v, or the equation 
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of the required curve of illumination as seen from the earth. In 
order to facilitate the substitution, let us put 

x 1 = — x sin A -f- y cos A 
y x — x cos A -f- y sin A 

from which follow 

x = — x x sin A -)- y x cos A 
y = cos A -f y, sin A 

At the same time, let us introduce the auxiliaries /9 X and B x 
dependent upon /? and B by the assumed relations 

1 

- cos A == cos B 
9 


1 . a . . 

- sm A = 7 sm £ 

£ b 

Then the three equations become 

0 = a:, cos sin (d — A) -f- y x cos B x cos (d 

= x x 

l 9 pv = — y x sin A + - « cos ^ 
from which we derive 
#!= pu 

Ny x = — pu cos /5j cos ^ sin (d — A) — ^ y pv sin 

J^~z = — pu sin fi x cos B x sin (d — A) + £ 9 P v cos cos 

where, for brevity, Ais put for sin ft x sin jBj + cos /3 X cos jB x cos (J — a). 

Before substituting these expressions in the equation of the 
ellipsoid, it will be well to consider the geometrical signification 
of the quantities and B v If we draw straight lines from the 
centre of the planet to the earth and to the sun, the latitudes of 
the points in which these lines intersect the surface of the planet 
will be /? and B . If these points be projected upon the surface 
of a sphere circumscribed about the ellipsoid, by perpendiculars 
to its equator, the latitudes of the projected points will be j3 x and 
JS X ; and g and Grwill be the corresponding radii of the ellipsoid. 
If now these projected points are referred to the celestial sphere, 
by lines from the planet’s centre, they will form with the pole Q 
of the planet’s equator a spherical triangle QOS, in which the 


_ A) + ~ ^ sin B , 


a 


cos JB ± = cosl? 


~ sin B x = £ sin B 
Gr b 


(6141 
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angle Q will be A — >1 ; and tlie sides including this angle will 
be 90° — /9 X = QO , 90° — B x — §$. Denoting the angle at 0 by 
w, and the side OS by V, we shall have 

cos V = sin A sin -f- cos p x cos cos (d — A) ^ 
sin F cos w = cos ft sin I?, — sin ft cos B 1 cos (A — A) > (615) 
sin F sin w = cos B x sin (i — A) J 

in which V is very nearly the angular distance between the sun 
and the earth as seen from the planet. 

This triangle also gives 

sin B x = cos F sin ft -(- sin F cos ft cos w 
cos B x cos {A — A) = cos F cos ft — sin F sin ft cos w 
cos B x sin (i — A) = sin F sin w 

By these equations the above expressions for x v y v and z are 
reduced to 

cosF.;ft = pu cos F 

cos F. y x = — pu sin F sin w cos ft 

— ^ 9 P v ( cos V s ^ n P\ + s l n V cos P i 008 w ) 

cos F ^2 == — pu sin F sin w sin ft 

+ ^ g pv (cos F cos ft — sin F sin ft cos w) 

Substituting these in (608), observing that xx + yy = + y l y l7 

we have 


cog 2 F ~ = uu cos 2 F 

PP 


~|~ J*(w sin w + ~ gv cos w) sin V cos ft ~ <70 cos F sin ft^j 

r (X a 2 

-f (w sin -j~ - <70 cos ib) sin Fsin ft — - yy cos F cos ft 

Developing the squares in the second member, and putting s for 

and also 
P 

we shall find 


C = -|/( 1 — 66 cos 2 /?) = 


ay 




/ sin ?/? , / , cos ?y \ 2 , _ r 

= 1 w cos — y — — - I -j - I// mu iv -|- v • — — 1 sec 2 r (bib) 



572 


OCCULT AT IONS OF PLANETS. 


which is the required equation of the curve of illumination, as 
seen, from the earth, projected upon the celestial sphere. It 
represents an ellipse whose centre is at the origin hut whose 
axes are, in general, inclined to the axes of co-ordinates, and, 
consequently, to the axes of the ellipse of equation (611). The 
equation (611) is only the particular case of (616) which corre- 
sponds to V= 0, or the case of full illumination. 


Fig. 48. 



350. Ve have yet to determine what portions of the apparent 

disc are hounded hy the two curves 
respectively. If ABA'B\ Fig. 48, 
is the ellipse of (611), which I shall 
call the ellipse , and CJDC'D' that 

of (616), which I shall distinguish as 
the second ellipse , the visible outline 
of the planet is composed of one- 
half the first and one-half tlie second 
curve, and these halves either begin or end at the points C and 
C', which are the common points of tangency of the two curves. 
These points satisfy both equations; and, therefore, putting u x and 
v x for the co-ordinates of either point, and subtracting (611) from 
(616), we find 

0 = |w, sin to + j tan 2 F 

which is satisfied, in general, by taking 


cos w A 
u x sm w -f- v x = 0 


Denoting the position angle corresponding to u x i’ 15 by p v we 
have u x = s x sin (p 1 — p), V\= q cos (p x — p). Substituting these 
values, and also putting 

COS tO 

c 1 sm u\ = sm w c x cos iv x = — - — (ox l ) 

the preceding condition becomes 

c x s x cos (p x — p — tof) = 0 

whence 

p x = p -f- tOj hF 90° (618) 

which expresses the position angles of both Cand Ch If we 
draw the arc OHO 7 , Fig. 48, making the angle BOO r = to, and 
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take OO'^V, the point O f will he nearly the position of the 
planet as seen from the sun, and the arc V will l)e the measure 
of the angular distance between the sun and the earth as viewed 
from the planet. If we assume sin w to be positive in equations 
(615), as we are at liberty to do, the arc T 7 will be reckoned from 
the planet eastward from 0° to 360°. How, so long ask" is less 
than 180°, the west limb will evidently be the full limb, and 
when Vis greater than 180°, the east limb will be the full limb. 
Hence we infer that a point whose given position angle is p f is 
on the east limb when 

y > V + w i — 90° and < p + + 90° 

but on the west limb when 

p r < p + w ! — $0° and > p + w L + 90° 

When! 7 >90° and < 270°, the planet is crescent; but when 
F> 270° and < 90°, it is gibbous. In the case of a crescent 
planet there are two points, one on the full and the other on the 
crescent limb, corresponding to the same position angle : hence 
in observations of a crescent planet the point of observation on 
the limb will not be sufficiently determined by the position 
angle alone ; it will be necessary for the observer to distinguish 
the crescent from the full limb in his record. 

351. In order to apply the preceding theory, it is necessary to 
find the quantities p, /9, >1, J3 : A. The direction of the axis of ;r 
in Art. 348 was left indeterminate, and may be assumed at 
pleasure, but it is most convenient to let it pass through the 
ascending node of the planet’s equator on the equinoctial, so that 
k and A will be reckoned from this node. The position of the 
node must, therefore, be known, and this we derive from the 
researches of physical astronomers. If we put 

n = the longitude of the ascending node of the planet/s 
equator on the equinoctial, 

i = the inclination of the planet’s equator to the equi- 
noctial, 

we have at any given time /, for the planets Jupiter and Saturn, 
the only ones whose figures arc sensibly spheroidal, 
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For Jupiter j ^ 


n = 357° 56' 25" + 3" 59 (t - 1850) 
25° 25' 49" + 0" 66 Q t — 1850) 


Foi Saturn ( n = 125° 13' 54" + 128" 76 (t — 1850) + 0" 0605 (t — 1850) 2 
1 i-= 7° 10' 10" — 15" 08 (f — 1850) + 0" 0035 (t — 1850) 2 


m winch t is expiesscd m years * 

The values foi Saturn apply either to its equator or the lings, 
which aie sensibly in the same plane 
If now we put 


a, = the right ascension and decimation of the planet, 


we can convert a' and §' into X and /? by Art 23 , we shall 
meiely have to substitute m (29) or (31) a' — n foi <x, o' foi 3, 
and i foi s The angle p is heie the position angle of the pole 
of the planet reckoned fiom the decimation circle of the planet 
towards the east, but m Art 25 the angle 7) is the position 
angle reckoned towards the west, and, therefoie, we shall have 
to put ^ = 360° — p m (33) Hence we obtain the following 
foimuhe for /?, A, and_p 


/ Bin F = tan£' 
f cos F = sin (a' — ?i) 
tan ft = sm X tan ( F — i) 

tan F r = tan i sm (a' — ?i) 


/' sin X = cos (F — ?) 

/' CuS X = COS F COt (a' — 71) 


tan p = 


sm F' cot (a' — n ) 
cos (F’—d 7 ) 


(619) 


To find A and J3, we avail om selves of the heliocentric longi 
tude and latitude of the planets given m the Butish Almanac, 
and as these quantities aie refeired to the ecliptic, while A and 
jB aie refen ed to the planet’s equatoi, we must know the rela- 
tive position of these encles Putting 

A' — the longitude of the node of the planet’s equator on 
the ecliptic, 

I f = the inclination of the planet’s equator to the ecliptiCj 

.2^= the aie of the planet’s equatoi between the equi- 
noctial and the ecliptic, 


* These values I have deduced from the data given m D^moiseau’s Tables J&clip-* 
tiqnes des Satellites de Jupiter , Pans, 1836, and Bessel’s Aestimmung de? Lage und 
Grosse des Saturns-Binges und der Figur und Grosse des Saturns, Astronom JYach , Vol 
XII p 167 
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we deduce from the data of Bessel and Damoiseau, for a given 
year t, 

C N'= 335° 40' 46"+ 49".80 ( t — 1850) 

For Jupiter J I'= 2° 8'51"+ 0".43(< — 1850) 

(. N = 336° 33' 18"+ 46".55 (< — 1850) 

( N'— 167° 31' 52"+ 46".62 (< — 1850) 

For Saturn. J /'= 28° 10' 27"— 0".35(< — 1850) 

43° 31' 34" — 86".75 (< — 1850) — 0".0625(< — 1850)* 

and these values for Saturn also apply to the rings. 

Finally, if we put 

-4') -S' = the heliocentric longitude and latitude of the 
planet, referred to the ecliptic, 

the formulae (29) or (31) will servo to convert A' — N' and B' 
into A — N and B ; and they become 

K sin M — tan B ' K’ sin (d —N) = cos (M — I') \ 

K cos M= sin (A' — IV 7 ) JK''cos(d— iF)==cosilf cot(d'— JY') ( ( 62 0) 

tan B — sin (d — N) tan (Jf — 1') \ 

352. The preceding complete theory admits of several abridg- 
ments in its application to the different planets, varying according 
to the features peculiar to each. 

Jupiter . — The inclination of Jupiter’s equator to the ecliptic is 
so small that the quantity e — +(1 — e.a cos 2 /?) never differs 
sensibly from j/( 1 — ee), which, according to Struve’s measures, 
is 0.92723. I shall, therefore, use as a constant the value 
log c = 9.9672. Again, on account of the small inclinations both 
of Jupiter’s equator and of his orbit to the ecliptic, the angle w 
never differs much from 90°, and, since this angle is required 
only in computing the gibbosity of the planet (which never 
exceeds 0".5), it is plain that wo may take w — 90°, and that V 
may be found with sufficient accuracy by the formula 

V=A — X 

or, indeed, by the formula 

V = A' — X (621) 

in which A' and A' are, respectively, the heliocentric and geo- 
centric longitudes of the planet, the former being taken directly 
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from the Biitisk Almanac, and the latter computed from the geo- 
centuc light ascension and declination by Art 23. so that tor 
this planet tlie equations (615), (619), (620) will he dispenser 
with, except only the last two equations of (619), which will be 


required in finding p. , . 

Saturn— The inclination of Saturn’s equator to the ecliptic is 
ovei 28°, and therefore the quantity e == v'(l — cos p) will 
have sensibly different values at difierent times. The value oi^ 
— 8 is, however, given in the table for Saturn s Ring m om 
Ephemendes (where it is usually denoted by 1) The va lte o ee 
is 0 1865, 01 log ee = 9 2706. The gibbosity of Saturn is alto- 
gether insensible; so that we shall have occasion to use onh the 
equation (611), or m any formula that may be clenved from the 
moie general equation (616) we shall have to putv • ie 
angle p is also given m the table for the ring 

Saturn’s Bing —The ring may he lieie regarded as an ellipsoid 
of revolution whose minor axis = 0 Hence we have on y o 
make e = 1 m oui formula to obtain the equation of its elliptical 
outline This gives c = i/(l - cos 2 0) = sm p, which value being 
substituted in (611), we have at once tlie reqnned equation, 
while the position of tlie ellipse is given at once by the angle p 


fiom the table above refeired to. 

Mars, Venus, and Met cury —These planets may he regarded as 
spherical in the computation of then occupations, and we shall, 
therefore, have to eonsidei only tlieir crescent and gibbous 
phases To adapt our formulae to the case of a sphencal bocy, 
we have only to pat e = 0, oi c = 1 Since m this case wc aio 
concerned only with tlie appai eut figure of a partially illuminate 
sphencal body, we may, for the convenience of computation, 
assume any point as the pole of tlie planet, and it wi c mos 
mttuial to assume tlie point winch is the pole of the great circle 
whose plane passes thiougli tlie sun, the earth, and t ie p ane 
The dnection of tins pole is evidently tlie 
49 same as that of the line joining the cusps 

of the paitially illuminated disc This makes 
j \ j9=0, J3 = 0, m (615), and, consequently, 

/ \ V— A — H But, as the adopted equator of 

\ -Ap ) the planet is here a vanahle plane, we can 

\ / v no longei use the foim (620) for finding A 

'v / '\y A veiy simple and direct process for finding 

^ ° V offers itself Let E, S, 0, Rig 49, repie- 


0 
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sent the centres of the earth, the sun, and the planet; S' O' 0", 
the great circle of the celestial sphere whose plane passes through 
the three bodies ; S' and O', the geocentric places of the sun and 
the planet; 0 " , the heliocentric place of the planet. Then O'O" 
is the arc heretofore denoted by V, and, in the infinite sphere, is 
the measure of the angle O' 00" — SOE. Putting then V—O' O", 
y = S' O', and also 

JR 1 = SO = the heliocentric distance of the planet, 

B = SE = “ « “ earth, 


we have 

„ B . 
sin V == — sin y 
B 

We might find V directly from the three known sides of the 
triangle SOU; but, as we have yet to find p, and y comes out at 
the same time with p in a very simple manner, it will be prefer- 
able to employ the above form. 

To find p and y, let O', O", Fig. 50, be the three places 
above referred to, and P the pole of 
the equinoctial. Draw O'Q perpen- 
dicular to the great circle S'O'O". 

This perpendicular passes through the 
adopted pole of the planet, and we 
have PO'Q=p , or PO'S' = 90° — p, 
afid S'0'=y. Hence, denoting by d' 
and D the declination of the planet 
and the sun, and by a' and A their 
right ascensions respectively, the spherical triangle PS'O' gives 

cos y = sin d r sin D + eos o' cob P cos (a 
sin y sin p = cos S' sin D — sin d f cos D cos (a 
sin y cos p = cos D sin (a — A) 

Hence, introducing an auxiliary to facilitate the computation, 
both p and V will be found by the following formulae : 

tan F = tan B sec (a! — A ) 
tan p = cot (a' — A ) sin (P — d') sec F 
. T7 . B sin (a' — A) cos B 

B ' cos p 

In this method of finding V we do not determine whether it is 

Vol. L^87 




Fig. 50. 

Q 
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gioatei 01 loss than 00° This is of no impoitancc m computing 
an actual obseivation, hut only m pnduiuuj the phase of the 
planet, whether descent oi gibbous Foi the latter puipose we 
must have lecouise to the tuangle SEO of Fig 49, the three 
sides of which are given in the Ephemens 

The value of Fbeing found, the equation (61G) will be used to 
determine the apparent outline aftei substituting c = 1 and 
w = 90°, wheieby it becomes 

s*= v 2 - 1- u 2 sec 2 V 

The value of s in our equations is supposed to be given It 
will be most convenient to deduce it fiom the tippa,rent semi- 
diametei of the planet when at a distance from the earth equal 
to the earth’s mean distance fiom the sun, which is the unit 
employed m expressing their geocentnc distances m the JFCphe- 
mens Thus, denoting the mean semidiameter by s 0 , an( ^ the 
geocentric distance by r', we have (Art. 128) 



and s 0 may be taken from the following table 


(624) 



*0 

Mercury 



8 " 

34 

Venls 



8 

55 

Mars 



5 

05 

Jupiter 



99 

70 

Saturn 



81 

36 

Saturn’s Rings 





Outer semi-major axis 

of outer 

ring 

187 

56 

Inner “ “ 

a 

u 

165 

07 

Outer “ ‘ ‘ 

inner 

it 

1G1 

27 

Inner “ “ 

<< 

‘t 

124 

75 


Authority 


Le Verrier, Theoty of Met cat y 
Peirce, Am Ephemens 

it u u 

Struve, Astr Each , No 189 
Bessel, Astr Each , No 275 


<< u ti 

r Struve, Asti Each , No 189, 
J reduced to agree with Bes- 
] sel’s measures of the outer 
l diameter of the outer ring 


358 To find the longitude of a pilace fiom the observed contact of 
the moon's limb ivitk the limb of a planet — In the following investi- 
gation, it is assumed that the quantities p , w , V, c , are known for 
the time of the occupation They may be computed by the 
above methods for the time of conjunction of the moon and 
planet, and regarded as constant for the same occupation, over 
the earth in general 
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Let 0 , Fig. 51, be the apparent centre of the planet, and C 
the point of contact of its limb with 
that of the moon. Let OM be drawn 
from 0 towards the moon’s centre, in- 
tersecting the moon’s limb in D. Since 
the apparent semidiameter of any of 
the planets is never greater than 31", 
it is evident that no appreciable error 
can result from our assuming that the 
small portion CD of the moon’s limb 
coincides sensibly with the common 
tangent to the two bodies drawn at C. 

If, then, the planet were a spherical 
body with the radius 0D, the observed 
time of contact would not be changed. We may, therefore, 
reduce the occultation of a planet to the general case of eclipse 
of one spherical body by another, by substituting the perpen- 
dicular QD for the radius of the disc of the eclipsed body. Let 
s" denote this perpendicular; let OA and OQ be the axes of u 
and v respectively, to which the curve of illumination is referred 
by the equation (616); and let # be the angle QOD which the 
perpendicular s" makes with the axis of v. The equation of the 
tangent line CD referred to these axes is 



u sin # -f- v c s # = s" 

We have also in the curve 

dv , 

= — tun # 
du 

Differentiating the equation (616), therefore, we have 


(625) 


( U 


COS w ■ 


v sin w \ I 
~~~ ) ^ cos w + 

: )( sh 


tan # sin w ^ 
c j 


. / . . v cos w \ I . tan # cos w \ Tr 

+ 1 w sin w -| — 1 1 sin w — J sec 2 V = 0 


By means of this equation, together with (616) and (625), we can 
eliminate u and v, and thus obtain the relation between s and s". 
To abbreviate, put 


x = u cos w — 
3 / = ^ sin -4- 


v sin w 
c 

V cos w 


c 
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c'mift' = c'cos ft* = cos & 

c 

then the three equations become 

x cos (ft r — w) — y sin (#' — w) sec 2 F = 0 

.t 2 -|* 2 / 2 sec 2 F = s 2 
s" 

x sin (#' — w) + y cos (ft' — \o) — — f 


From the first and second of these we find 

s sin (ft' — w) 

X -j/[l — cos 2 (ft' — 10) sin 2 F] 

5 cos ( #' — tfl) cos 2 F 
^ l/[l — eoB*(tf — w) sin 2 F] 

which substituted in the third give 

s" = see']/ [1 — cos 2 (*' — w) sin 2 F] 


Hence, if we put 
we have 


sin / = cos (ft' — w) sin F 
s" = s . CC' COS X 


((J27) 


We have seen (Art. 352) that in all practical cases we may take 
io = 90°, and, therefore, instead of (626) and (627) we may 
employ the following : 

tan ft 

tan ft' — 

c 

sin * = sin*' sin V / ( G28) 

nff s sin ft cos x 
S sin ft' 


If the occultation of a cusp of Venus or Mercury is observed, 
we have at once s" = s cos?? (for the axis of v coincides with 
the line joining the cusps), and we do not require V. 

The value of s" is to be substituted in (486) for the apparent 
semidiameter of the eclipsed body. In that formula, M denotes 
the apparent semidiameter at the distance unity : therefore, we 
must now substitute the value 


sin H — r' sin s" 
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or, by (624) and (628), 

sin H = 


sin s 0 sin # cos x 
sin 


(629) 


Since / is here very small, we may put tan / = sin /, and the 
formula for L (488) becomes 


A = (* — £) sin / ± k 


Hence, putting 


we have 


rg 

i = (* — o ± A' 

r'g 


(630) 

(631) 


When the angle # is known, therefore, the preceding formuhe 
will determine L, with which the computation will be carried 
out in precisely the same form as in the case of a solar eclipse, 
Art. 329. To find &, let OP, Fig. 51, be drawn in the direction 
of the pole of the equinoctial; then we have POQ = p, and, 
denoting POM by Q, 

# = Q —P 

and Q has here the same signification as in the general equations 
(567), as shown in Art. 295 : so that when N and ^ have been 
found by (568) and (569), we have Q = N + 4'? or 

,> = 1^+ + — p (632) 


But to compute ^ by (569) we must know L, and this involves 
H, which depends upon &. The problem can, therefore, be 
solved only by successive approximations; but this is a very 
slight objection in the present case, since the only formulae to be 
repeated are those for L and 4>, and the second approximation 
will mostly be final. It can only be in a case such as the oecul- 
tation of Saturn’s ring, where the outline of the eclipsed body is 
very elliptical, and especially when the contact occurs near the 
northern or southern limb of the moon, that it may be necessary 
(for extreme accuracy) to compute IT a second time and, conse- 
quently, 4* a third time. 

The formula (629) is adapted to the general case of an chip- 
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soidal "body paitially illuminated, the point of contact being on 
the defective limb When the point of contact is on the full 
limb, we have only to put V= 0, and the foimula becomes 

mg= (638) 
sm 

and for the full limb of a spherical planet (Venus, Mercury, and 
Mars) we have H = s 0 

In the first approximation we may take L = zb A 

354, Sometimes it may not be known fiom the recoid of the 
observation whether the point of contact is on the full oi the 
defective limb of the planet This might be detei mined by the 
method of Art 350 , but, since that method supposes the position 
angle p r to be given, which we do not heie employ, the following 
more direct and simple piocess may be used In that article the 
common point of tangency of the two cuives of the full and 
defective limbs was detei mined by the condition 

. COS W r\ 

u . sm w + v, = 0 

1 1 c 

in which u x and v x denotes the co-ordinates of the point of tan- 
gency In the notation of Ait 353 this is simply y x = 0 , and 
since we have 

s cos (x\ — w) cos 2 V 

^ t/[ 1 — cos 2 — w?) sm 2 F] 

it follows that we must have 

cos — 10 ) = 0 or = w 90° 

Hence, when, as m our present application, we take w = 90°, we 
have 

x\= 0 or x\ = 180° 

Hence a point is to be regarded as on the east limb for values of d- 
between 0° and 180°, and on the west limb for rallies of d between 180° 
and 360°, and (Ait 350) the east or the west limb is defective aceoui *- 
ing asV is between 0° and 180° or between 180° and 360° 

But, since sm d f and sm d have the same sign, we deduce from 
this a still moie simple lule , for Ave have sm £ = sm d' sm V, 
whence it follows that the obsened point is on the defective limb 
when sin % is positue , and on the full limb when sin % is negative f 
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355. In the cases of the planets Neptune, Uranus, and the 
asteroids, the occultation of their centres will be observed, and 
it will be most convenient to compute by the method for a fixed 
star, only substituting for 7r the difference of the moon’s and 
planet’s horizontal parallaxes — that is, the relative parallax — in 
the formulae for x and y, Art. 341. 

This artifice of using the relative parallax may also be used 
with advantage for Jupiter and Saturn. 

Having thus found x and y as for a fixed star, we shall have, 
in the preceding method, 

L = (s — 0 ± k (634) 

the other formulae remaining unchanged. 

Example 1. — Several occultations of Saturn's Ring were ob- 
served by Dr. Kane at Van Rensselaer Harbor on the northwest 
coast of Greenland during the second Grinnell Expedition in 
search of Sir John Franklin.* The first of these was as 
follows : 

1853 December 12th, Van Rensselaer Moan Time 
Immersion, contact of last point of ring, ... 14 s 20”* 48*.8 

Emersion, “ “ “ “ ... 14 54 18 .3 

The assumed longitude of the place of observation was a> — 4* 43“ 32' 
west of Greenwich. The latitude was <p — 78° 37' 4", whence 

log p sin <p' = 9.989862 log /> cos <p' = 9.296642 

I. From the Nautical Almanac we take for 1853 Dec. 12, 1!)'*, 
p = — 2° 37'.3 l = 24° 0'.4 whence log c — log sin l = 9.6094 
and from page 578, the outer ring only being observed, 
s 0 = 187".50 log sin ,<s # 6.9587 


* “Astronomical Observations in the Arctic Seas by Elisha Kent Kane, M.D., 
U.S.N. Reduced and discussed by Charles A. Schott, Assistant U.S. Coast 
Survey.” Published by the Smithsonian Institution, May, 18GO, 
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II We shall compute the elements of the occupation for the 
centie of the planet for the Greenwich houis 18 71 , 19\ and 20^ 
For these times we take the following quantities fiom the 
Nautical Almanac, applying to them the conections determined 
by Mi Schott from the Greenwich observations of this date 


Moon 


Gr T 

a 

6 

7 r 


18* 

3* 36” 55' 23 

+ 18° 2' 47" 5 

54' 7" 68 


19 

38 53 92 

12 13 9 

7 22 


20 

40 52 81 

21 35 7 

6 76 




Saturn 




a' j 

<5' 

7 r' 

log r' 

18* 

3* 39 m 9 s 88 

+ 17° 14' 28" 4 

1" 05 

0 9126 

19 

9 16 

26 5 



20 

8,44 

24 5 




The conections applied to the Nautical Almanac values to 
obtain the above are aoo = — 0 s 22, ao = — 5" 0, aoc' = + 0’ 15, 
&§' = — 8" 9, a- = + 0" 3, this last conection being denved 
hom Mr Adams’s Table in the Nautical Almanac for 1856 
"We shall use the relative parallax, and compute as foi a fixed 
star, taking ~ — re' for tt, namely 



7 T 

18* 

54' 6" 73 

19 

6 17 

20 

5 71 


whence we find for the moon’s co-oidmates, 


Gr T 

% 

x f 

y 

y’ 

18* 

19 

20 

— 0 59152 

— 0 06690 
+ 0 45781 

+ 0 52457 
+ 0 52466 
+ 0 52475 

+ 0 89382 
+ 1 06817 
+ 1 24250 

+ 0 17436 
+ 0 17434 
+ 0 17432 
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and, taking z = r = 


1 

sin * 


for 19*, as sufficiently accurate, 


2 = 63.54 


III. For the co-ordinates of the place of observation : 



Immersion. 

Emersion. 

Local mean time t 

14 s 20”* 48*. 8 

141 54 m 18*. 3 

t (0 

19 4 20 .8 

19 37 50.3 

Local sid. time 

117° 4' 59".7 

125° 28' 44".7 

lienee, by the formulae < 

011 p. 550, 


£ 

+ 0.17529 

+ 0.18685 


+ 0.90575 

-f 0.91363 

C 

+ 0.38 

-f 0.35 

* — C 

63.16 

63.19 


IV. Assuming now two epochs corresponding nearly to the 
times of observation, the remainder of the computation in extenso 
is as follows : 



Immersion. 

Emersion. 

Assumed T 0 j 

19*.07 = 

19*. 63 = 


19* 4” 12* 

19* 37” 48*. 


— 0.03017 

+ 0.26365 

Vo 

+ 1.08037 

+ 1.17800 

x 0 — f = m sin M 

— 0.20546 

+ 0.07680 

y Q — rj = m cos M 

-|- 0.17462 

+ 0.26437 

M 

310° 21' 38" 

16° 11' 56" 

log 'n 

9.43079 

9.43980 

x f — ?i sin JV 

+ 0.52467 

-f 0.52472 

y r — n cos JSf 

+ 0.17434 

4 - 0.17433 

jsr 

71° 37' 10" 

71° 37' 20" 

log n 

9.74263 

9.74266 


Then, for a first appproximation, by the formula 

. , m sin (AT — A) 

sin 4 , = i J - 

± k 

and observing that the immersion is here an interior contact and 
the emersion an exterior contact, we liayc 
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Immersion 

Emersion 

log sm (M — N ) 

n9 93188 

nS 91559 

log m 

9 43079 

9 43980 

CL = k) ar co log L 

nO 56441 

0 56441 

log sm 4 

9 92708 

n9 91980 


57° 48' 2 

303° 45' 5 

jy—p 

74 14 5 

74 16 6 

jy 4 - 4 — p — # 

131 57 7 

18 0 1 

log tan $ 

nO 0462 

9 5118 

logo 

9 6094 

9 6094 

log tan #' 

7(0 4368 

9 9024 

log sm I 

«9 8713 

9 4900 

ar co log sm 

wO 0273 

0 2047 

l °g( r t ) sin s « 

7 8465 

7 8467 

\ T 1 

•flog a 

7 7451 

7 5414 

a 

0 00556 

0 00348 

+ k 

— 0 27264 

-f 0 27264 

k = 1 

— 0 26708 

-f- 0 27612 

log L 

?i9 42664 

9 44110 


Applying the difference between log L and log k to log sin v> e 
find, for our second appi oximation, 


Conected log sm 4 

9 93603 

9 91429 

4 

59° 39' 6 

304° 49' 

“ # 

133 54 1 

19 4 

log tan # 

nO 0167 

9 5387 

log tan 

nO 4078 

9 9293 

log sm # 

ft 9 8577 

9 5141 

ar co log sm ¥ 

ftO 0310 

01887 


7 8465 

7 8467 

Corrected log a 

7 7352 

7 5495 

“ 

0 00543 

0 00354 

u L 

— 0 26721 

-j- 0 27618 

u log L 

42685 

9 44119 

Final value of log sm 4 

9 93582 

«9 91420 

log cos 4 

9 70403 

9 75688 


* The angle 4 , is to be taken, so that L cos 4 , shall be negative foi immersion and 
positive foT emersion, Art 329 

sin IT sm $ z — £ 

1 ' smd'* r' S ° 


f Putting a = (z 
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3600, log b = log 


h L cos 4 


log c = log 


lira cos (M — JV) 


b 

c 

b — c = t 

Gr. Time of obs. = T a -f- r = T 
T — t = u> 


Immersion. 

Emersion. 

W2.94455 

3.01171 

7*2.95956 

3.00741 

— 880*.l 

- 911 .1 
+ 31.0 

19* 4* 43\0 

4 43 54.2 

+ 1027*.3 
+ 1017.2 
+ 10.1 

19* 37“ 58*.l 

4 43 39.8 


If now we wish to form the equations of condition for deter- 
mining the effect of errors in the data, we proceed precisely as 
in the case of a solar eclipse, page 533, and find 



Immersion. 

Emersion. 

log v tan 4 

0.5341 

* 7*0.4596 

log v sec 4 * 

0.5983 

0.5454 


where log v = log = 0.3023. Hence, neglecting the terms 

depending on the correction of the parallax and of the eccen- 
tricity of the meridian, the equations of condition are 

(Im.) w i = 4" 43”* 54”.2 — 2.001 y + 3.421 »S> — 3.965 * a k 
(Em.) to t = 4 43 39 .8 — 2.001 y — 2.881 + 3.511 w a k 

Eliminating # from these equations, we have 

= 4* 43* 46*.4 — 2.001 y + 0.092 * a k 

An error of 1" in the moon’s scmidiamctcr (represented by jta k\ 
would, therefore, have no sensible effect upon this combined 
result ; and since y must also be very small, as we have corrected 
the places of the moon and planet by the Greenwich observations, 
we can adopt, as the definite result from this observation, 

<«, = 4* 43“ 4G-.4 

It will be observed that in this example Oudemans’s- value, 
J( = 0.27264, has been employed ; but our final equation shows 
that the result would have been sensibly the same if we had 
taken the usual value 0.27227 ; for the reduction of the result to 
that which the latter value of k would have given is only 
0.092 X 3247 X (- 0.00037) — - -■ O’.ll, 
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Example 2 — The occultatron of Venus, Apul 24, 1860, was 
observed at the TJ 8 Military Academy, West Point (a)=4 A 55 m 51’, 
cp = 41° 28' 81" 2), and at Albany (a> = 4 7 ‘ 54” 59 s 4, <p = 42° 39' 


49" 5), as follows 
Immersion 

First contact; planet’s full limb 
Disappeaiance of cusp 


West Point 

Albany- 

Sid time 

Mean time 

10* 46“ 53* 35 

8*31“ 1*9 

10 47 47 80 

8 31 54 2 


The obseivations were made with the laige refi actors of the 
West Point and Dudley obseivatones 


I To find p fox the cusp obseivations, we have for the Green- 
wich time 13 71 478, which is the mean of the times of the obsei- 
v^tions at the two places, and will serve foi both, 

Planet, a' = 78° 88' 6 3' = 25° 59' 1 

Sun, „ A== 32 45 5 D= 13 12 9 


whence, by (623), 
and, fiom p 578, 


p = — 7° 27' 3 


s 0 — 8" 55 log sm s 0 = 5 6175 


II We shall compute the moon’s co-ordinates only for the 
Gieenwich times 13* 4 and 13* 5 Foi these times the American 
^phemeris furnishes the following data 


Moon 


Or T 

a 

6 

7T 

13*4 

13 5 

79° 12' 16" 8 

79 15 58 5 

+ 26° 43' 1" 6 

26 43 4 3 

57' 6" 6 

57 6 7 


Venus 



a' 

6' 

log r f 

13*4 

13 5 

78° 38' 23" 3 

78 38 40 7 

+ 25° 59' 2" 5 

25 59 4 3 

9 9193 

9 9193 


Hence, by the formulae of I and n , y> 452, we find 
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a 

d 

log g 


13\4 

13 .5 

78° 38' 17".2 

78 38 34 .0 

+ 25° 58' 54". 5 
25 58 56 .3 

9.9987 

9.9987 



* 


y 

y ' 

13.4 

13.5 

+ 0.531695 
+• 0.585085 

z - 

\ 

-+ 0.53390 

= 60.19 

+- 0.773681 
+ 0.774161 

+- 0.00480 


III. Tor the co-ordinates of the places of observation : 



West Point. 

Albany. 


Full limb. 

Cusp. 

Full limb. 

Cusp. 

Local mean time t 

8 A 33 m 43'. 72 

8 A 34 m 38'. 02 

8* 31 m 1'.90 

8* 31”* 54*. 20 

t -f- u 

13 29 34.72 

13 30 29.02 

13 20 1 .30 

13 20 53.00 

y 

1G1° 43' 20". 3 

101° 60' 57".0 

101° 2' 44". 3 

101° 15' 50". 9 

log p sin 
log p COS (j)' 

Z 

9.8180G4 
9.875814 
+ 0.745828 

+ 0.740178 

9.828792 
9.807157 • 

-f 0.730013 

+ 0.730378 

V 

+ 0.551010 

+ 0.552909 

+ 0.503428 

+ 0.504041 

C 

+ 0.37 

-|. 0.37 

+ 0.38 

+ 0.38 

*-c 

59.82 

59.82 

59.81 

59.81 


IV. Assuming T 0 — 18\45, we find, for this time, 


x 0 + 0.558390 

*r» + 0.773921 

x 0 — f = m sin U — 0.187438 — 0.187788 — 0.171023 -- 0.171988 

j/ 0 — rr—in cos M + 0.222305 + 0.221012 + 0.210493 + 0.209280 

M 319° 51' 50" 319° 38' 47" 320° 48' 30" 320° 35' 11" 

logra 9.408503 9.402425 9.433915 9.432783 

N 89° 29' 0" 
log n 9.727480 

Then, for the observations of the full limb, we have for both 

places, by (681), putting II — .s 0 , 

log (2 — f) 1.7708 1.7708 

ar. co. log r'y 0.0820 0.0820 


h = 0.27264 constant 5.0642 log sin * 0 5.0175 

0.00082 log 0.0130 __ 

k' = 0.27346 

0.00299 log (1) 7.4703 

L ="027045 
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West Point 

Albany 

if — N 

230° 22' 44" 

231° 19' 24" 

4 

234 6 57 

230 4 55 

T 

+ 2 “ 37 s 7 

— 52-7 

To 

13* 27”* 0* 

18 '* 27”* 0* 

T 

IS 29 37 7 

13 26 7 3 

T — t = to 

4 55 54 0 

4 55 5 4 


For the observations of the cusps we can employ the preceding 
values of ^ as a first approximation, and hence we pioceed as 
follows 



West Point 

Albany 

N 4* — p — $ 

381° 3' 4 

327° r 3 

log COS ft 

9 9421 

9 9237 

log ( 1 ) 

7 4763 

7 4763 


7 4184 

7 4000 


0 00262 

0 00251 

l! 

0 27346 

0 27346 

L 

0 27084 

0 27095 

if— if 

230° 9' 41" 

231° 6 ' 5" 

log sm (if — N) 

k9 885278 

n9 891124 

log 771 

9 462425 

9 432783 

ar co log L 

0 567287 

0 567111 

log sm 4 

n9 914990 

n9 891018 

4 

235° 18' 5 

231° 5' 0 

Corrected ?? 

332 14 9 

328 1 4 

log cos # 

9 9469 

9 9285 

log ( 1 ) 

7 4763 

7 4763 


7 4232 

7 4048 


0 00265 

0 00254 

Corrected L 

0 27081 

0 27092 

ar co logL 

0 567335 

0 567159 

Corrected log sm 4 

w9 915038 

9 891066 

r 

+ 3” 33* 7 

— 0-4 

T, + T = T 

13* 30”* 33* 7 

13* 26™ 59* 6 

T —t = w 

4 55 55 7 

4 55 5 4 


Finally, if we wish to foim the equations of condition for 
correcting these results foi enois in the data, including an error 
m the planet s semidiametei, we pioceed as for an eclipse of the 
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sun, p. 533. For the full limb we have only to substitute a,<? 0 for 
a/J; hut for the cusp we must evidently substitute a.% cos S for 
aH. It will he more accurate to restore r'g in the place of r’, 
since g here differs sensibly from unity. We shall thus find 

a>'= 4*55’" 54’.0 — 1.967 y + 2.720 ft — 3.358 tta k — 4.061 a.s 0 

a,' — 4 55 55 .7 — 1.967 y -f- 2.844 ft — 3.459 ia 4 -f~ 3.69> as 0 

ai"== 4 55 5 .4 — 1.967 y + 2.352 ft — 3.067 tta k — 3.704 a.s 0 

w "— 4 55 5 .4 — 1.967 y -\- 2.438 ft — 3.134 - a k -j- 3.349 as 0 

where to' and co" denote the true longitudes. Hence, also, 

a' _<«"= + 48*.6 + 0.368 ft — 0.291 * a k — 0.357 as„ 
o)' — w " — -f- 50 .3 + 0.406 ft — 0.325 -a Ak + 0.348 a s 0 

and the mean is 

— -f 49'.5 + 0.387 ft — 0.308 rA k — 0.005 a ,? 0 

The effect of an error in s 0 upon the difference of longitude of 
the two places is, therefore, insensible; but, to eliminate d and 
jcaIc, observations of the emersion should also be used. The 
effect of y and & upon to’ and w" can only be eliminated by 
means of observations of the moon’s place at a standard observa- 
tory on the day of the observation, as wo have already shown in 
other examples. 

TRANSITS OF VENUS AND MERCURY. 

356. The transits of Venus and Mercury may be computed by 
the method for solar eclipses, substituting the planet for the 
moon. In the formuhe (486), (487), &c., we must employ 

for Venus, k — 0.9975 
for Mercury, k — 0.3897 

which are the values which result from the apparent semi- 
diameters of these planets adopted on p. 578. 

Since b is no longer a small quantity, it will be necessary to 
employ the exact formulas (479) instead of (481). 

The longitude of a place at which the transit is observed may 
be computed from each of the four contacts of the limb ot the 
sun and planet, by the formuhe oi Art. 329. These observations, 
however, are of little use in determining an unknown longitude, 
on account of the great effect of small errors in the assumed 
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paiallax upon tlie computed time, but, on the otliei hand, when 
the longitude is pieviously known, each obseivation furnishes 
an equation of condition of the foim (584) for detei mining the 
correction of the parallax In developing this equation, however, 
we supposed g = 1, m the foimula (486), and we must, therefoie, 
heie lestoie the tiue \ alue We may take 



m which 7r and n r are the assumed horizontal pai allaxes of the 
planet and sun lespectively at the time of the obseivation 
Instead of the foim foi l employed on p 449, we shall now take 
the moie conect form 

7 II k 
l — — ± - 
I'gx 9 

If we denote the sun’s semidiametei at the time of the obser 

jQT 

vation by s', that of the planet by s, we have s' =—, s — nh, 
and bence 

9 " 

and instead of (581) we shall have 

g~ g * * 

Omitting the term depending upon acc, which can never be 
appieciable m the transits of the planets, the equation (582) wall 
now become 

. v sec 4* /• 

0 )' — OJ z= — -f- y tan 4 # -f* a(s zb s) 

g 

+ y (t + w — — * tan 4 — S g~ S 8ec A7r (685) 

wheie y and # have the signification (583) , to r is the tiue longi- 
tude, and ay that which is computed fiom the obseivation 

Since, by Kepler’s laws, the ratio of the mean distances of any 

two planets is accurately known from their periods, tlie ratio ~ 

is also known, and will not be changed by substituting the col- 
lected values 7i -J- A7r and tt 0 + A7r 0 m otliei words we shall have 
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The discussion of all the equations of condition of the form 
(635) will, therefore, give not only the correction A7r of the 
planet’s parallax, but also, by the last-mentioned relation, that 
of the solar parallax.* 

The transits of Venus will afford a far more accurate deter- 
mination of this parallax than those of Mercury ; for, on account 
of its greater proximity to the earth, the difference in the dura- 
tion of the transit at different places will be much greater, and 
the coefficient of A7r in the final equations proportionally great. 

Although the general method for eclipses may also be ex- 
tended to the prediction of the transits of the planets (by Art. 
322), yet it is more convenient in practice to follow a special 
method in which advantage is taken of the circumstance that 
the parallaxes of both bodies are so small that their squares and 
higher powers may be neglected. Lagrange’s method for this 
purpose is the most simple, and, in the improved form which 1 
shall give to it in the following article, most accurate. 


Fig. 52. 


357. To 'predict the times of ingress ami egress for a given place . — • 
We first find the times of ingress and egress for the centre of the 
earth , from which the times for any place on the surface arc 
readily deduced. 

Let a, 8 , a', 8' be the right ascensions and declinations of the 
planet and the sun for an assumed time P 0 , 
at the first meridian, near the time of con- 
junction. Let 7)i denote the apparent dis- 
tance of the centres at this time. Let >S y/ 
and $, Fig. 52, be the geocentric places 
of the centres of the sun and planet, P the 
pole ; then, denoting the angles P&5S y and 
PSS' by P f and 180° - P, the" triangle P&S" 
gives 

sin i m sin J(P -|- P') = sin l (a — a') cos J (f -|- <Y ) 
sin l m cos J (P -f P') = cos J (a ■— a) sin $ (J> — <V ) 

But, since \m is at the time of a contact only about (S', wo. 
may without appreciable error substitute it for its sine, and, 



* Another method of forming the equation*!, apparently .shorter, hut in reality, 
where many observations are to be reduced, not more convenient than the rigorous 
method, will be found in Encke’s Die Entfernung dor Sonne von d<r Erde, den 
Venusdurchgange von 17G1 hergeleitet ; and Der Venusdurchgany »,$/; 1700. 

Vol. I. — 38 
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uiitmg M foi } (P + P'), we maj regaicl tlie following equations 
as practically exact* 


m sm M == (ct — a!) cos d 0 
m cos M = d — d f 


} 


( 636 ) 


in winch 3 0 = i (8 + S') 

Now, let the required time of contact be T = T 0 + r, an( l pnt 


a — the relative hourly motion of the two bodies m light 
ascension, 

= the planet’s houily motion — the sun’s, 
d = the relative hourly motion in decimation, 

then at the time P the diffei ences of rmlit ascension and cle- 

o 

ehnation are a — a' + cir and 8 — 8' + dr If fuithei we put 

s, s f = the apparent semidiameters of the planet and sun, 
respectively, 


the appaient distance of the centies at the time Tis s' ±: s, the 
lowei sign being employed foi mnei contacts , and if the value 
of M at this time is Q , we have 

(s' ± ") sm Q = (a — »') cos d Q -f a cos t 
( s' ± s') cos Q ~ d — d' -f dr 

Putting, theiefore, 

n sm JV* = a cos 
n cos N = d 

we have 

(s' ±z s ) sm Q = m s^n M -f n sm N r 
(s' dz s) cos Q = ni cos M -f n cos N r 

which, solved m the usual manner, give 

sin i = m Sm ( M - 
^ s' dt s 

s' ± S rrb 

T = — — cos eoa (JET — 

Q = ]\ T +± T=zTg+T 

w liei e cos ip is to be taken, with, the negative sign for ingress 
and with the positive, sign foi egiess The angle Q is (as m 
eclipses) the position angle of the point of contact 
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The foimnla? (636), (637), and (638) seive foi the complete 
piediction foi the centte ol the eaith 
To find the time of a contact foi any point of the surface of 
the eaith, let m be the geocentric appaient distance of the 
centics of the two bodies at any given time, m' the apparent 
distance, at the same time, as seen from a point on the earth’s 
suiface in latitude f and longitude o> , tt and it' the equatoual 
horizontal parallaxes of the planet and sun lespectivcly , £ and £' 
their geocentnc zenith distances , p the ladius of the eaith for 
the latitude <p The appaient zenith distances at c( + /nr bin ( 
and £' + p jr' sin £' these appioximations being quite exact 
wheie the paiallaxes are so small Let Z, Tig 52, be the 
geocentric zenith of the place, S and S' the tiue places of the 
bodies The distance SS' = m will become the appaient dis- 
tance m' if we increase the sides ZS and ZS' by p~ sm £ and 
p it' sm £' , and, if we legal d these small mcicments as tliffeien- 
tials, we shall have, by the first equation of (46), 

to' — to = — pit sin J cos S -f- f > k bin C' cos S' 

where 8 = 180° - ZSS', and S' == ZS'S 
Let S 0 be the middle point of the aic SS', and denote the 
angle ZS a S by S 0 , the arc ZS 0 by , then we have 

— sin C cos S = sin i to cos C„ — cos 1 to sin C 0 cos S„ 
sin C'cos S’ — sin } to cos |- cos i to sin C 0 cos S u 


which give 

m! — TO = p [(" + Tt') sin 1 TO COB — (* — r' ) cos J TO Sill C„ cos *%] 


If then g and y aie determined by the conditions 

g sin y -= (n f- 7 r') Hill } TO 
g COS r — (* — u:') cos 1 TO 

we have 

m! — m = gp (sin y cos C 0 — cos y sin £ 0 cos S 0 ) 



Produce the arc S'S, and take S 0 O - 90° -f y Then, denoting 
the arc ZG by A, the triangle ZGS 0 gives 

cos A = — sin y cos + cos Y Hm cos S a 

and the expression for m' becomes 

to' — in — gp cos A 


(640) 
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Tins lcmaikably simple foi m was Hist given hy Lvgrvnge,* 
with the diffeience only that he legauled the eaitli as a spheie, 
which amounts to supposing p to be constant Undei this sup- 
position, it follows fiom the equation that, at any given tune, the 
apparent distance of the bodies is the samefoi all places on the swfaie 
of the eaith winch have the same value of / , that is, for all places 
lohose zeniths aie in a small circle deso tbedfiom the point G as a pole 
with the polar distance ZG = X 

The computation of m' will, tlieiefoie, he extiemely simple 
after the position of the point G is detei mined The quantity y 
is detei mined by (639), foi which, hovevei, we can take 

tan y — ~ tan } m 

g — x _ d 

Let A and D denote the light ascension and decimation of the 
point G Those of the point S 0 aie veiy neaily a 0 = % (<x + <x ; ) 
and o 0 = |(o + $') so that m the tuangle PS 0 G we lune the 
angle S Q PG — A — <x 0 , the side PS 0 = 90° — d 0 , and foi the angle 
PS 0 G we can take M = %(PSG + PS'G) as m (636) Hence 
we have 

cos D sin (. A — ot 0 ) = cos y sm M 

cos D cos (A — a 0 ) = — cos <5 0 sin y — sm d Q cos y cos M V (642) 
sin JD = — sm d 0 sin / + cos d 0 cos y cos M ) 
or, adapted foi loganthms, 

/ sm F= sm y cos D sm (JL — <x 0 ) = cos y sm M 

f eos F = cos y cos 3T cos D cos (A — a 0 ) = — /sm + F) > (642*) 

sm D = /cos (d Q + F) ) 

For any given time I \ tlieiefoie, we can find m and 31 by 
(636), then y and g by (641), and hence the values of A and D by 
(642) isTow, let g he the sideieal time (at the fiist mendnui) 
coiiespondmg to T \ and put 

0 =fi — A 

then, m the tuangle PGZ , we have the angle GPZ =0 — <o, 
and hence, <p r being the geocentric latitude of Z , 

cos ; = sm f sin 2) -f cos f cos D cos (0 — ai) (643) 

with which the value of m f will be found by (640) 



* Memoirs of the Berlin Academy for 1766 The above extremely simple demonsti'i- 
tion I suppose to be new 
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In older to apply these formulae m pi edictmg the time of a 
contact at a given place, we obseive, fust, that this tune differs 
but a few minutes fiom the time of the same contact foi the 
centre of the eaith, and duimg these few minutes we may 
assume the distance m to vaiy unifoimly 
Let T be the time of the gcocentiic contact, and T f the 
lequned time of the contact at the place, both times being xeck- 
oned at the fiist mendian At the time T the geocentnc dis- 
tance = s' ± 5, and at the time T' the appaient distance 
m f ■= d= s (neglecting lieie the augmentation of the senu- 
(hameteis, which aie too minute to be consideied m meiely 
pi edictmg the phenomenon) , but at this time T' the geocentnc 
distance has become 

m = s'± s + (2 1 '— T) 

GjZ 

wheic — denotes the change of m m the unit of time These 
dt 0 

values substituted in (640) give 

(T'_ T)~=,g P cos A 


Diffei cntiatmg (636), we find 
dm , dM 

— sin ill - - m cos M = a cos =■= n sm N 
dm dM „ 

-it* cos M m sm M = d n cos N 

dt dt 


whence 


dm 

dt 


n cos {M — N) 


But, since at the time 7 7 wc have m — s' ± <?, we also have for 
this time, by (638), M — N= and, theiefoie, 


which gives 


dm 

~ = n cos * 


rjit rp | tfP COS X 

' n co?I 


(644) 


111 which the values of n and ^ found 111 the computation for 
the centie of the earth aie to be employed The value ot X to 
be employed must be that which insults fiom the piecedmg 
formula at the time T Now, at tins time the value of the angle 
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M is Q , whicli is found by (638), and this value is to be employed 
m (642), while m (641) we take m = s' ± s 
The formula foi T f will be 

T = T + IZZjL. \ p sm <»> sm D + p cos <p' cos D cos (© — «>)] (645) 

m which T 9 ?2, 2), ©, 7 r — 7 t' aie all constants, found m the 

computation foi the centie so that the computation for a par- 
ticular place lequires only this single foimula in which the 
latitude and longitude of the place aie to be substituted 

358 The necessary foi mulse for the complete piedictaon aie 
recapitulated as follows 

I — FOR THE CENTRE OF THE EARTH 

Assume a convenient time T 0 neai the time of true conjunc- 
tion of the sun and the planet, oi this time itself, reckoned at 
the first meridian, and find foi this time the values of ct, o foi 
the planet, oc', §' for the sun, the semidiameters s and s' , 
and the relative changes m right ascension and decimation, <*> 
and d, m the unit of time Then, putting d 0 = J (d + o'), compute 

n sm N = cl cos £ 0 
n cos N = d 
N) 

where + 5 is to be employed foi extend contact, and s' s 
foi interior contact Putting h — 3600, to i educe the teims to 
seconds, we then find 

T — T 0 +h cos 4 cos (2f — JV) 

m which cos ^ is to be taken with the negative sign for ingress 
and with the positive sign for egiess 

Foi the greatest piecision, the computation may be repeated 
separately for ingress and egiess, taking foi T 0 the value of T 
first computed 

As m solar eclipses, if T x denotes the time of nearest approach 
of the centres of the bodies, and A x the distance at this time, we 
have 

T = T 0 — h — cos (JUT — JV) 

1 0 n 


m sm M = (a — a') cos d 0 
m cos M = d — <$' 

m sm (M - 


A x = m sin (M — A) 
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II. — CONSTANTS. 

For each of the computed values of T take the corresponding 
values of N and ^ from the preceding computation. Then 


Q = JV -f- 

Take the horizontal parallaxes tt and n f of the planet and the 
sun, and compute A. and D by the formulae 

tt -f 7 r' / sin F = sin y 

tan y = * tan } ^ ± / cos F = cos y cos Q 

cos D sin (.4 — <x 0 ) = cos y sin Q 
cos D cos (A — a 0 ) = — / sin (/\ + F) 
sin D= f cos (* 0 + F) 

in which <x 0 is the mean of the right ascensions of the planet and 
sun, and d 0 the mean of their declinations, at the time T. 

Find the sidereal time /i at tlic first meridian corresponding 
to T. Then form the three constants 


0 = fi — A 


B == ~ h sin D 

ft cos 4 


c = 1 LZZ* h cos D 
ft cos 4 


III.— FOR A GIVEN PLACE WHOSE LATITUDE IS <p AND WEST 
LONGITUDE ( 0 . 

Find the values of p sin <p' and p cos <p' by the geodetic table. 
The required time of the phenomenon at the place is 


T'— T + B . p sin <p' + G.p cos <p' cos (© — •») 

The local time will be T'- o». The angle Q will express the 
angular distance of the point of contact reckoned on the sun s 
limb from its north point towards the east, and will be very 
nearly the same for all places on the earth. 


Example— Compute the times of ingress and egress for the 
transit of Mercury , November 11, 1861. 

I. For the centre of the earth.— Let us take as the first meridian 
that of Washington, and employ the elements given in the 

American Ephemeris. . 

The Washington mean time of conjunction m rig ascen 
is November 11, 14' 1 59“ 43’. G, which we shall adopt as the value 
of T 0 - Tor this time we have 
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tt= a' = 

227° 

31' 

8" 

5 

£ Hourly motion m R A = 

— 

3' 9" 

0 






o “ “ “ - 


2 32 

7 






a = 

- 

5 41 

~~7 ■= — 341" 7 

» <* = 

— 17 

32 

45 

1 

“ “ m Dec = 

T 

1 43 

~8 

0*= 

- 17 

44 

44 

6 

« << tt — 


0 40 

6 


— 17 

38 

44 

9 

d = 

+ 

2 24 

~4 = + 144" 4 

<5 — <!' = 

+ o 

11 

59 

5 









O Semidiameter s' = 


16' 12" 

55 

g ir = 

12" 

68 



g “ 5 = 


4 

94 


O tt'= 8 67 For external contacts, s' + 5 = 16 17 49 = 977" 49 


Since for T 0 we have a = a', we also have M = 0°, m = 8 — d' 
= 719" 5 We then find, by the piecedmg foimnhe, 


log u = 2 55170 

W= — 66° 5'1 
Jf* — -ZV= -j- 66 51 

log sm 4 = 9 82798 

For Ingress, 137° 42' 7 

For Egress, ^ = 42 17 3 


T 0 = 14* 59™ 43 s 6 

— — cos (M— iV) = - 49 7 8 

71 — — 

Middle of Transit, T x = 14 10 35 8 

h i \ 008 4 = T 2 1 48 0 


Ingress, T— 12 8 47 8 
Egiess, T= 16 12 23 8 

The least distance of the centies = m sm (M — iV 7 ) == 10' 57" 7 


II Constants — We find, for both mgiess and egress, log tan y 
~ 8 10094, and then the following quantities 



Ingiess 

Egress 


71° 37' 6 

— 23° 47' 8 

log/ 

9 49891 

9 96252 

F 

2° 17' 5 

0° 47' 3 


— 17 40 3 

— 17 38 1 

&o+F 

— 15 22 8 

— 16 50 8 

A ~ °» 

84 57 7 

— 56 16 0 

a o 

227 32 0 

227 30 8 

J. 

312 29 7 

171 14 8 

log sm D 

9 48307 

9 94348 

log cos D 

9 97892 

9 68009 

T 

12* 8™ 47 s 8 

16* 12“ 23* 8 

Sid T Wash mean noon 

15 23 17 8 

15 23 17 8 


1 59 7 

2 39 7 

p 

3 34 5 3 

7 38 21 3 

p. (m aic) 

53° 31' 3 

114° 35' 3 

P — A = © 

101 1 6 

303 20 5 

log B 

nl 2217 

1 6821 

log C 

| nl 7176 

14187 
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III. For any place on the surface of the earth we have, there- 
fore, in mean Washington time, 

Ingress, T' = 12* 8 m 47 5 .8 — 16*.66psin0' — 52M9 p cos <j>' cos (101° 1\6 — w) 

Egress, T' — 16 12 28 .8 -f~ 48 .10 p sin $ -|- 20 .23 p cos <j>' cos (308 20.5 — a) 

or, in a more convenient form, giving the logarithms of the 
constant factors, 

Ingress, T = \2 h 8 ,n 47'.8 — [1.2217] p sin $ + [1.7176] p cos <j> f cos (g> -j- 78° 58'.4) 
Egress, T"' == 16 12 23 .8 -f- [1.6821] p sin ^ [1.4187] p c °s <ji>' c °vS -}- 56 39.5) 

To determine whether the phenomenon is visible at the given 
place, we have only to determine whether the sun is above the 
horizon at the computed time. All the places at which it will 
be visible will be readily found by the aid of an artificial terres- 
trial globe, by taking that point where the sun is in the zenith 
at the time T, and describing a great circle from this point as a 
pole. All places within the hemisphere containing this pole 
evidently have the sun above the horizon. In the present 
example this point at ingress is in latitude — 17° 43' and longi- 
tude 186° 2' west from Washington; and at egress it is in lati- 
tude — 17° 46' and longitude 247° 4'. The whole transit is 
invisible in the United States, and in Europe only the egress is 
visible. 

For the egress at Altona , <p = 53° 32'. 8, co — 350° 3'. 5, we find 

V = 16* 13" 13 f .O 

ai = — 5 47 57.4 
Altona mean time of egress = 22 1 10 .4 

The time actually observed by Petersen and Pape was 
22* l m 8\5.* The error of the prediction is very small, and 
proves the excellence of Le Verrier’s Theory of Mercury, from 
which the places in the American Ephemeris were derived. 

OCCULTATION OF A FIXED STAR BY A PLANET. 

359. Very small stars disappear to the eye when near the 
bright limb of a planet, before they are actually occulted by it ; 
and the occultations of stars of sufficient brightness to be ob- 
served at the limb of the planet are so rare that it has not been 
thought worth while to incur the labor of predicting their oc- 


*Astron. Nach ., Vol. LVI. p. 239. 
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cunence But in case sucli ail occupation lia^ been obseived at 
diffeient points on the eaith, it may be 1 educed by Ait 341, 
substituting the planet foi the moon Such observations would 
Ibe especially -valuable for detei mining the planet’s paiallax by 
a discussion of the equations of condition of the foim given on 
p 552 If the occupation occuned neai the stationaiy points 
■of the planet, there would be a long intei val between the lm- 
meision and the emeision, the coefficient of a tt in the final 
equations would be piopoitiojially laige, and theietoie a veiy 
accuiate determination ot this quantity might be expected If, 
theiefore, means can be found to make the occupation of the 
smaller stais by a planet a distinctly obseivable phenomenon, 
this mode of finding a planet’s paiallax (and, consequently, also 
the solar paiallax) may become of leal piactical value 54 

It may be added that some advantage might be denved from 
the occupations of small stars by the dark limb of Venus 


CHAPTEB XI 

PRECESSION, NUTATION, ABERRATION, AND ANNUAL PARALLAX 
OF THE FIXED STARS 

360 I have hitherto treated of those problems only in which 
the appaient geocentnc places of the celestial bodies arc sup- 
posed to be known , and these have been chiefly problems which 
may be regarded as ansing from the earth’s diurnal motion, or 
m some way modified by it Accoiding to the definition of our 
subject (Art 1), Sphencal Astronomy embi aces also those pro- 
blems which arise fiom the earth’s annual motion “so far as this 
affects the appaient positions of the heavenly bodies upon the 
celestial sphere” I shall theiefoie pioceed now to consider 
those uranograplncal collections, affecting the appaient geocen- 
tric places of the stars, which lesult fiom the motion of the 
earth m its oibit, and, consequently, also those which result 


* See a paper By Prof A C Twimng, Enquines concerning stellar o<.QV(Uctt\om & v V, 
the moon and planets, <Jc , Am Journal of Science for July, 1858 
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from the changes in the position of the plane of the orbit and 
the plane of the equator. 

361. The variations of astronomical elements are usually 
divided into secular and periodic. 

Secular variations are very slow changes, which proceed through 
ages (. secula ), so that for a number of years, or even centuries in 
some cases, they are nearly proportional to the time. 

Periodic variations are relatively quick changes, which oscillate 
between their extreme values in so short a period that they can- 
not be regarded as proportional to the time except for very small 
intervals.* 

The true position of a celestial body, or of a celestial plane, at a 
given time, is that which it actually has at that time ; its mean 
-position is that which it would have at that time if it were freed 
from its periodic variations. 

362. The plane of the ecliptic, or of the earth’s orbit, is a 
slowly moving plane. Its position at any epoch, as the begin- 
ning of the year 1800, can be adopted as a fixed plane , to which 
its position at any other time may be referred. 

The plane of the equator is also a moving plane. Its inclina- 
tion to the fixed plane and the direction of the line in which it 
intersects that plane are constantly changing, thus causing 
variations in the obliquity of the ecliptic and in the position of 
the equinoctial points. 

363. The latitudes and declinations of stars are therefore 
subj ect to variations which do not arise from the motions of the 
stars, but from the shifting of the planes of reference ; and the 
longitudes and right ascensions are in like manner subject to 
variations from the shifting of the vernal equinox, which is 
their common point of reference, or origin, from which both are 
reckoned. 

Under the head of precession are considered those parts of 
these variations which are secular ; namely, those which arise 
from the motions of the mean ecliptic and the mean equator. 


* Most of the secular variations also have periods, though of great length, and 
therefore not yet in all cases well defined: so that, strictly speaking, the distinction 
between secular and periodic variations is only an arbitrary one, established tor 
practical convenience between variations of long and short periods. 



604 


PRECESSION 


Under tlie head of nutation are embiaced those parts of these 
valuations which are periodic, and lesult fiom the difference 
between the motions of the tiue ecliptic and equatoi and those 
of the mean ecliptic and equatoi 

PRECESSION 4 

364 Lum-solar precession — It is shown m physical astronomy 
that the attraction of the sun and moon upon that poition of 
the matter of our globe which is accumulated about the equatoi, 
and by which its figuie is lendered spheioidal, combined with 
the lotation of the eaith on its axis, continually shifts the posi- 
tion of the plane of the equator (without, howevei, changing its 
inclination to the plane of the fixed ecliptic) The line of the 
equinoxes, oi the intersection of the two planes, is thus caused 
to i evolve slowly m the plane of the ecliptic m a dnection 
opposite to that in which longitudes aie leckoned, the result 
of which is a common annual increase m the longitudes of all 
the stais, leckoned on the fixed ecliptic by a quantity which is 
called the lam-solar precession 

The lum-solar precession is, then, the effect of a motion of 
the equator upon the ecliptic 

365 Planetaiy precession — The mutual attraction between the 
planets and the earth tends continually to draw the eaith out of 
the plane in which it is l evolving, that is, to change the position 
of the plane of the orbit, but without changing the position of 
the earth’s equator The equator here being regarded as fixed, 
and the ecliptic as moving, the effect is a revolution of the line 
of intersection, or of the equinoxes, m the plane of the equator , m 
a direction which is the same as that m which right ascensions 
aie reckoned There is thus caused a common annual deciease 
in the right ascensions of all the stais, which is called the 
planetary precession 

The planetary precession is, then, the effect of a motion of the 
ecliptic upon the equator 

366 The lum-solar precession does not affect the latitudes of 
stars , but since it changes their longitudes it must also change 
both then light ascensions and decimations (Ait 26) The 
planetary piecession does not affect the declination of stars, but 
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changes their right ascensions, their longitudes, and their 
latitudes (Art. 23). 


367. Obliquity of the ecliptic. — Since by the mutual action of the 
planets the position of the plane of the (mean) ecliptic is changed 
while that of the equator remains fixed, the mutual inclination 
of these planes, or the obliquity of the ecliptic, is changed. 

The action of the sun and moon in causing luni-solar preces- 
sion does not directly produce any change in the obliquity of 
the ecliptic ; but, in consequence of the change produced by the 
planets, the attraction of the sun and moon is modified : so that 
there results an additional very minute change of the inclination 
of the mean equator to the fixed plane of reference. 

These changes produce small changes in the co-ordinates of 
the stars, which, being secular in their character, are combined 
with the preceding in deducing the general precession. 


368. To find the general precession in longitude , and the position of 
the mean ecliptic , at a given time. — Let NL, Fig. 53, he the fixed 
ecliptic, or the mean ecliptic at the 
beginning of the year 1800 ; A Q, 
the mean equator, and V the mean 
vernal equinox, or, as it is briefly A 
called, the mean equinox, of 1800. l 
In the figure, let the longitudes he . 
reckoned from V towards N. Let 
YY he the luni-solar precession in longitude in the time t, and 
A l Q the mean equator at the time 1800 + t. By the action of 
the planets, the ecliptic in the same time is moved into the posi- 
tion NL l : so that V l V 2 is the planetary precession in the time t, 
and V 2 is the mean equinox at the time 1800 + t. 

The point N may he called the ascending node of the mean 
ecliptic on the fixed ecliptic. 

The difference between NV and NV 2 is called the general 
precession in longitude , being that part of the change of the longi- 
tudes of the stars which is common to all of them. 

Now, let us put 



= the mean obliquity of the ecliptic for 1800, 


= NVQ, 

— the obliquity of the fixed ecliptic 
= AF t Q, 


at the time 1800 -j- 1, 
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s — the mean obliquity of the ecliptic at the time 1800 -j- 

= irv t q, 

ft = the planetary piecession in the inteival t, 

= V 1 K 

4 . = the lum-solai precession m the inteival t, 

= w v 

4 , = the geneial precession m the inteival t, 

= iV T F 2 — NV, 

n = the longitude of the ascending node of the mean ecliptic 
at the time 1800 + t leckoned on the fixed ecliptic from 
the mean equinox of 1800, 

= VN, 

x = the inclination of the mean ecliptic to the fixed ecliptic 
at the time 1800 -f t, 

= Yjsrr, 

The fiist five of these quantities will he here assumed as known 
fiom the investigations of physical astionomeis The following 
aie their values, accoidmg to Struve and Peters,* foi the epoch 
1800 

e 0 = 28° 27' 54" 22 \ 

e 1 = e 0 -t- 0" 00000735 1 2 / 

e = e 0 — 0" 4738 1 — 0" 0000014 P > ( G4G ) 

ft = 0" 15119 1 — 0" 00024186 1 2 \ 

4 = 50" 3798 1 — 0" 0001084 1 2 / 

fiom which we can find XI, and tc, as follows I 11 the tuangle 
jV \\ V 2 we have 

* =v x nv 3 * = v, r t 

180° - £ = Jvrj 7 ; n + 4 = NV v 

«j= -A^FjFj n + 4 X =NV, 

and hence, by the Gaussian equations [Sph Tug (44)] 


* Dr C A F Peters, Nume^us Constans Nuiatioms , pp 66 et 71 The observa- 
tions at Dorpat give O' 4645 foi the annual diminution of the obliquity, and this is 
adopted m the American Ephemei is instead of 0"4738 which results from theoiy 
and is subject to an error m the estimated mass of Venus The difference, howevei, 
is so small that either number will serve to represent the actually observed obliquity 
foi half a century within 0" 5 

I have here adopted the precession constant (50" 3798) given by Petfrs, rather 
foi the con\enience of the reader (this being employed m the English and American 
Almanacs) than on account of its superior accuracy Recent researches rathei 
confirm Bessel’s constant (50" 36354) See Madler’s Die Eigenbewegung en der 
Fix&terne , Dorpat, 1856, p 11 
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cos £ * sin £ (4 — 4,) — • sin £ » cos £ (s 4- 4) 
cos £ t: cos £ (4 — 40 = cos £ » cos £ (e — e t ) 
sin £ K sin (n -)- £ 4 “h ^ 40 — s ' n - ^ s ' n i ( e 4* e i) 
sin £* cos (n + £ 4 + i 40 = cos £# sin £ (e — e,) 

The angles J & and J (s — 4) are so small that their cosines may 
always be put equal to unity, and, consequently, also those of 
x and — i^i) 1 while for their sines we may substitute the 
arcs. We thus obtain at once, from the first two equations, 

4 — 4, = # COS £ (e 4- s 0 

where we can take, with sufficient accuracy, . 

cos £ (* 4- 4) = COS 0 0 — 0".2369 t) 

— cos £„ 4- 0".2369* sin 1" sin e 0 

and hence, by substituting the values of d and s 0 from (646), 

4_4 ] = 0".1387* — 0".0002218* 2 

4 1 = 50".2411 1 + 0". 0001134 * 2 (648) 

The sum of the squares of the last two equations of (647) gives 

it 2 = W sin 2 £ (e + 4) + ( £ — £ i) 3 

m which we may take 

sin 2 £ (e -f *0 — sin 2 e o — 0".2369* sin 1" sin 2 e 0 

and then, substituting the values of #, e 0 , and s — e v we obtain 

n 2 = 0". 228111 1 2 — 0".0000033234* s 

and, by extracting the root, 

« = 0".4776 1 — 0".0000035 1* (649) 

The quotient of the third equation of (641)) divided by the 
fourth gives 

tan (n 4- £ 4 4- £ 4,) = -3— sin §( £ + e i) 

in which we have 

« 0.15119* — 0.00024186 * 2 

7^7 l _ — 0.4738 < — 0.00000875 f 
— _ 0.3191 4- 0.00051636* 
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and 

whence 


sm J(s + £ x ) = sin s 0 — 0" 2369 1 sm 1" cos e 0 
tan (n + H + H x ) = - 0 127062 + 0 00020595 1 


If, then, we put 


tan n 0 = — 0 127062 


oi 

and also 
we have 


n 0 = 172° 45' 31" 

n 1 =n + i4 + i4 1 


tan rq — tan n 0 = (iq — n 0 ) sm 1" see 2 n 

0 00020595 t cos 2 n 0 41 ^ 805 1 


0 00020595 1 


iq — n 0 = 


sin 1" 


whence 


“i 


— n + 1 4 + » 4, = 172° 45' 31" + 41" 805< 


and, suhti acting from this the quantity 


we have, finally, 


j + + j+ 1= = 50" 810* 
n = 172° 45' 31" — 8" 505t 


( 660 ) 


The equation (648) detei mines the general precession, and (649) 
and (650) the position of the mean ecliptic 


869 To find the precession in longitude and latitude of a given star, 
fiom the epoch 1800 -Let LNB (Fig 54) be the fixed ecliptic 
of 1800, L l NB l the mean ecliptic at the given time 1800 + t, F 
and P. the poles of these cncles respectively The node N is 


the pole of the gieat cncle 
the stai, and put 


Fig 54 



PP X L X joining P anct JL.ex o 

L = the stai’s given mean longi- 
tude for 1800, reckoned from 
the mean equinox of that 
year, 

B — the stai’s given mean lati- 
tude for 1800, 

(3 = the mean longitude and lati- 
tude for 1800 + * 


We have m the figure (as in Fig 53) 


JSTB =L — n 
NB, = X — n — ^ 


SB = B 
SB l= p 
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and in the triangle PSP l we have 

PP 1 = LL 1 = LNL l = JC 
PS =90 ° — B 
P 1 S= 90° — i? 

SPP \ = BL = 90° + i — n 

&F> P = 180° - L X B X = 180° - (90° + A - n — 4 X ) 

= 90° — (A — n — 4^) 

so that, by the fundamental equations of Sph. Trig., 

cos /3 cos (A — n — 4'i) :=: cos P cos (P — n) ) 

cos p sin (A — n — +,) = cos P sin (P — n) cos * + sin P sin tt V (651) 
s i n is — _ cos P sin (P — n) sin tt + sin P cos 

Instead of these rigorous formulae, we may deduce approximate 
ones, which will be sufficient in ail practical cases, as follows. 
Neglecting the square of tt (that is, putting cos it = 1), let the 
first equation be multiplied by sin (P — II), the second by cos 
(. L — II) ; the difference of the products is 

cos (3 sin (A — L — 4 ^) = sin it sin P cos (P — n) 

The sum of the products obtained by multiplying the same 
equations by cos ( P — II) and sin ( P — II), respectively, is 

cos p cos (A — L — 4 j) = cos P + sin tt sin P sin (P — n) 
and the quotient of these last equations is 

sin tt tan P cos(P — n) 

tan (A Z | g j n x tan P sin (P — n) 

which developed in series (PI. Trig., Art. 257) gives 

A _ Z - ^ = tt tan P cos (P — n) — i * 2 tan 2 P sin 2 (P — n) — &c. % 

where, however, since we here neglect the square of tt, the first 
term of the series suffices: so that we have 

X — P = 4 ^ 4 - 7 r tan P cos (P — n) (652) 

Here ^ appears as the precession in longitude common to all 
the stars, and the term it tan P cos (P — Id) as that which vanes 
with the star. 

The last equation of (651) gives 

s in — sin P = — sin x cos B sin (P — n) 

Vol. X. — 39 



Q-JO precession 

whence, neglecting id as hefoie, 

p _ b = — * sin (i - n) C 653 ) 

The values of a, and n being found fo. the time 1800 + ; 
by means of (648), (649), and (660), the foimu 1* (6o^amMbo3) 
determine the lequired pieeession m the longi ^ 

and, consequently, also the mean place of the star tl a 

date 

370 To find the precession in longitude and latitude between 

-^S^r = S^4g.tnt 

and latitude for 1800, we shall have, hy ( 6 o 2 ), 

X L — + 7T tan B cos (X — n ) 

X' L = 4 X ' 4 - ?r f tan B cos (L — n') 

where iL ' it', II' are the quantities given hy (648), (649), aiid 
m wtekVis substituted for * If « subtract ^the fii^of 
these equations from the second, and at the same i 
the auxiliaries a and A, determined by the conditions 


we find 


a sin A = (V + *) sin H 11 
a cos A = (w' — *0 cos l (n' n) 


l T n' + n 

■ * = */— 4i+ <*cos^ g / 

and m tlie same manner, from (653), 

It ^ + 11 4 \ 

p'—p = — asm^i g / 

For the values of A and a we have 


A 1 tan B 


tan A = ton » (n' - n) = ^4 ton i (n' - n) 

7 r 7T 


or, by (650), 


so that cos d- may be put equal to unity, and theiefoie we have 


a = d — w 
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We may also put tan ,9 instead of tan B in the above formula?, 
since the error in A' — A thus produced will be only a term in ~ , 
and for L we may take A — : so if we P u ^ 

X_5l±i l --A = X—M 
2 


and then substitute the numerical values of our constants, we 
shall havft the following formulae for computing the precession 
from 1800 + t to 1800 + t' : 

M= 172° 45' 31" + t . 50". 241 — (/' + /) 8".505 
A'_A = (/'—/) [50" .2411 + (/'+/) 0".0001134] 

_|_ (f—t) [0".4776 — /) 0". 0000035] cos (A — Jlf)tan [i 

p'—p — — (t'—t) [0".4776 — (f+ Z) 0".0000035] sin (\—M) 

These are the same as Bessel’s formulae in the Tabula Regiomon- 
tanee, except that we have here employed the constants given by 
Peters, and the epoch to which t and t' are referred is 1800. 

To find the annual precession in longitude for a given date. If we 
divide the equations (654) by t' — t, the quotients 



A' — A P’—P 

T=T t-t 


will express the mean annual precession between the two dates ; 
and if we then suppose t' and t to differ by an infimtesima 
quantity, or put t' = t, these quotients will become the differen- 
tial coefficients which express the annual precession for the in- 
stant 1800 + i; namely, 

— = 50".2411 + 0". 0002268f 

+ [0".4776 — 0.0000070/] cos (A — M) tan ,5 

W = _ [0".4776 — 0.0000070/] sin (A — M) 
dt 

in wliich 

M = 172° 45' 81" f 33".23* 



Example.— F or the star Spiea, we have, for the beginning of 
the year 1800, 


the mean longitude, L — 
the mean latitude j B = 


201° 3' 5" .97 
2° 2 ' 22". 64 
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"Find its mean longitude and latitude toi the beginning of the 
^eai I860. 

Fust By the dnect tonnute (652) and (658) — We find, by 
(648), (649), and (650), foi t = 60, 

= 50' 14" 874 
7T = 28" 6434 
n = 172° 37' 1" 

whence 

Ij — ix == 28° 26' 5" 
r tan B cos (L — n) = — 0" 897 
tt sin (i — n) = + 18" 639 

and hence, by (652) and (653), the piecession is 

A — L = 50' 14" 874 — 0" 897 = 50' 18" 977 

p — B = — 13" 639 

and the mean longitude and latitude foi 1860 0 aie 

1 = 201° 53' 20" 95 

p= — 2° 2' 86" 28 

Second By the use of the annual piecession — The mean 
annual piecession foi the sixty yeais fiom 1800 to 1860 is the 
annual precession for 1830 Hence, by taking t — 30 m (655), 
and denoting by A 0 and /3 0 the longitude and latitude foi 1830, 

~ = 50" 2479 + 0" 4774 cos (X a — M) tan ,3 0 

_ 0" 4774 sin (A 0 — M) 

M= 178° 2' 8" 

To compute these, we can employ appioxnnate values of 2 0 and 
/9 0 , found by adding the general piecession foi thnty yeais to X, 
and neglecting the teims m rt , namely, 

A 0 = 201° 28' 2 p 0 = — 2° 2' 6 

and hence ? 0 — M = 28° 26' 1, 

4 = 50" 2329 4 ? = — 0" 2274 

dt dt 

These multiplied by 60 give the whole piecession fiom 1800 to 
1860, 

; — L = 50' 18" 97 (3 — B — — 13" 64 

agreeing with the values found above 
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871. Given the mean right ascension and declination of a star for 
ung date 1800 + i !, to find the mean right ascension, and declination for 
any other date 1800 + t f . — Let V 1 V/ 

(Fig. 55) be tlie fixed ecliptic of 
1800, V X Q the mean equator of 
1800 + U V\Q the mean equator 
of 1800 + Q the intersection of 
these circles (or the ascending node 
of the seebnd upon the first). The 
position of the point Q is found as 
follows. The arc V 1 V 1 ' is the limi-solar precession for the in- 
terval t f — t: so that, distinguishing by accents the quantities 
obtained by (646) when V is put for we have, in the triangle 

QVW, 

F, v; = 4 ' - 4 , QV X V' = 180° - e l7 Q V' f ; - e', 

and putting 

QV,= 90° — z, Q v; = 90° + 5 f , V l Q V' = 0, 

we find, by Gauss’s equations of Sph. Trig., 

cos } 0 sin i (z' -|~ z) — sin l ( 4 ' — 4 ) cos J (e/ + e,) \ 

cos i 0 cos i (z r + z) = cos i ( 4 ' — 4) c° s i («/ — e i) ( (^056) 
sin i 0 sin J (z f — z) = cos % ( 4 ' — 4 ) sin i ( e / — £ i) ( 

sin i 0 cos | (V — z) = sin J ( 4 ' — 4 ) sin J (e/ -J- ej / 

which determine 0, 2 , and 2 :' in a rigorous manner. But, since 
|(s/ — gj) is exceedingly small, we can always put unity for its 
cosine, and the arc for the sine, and, consequently, the same 
may be done in the case of the arc f ( z f — 2 ) ; we thus obtain 
the following simple but accurate formulae : 


Fig. 55. 



tan £ (s' + 2 ) = tan £ ( 4 ' — 4 ) cos £ (e/ + O 

1 (V _ — 1 Ox. ~ . ! i) 

^ ~ tan £ ( 4 ' — 4 ) sin £ (e/ -f s,) 

sin £ © = sin £ ( 4 ' — 4) sin £ (*/ + e i) 



If V 2 and V 2 ' are the positions of the mean equinox in 1800 -J- 1 
and 1800 + t', V x V 2 is the planetary precession for the first and 
Vi V 2 that for the second of these times, which being denoted 
by d- and we have 

Y % Q = 90°—s—* 

VQ = 90° 4- z' — »?' 
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If then we put 

0 ,8 = the given mean right ascension and declination of a 
star S, for 1800 + 
o/,3'= those required foi 1800 + ^ y 

we have a = V 2 D, and a' — V’B', uni, consequently, 

QD = F 2 D — F, $ = .+ * + * — 90°, 

QD' = F/D' — Y’ Q = »' — 2' + $ — 90° , 


Fig 56 



Now, let P and P f (Fig 56) be the 
poles of the equator at the times 

1800 + u 1800 + A'QD ’ 9 

the two positions of the equatoi at 
these times, as m Fig 55 , S the star 
Q is the polo of the great circle PP r A* 
joining the poles P and P', and, 
therefore, PP f = AA f = AQA f = ©r 


and m the tuangle PP'S we have 


PS = 90° — <5, P f S = 90° — d f , PP f — 0 

SPP'= AD = 90° + QD = a + z + $ 

SP'P = 180° — A'D' = 90° — QD' = 180° — (a' — z' + *') 


Hence, by the fundamental equations of Sphencal Tugonometry, 

COS 8 r sin (a' — Z r -f- #') = COS 8 sin (a + z + ft) 1 

cos 8 r cos (a! — z' -{-&') = cos ^ cos (a -f- z + #) cos0 — sm<Ssin© V (658) 
sm 5'=cos<5cos(ad-^+^)sm© + sin<5cos© J 


We have thus a rigorous and direct solution of our pioblcm by 
finding, first, ©, z, and z' from (656), and hence a' and o' by (658), 
employing the values of s, 4> $ for the time 1800 _ r nnd ot 
s', 4-', ■&' for the time 1800 + t r , as given by (646) foi the two 
dates 


372 The formulae (658) may be adapted foi loganthmic com- 
putation by the introduction of an auxiliary angle m the usual 
manner , or we may employ the Gaussian equations, which, if 
we denote the angle at the star by C, and for the sake of brevity 
put 

A = a + 2 + 0 A' = *' — s' + # (659) 
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give 

cos l (90° + <$') sm £ (JL'+O) = cos £ (90° + 3 — Q) sin £ A 

cos £ (90° + <*') cos £ (A'+C) = cos i (90° + d + 0) cos M 

sm £ (90° + S') sm £ (A— t T ) = sin £ (90° + <5 — ©) sin M 

sin 1 (90° + «5') cos £ (A— C) = sm £ (90° + d + 0) cos M 

878 We may, however, obtain greatei precision by computing 
the differences between A and A' and between d and d' Fiom 
the first two equations of (658) we deduce 

cos S' sm (A — A) = cos 3 sm A sm 0 [tan 3 -f- tan £ © cos A] 
cos 3' cos (A'— A) = cos 3 — cos 3 cos A sin 0 [tan d + tan £ 0 cos A] 


so that, if we put 
we have 


tan (. A ' — A) 

and, by Napier’s Analogy 
tan £ ( 3 r 


p = sm 0 (tan 3 -)- tan £ 0 cos A) 
p sin A 


IT * 

5 


1 — p cosd. 

cos £ (A' + A) 


= tan £ © 


cos £(-4' — -4) 


( 660 ) 


Example — T he mean place of Polans for 1755, according to 
the Tabulce Begiomontance, le 

a = 10° 55' 44" 955 8 = 87° 59' 41" 12 

it is requned to i educe this place to the mean equator and 
equinox of 1820 

Eor 1755 we take t = — 45 , and foi 1820, t'= + 20 , and, by 
(646), we find — 

For 1755 For 182° 

4 — — 37' 47" 31 V= + 16' 47" 55 

t9 i _ _ 7 " 29 #' = + 2 " 93 

tl = 23° 27' 54" 28488 e/ = 23 ° 27 ' 54 ” 22294 

and hence 

£ (4' — 4) = 27' 17" 43 
£ (e ' — e ± ) = - 0" 00597 
£ ( £l ' + e,) = 23° 27' 54" 23 


* The formulae (657), (058), (659), (660) are those given by Lessee in the Tabula, 
Regiomontanse. 
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with which the formulae (657) give 

J(a'+ 2) = + 25' 2" 02 
* («'—*)= — 1"89 

g = + 25' 3" 91 

z’= + 25' 0" 13 
log sin i © = 7 499823 

Then, by the formulae (660), we find 

A = a + s + & = 11° 20' 41" 57 

log p 9 256676 log tan i 0 7 499825 

log sin A 9 293836 log cos 1 (-4'+ -A) 9 989446 

log cos A 9 991430 log sec } iA'—A) 0 000101 

log P cos A 9 248106 log tan J (S' — d ) 9489372 

ar co log (1 — p cos A) 0 084629 
log tan (.4' — A) 8 635141 

A' — A— 2° 28' 18" 08 S' — 8 = 21' 12" 99 

A' =13° 48' 59" 65 

a.’=A’+f— 1*'=14° 13' 56" 85 S’ = 88° 20' 54" 11 

374 To find the annual precession m right ascension and declina- 
tion — In computing the precession foi a single yeai, the squaie 
of © becomes insensible, and we may take, instead of (660), the 
approximate foimula 

A ! — A = a' — a — O' + z) + — & = © sin a tan 3 

and from (657) wc then have, with sufficient accuracy, 

Z f + Z — (V — 4) COS e t 

0 = (4/ — 4,) sill e l 

Substituting these values 111 the above foimula, and then dividing 
by V — t , we have 

a ! — a 4^ — 4' — $ 4^' — 4' , * 

— z 3 cos sin £. sm a tan 3 

f — t t f — t 1 — t 


which gives the annual piecession between the times 1800 + t and 
1800 + t f , the unit of time being 011c yeai But, m ordci that 
the foimula may express the late of change at the instant 
1800 ~f t , we must suppose the mteival t r — t to become mfimtel} 
small , that is, we must wnte the foimula thus 
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da 

dt 


d*b 

dt 


COS e, 


d$ d'ty , . . 

sm e.sin a tan 

dt dt 1 


S 


*nd similarly, from the last equation of (660), 


Putting then 


d < 5 d% . 

— sm e. COS a 

dt dt 1 


d& 

m = — cos e. — 
dt 1 


d$_ 

dt 


d& . 

n = - — sm s. 
dt 1 

we find, by (646), 

— cos e =-(50".3798 — 0".0002168 1) cos e, 

dt 

= 46". 2135 — 0".00019887 1 

— = 0".1512 — 0". 00048372 1 

dt 

and hence 

m = 46".0623 + 0".0002849 1 
n = 20". 0607 — 0".0000863 1 


(661) 



and the annual precession in right ascension and declination for 
the time 1800 + t is found by the formula; 


COCb . . , ft 

— = m + n sm a tan o 
dt 

dd 


= ft COS a 


dt 


(663) 


These formulae may he used for computing the whole precession 
between any two dates, if we multiply the annual precession at 
the middle time between the two dates by the number of years in 
the interval. 


Example. — The mean right ascension and declination of Spica 
for 1800 are, by the Tabulcs Regmnontance , 

a = 13 ft li m 40'.5057 
$ = — 10° 6' 46".843 

Find the mean right ascension (a/) and declination (o') for 1860. 
We have, for 1880, by making t = 30 in (662), 

m = 46". 0708 * n = 20".0581 
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and, for a first approximation, taking a' = a, 8' — 8, we have, by 
(663), 

_ = 4- 47" 22 %r — — 19 " 00 

dt dt 

The approximate precession for sixty yeais is, therefore, 

in E A , + 2833" = + 188- 9 in dec , — 1140" 

which applied to a and 8, give the appioximato values foi 1860, 

a' = 13* 17* 49* 4 S' = — 10° 25' 47" 

The means between these values and those of <x and 8 are 

a 0 = 13*16” 15* <S o =-10°16'17" 

which being employed m (663) give the moie correct annual 
pi ecession for 1830, 

= + 47" 2579 = - 18" 9582 

dt ^ dt 

The true pi ecession for sixty years is then 

m E A , + 2835" 474 = 3* 9* 0316, in dec , — 18' 57" 492, 

which applied to a and 8 give the mean place foi 1860, 

»' = 13* 17” 49* 5373 S' = — 10° 25' 44" 335 

and these values agiee almost precisely with those found by 
the ngorous method of Art 371 

375 To find the position of the pole of the equator at a given time — 
The pi ecession causes the pole of the equatoi to revolve about 
the pole of the ecliptic (nearly) in a small cncle venose polar 
distance is equal to the obliquity of the ecliptic The time m 
which the pole will make a complete revolution and return to 
the same position (small changes in the obliquity of the ecliptic 
not considered) is the value of t given by the equation 

50" 2411 1 + 0" 0001134 1 2 — 360° X 60 X 60 = 1296000" 

which gives 

t — 24447 years, 

or, m round numbers, since the "precession is not known with 
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sufficient piecision to determine so great a penod exactly, 
t = 24500 yeais 

To find the position of the pole foi any mdetei inmate time 
1800 -f t we have only to observe that if P, m Fig 56, is the 
pole foi a fixed time 1800 + /, P' that foi the time 1800 + 
the light ascension of P', reckoned fiom the equinox of 1800 + t , 
is equal to that of the point Q diminished by 90° The right 
ascension of Q is V 2 Q m Fig 55, and, m Ait 371, we have found 

V a Q = 90° — s — # 

Hence, if we put 

A, D == the right ascension and decimation of the pole at the 
time 1800 + t', referred to the equatoi and equinox 
of 1800 + t, 

we have 

A = — z — * 

D — 90° — 0 


which will become known by computing 4> 4 r > s', # foi the 

times 1800 + tf, 1800 + V, and then z and 0 by (657) 

An approximate solution is obtained by neglecting the vana- 
tion of e, and, consequently, taking z'= z, and also neglecting # 
so that 


tan A = — tan } ( 4 / — 4) cos e 0 
sm (45° — iD) = sin i ( 4 / — 4 ) sm e 0 



The ambiguity in detei mining A by its tangent is removed by 
observing that cos A and cos J ( 4 / — 4 ) mus f Fave the same sign 
so long as 4 r — 4 does not exceed 360°, as we readily infer fiom 
. the equations (656) 

For example, if we wish to find the position of the pole for 
the year 14000, lefeired to the equinox of 1850, we take t = 50, 
V= 12200 , whence 4 / — 4 = 165° ^3', and 

A = 277° 52' D = 43° 28' 


The position of a Lyras for 1850 is 

= 277° 58' S = 38° 39' 

consequently, this star, m the yeai 14000, will be within five 
degiees of the pole, and will become the pole stai of that penod. 
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PROPER MOTION OF THE FIXED STARS 
876 ‘When fiom dnect observations of the appaient positions 
of the stais we deduce then mean places, wc find that the changes 
m these mean places between distant dates do not agiee mi 
those which anse solely fiom the pi ecession, but .that each stai 
appeals to have a small motion of its own, which is, thereloic, 

designated as its proper motion * , , , 

This piopei motion is paitly leal ansing fiom ie a s 
motion of the stai m space, and paitly appaient— ansmg tiom 
the motion of 0111 own sun, with the planets, wheicij oui pon 
of view is changed It will be show n hereafter how thnsetvo 
motions aic to be distinguished fiom each otliei , bu 

considei only the lebultant of both 

The path of a star upon the celestial spheie is assume* 


111 


XJ.IV? jJCDL-U. V/J, tv uuhi! - , 

coincide with the aic of a gieat ciulc, and the piopoi mo ion 
this cncle to be uniform oi piopoitional to the time m no 
piobable that either hypothesis is stnctly tiue, but that poitnm 
of its wdiole oi bit which a stai appeals to dcsci ibe or en m . 
centimes is so small that, m the obseivatious thus fai practicable 
no sensible depaituie fiom imifoim motion oi trom motion m < 
gieat circle could hecome sensible 

377 In oi dei to distinguish the piopei motion fi om the pro- 
cession, the stai’s obseived mean place at two different dates 
must be lefened to the same mean equinox Suppose, tiiei etoie, 
that a and d aie the obseived mean right ascension and declina- 
tion foi the time 1800 + t, and a' and o’ those toi 1800 + 
we stait fiom the hist place, and, computing the pi ecession tor 

the intei val t’ — t, find the values (a') and (S') toi 1800 |- t , the . 
whole propel motion m the interval, referred to the equinox oj 

1800 + t r , is 

Ac' = a' — (a') Ad' = S’ — (.S') 

But if we stait from the second place, and, i educing it to the 
first time, find (a) and (6), the piopei motion m the interval, 
referred to the equinox of 1800 + t, is 

Act = (a) — a a S = (5) — s 


* The student must rememliei that pi ecession does not affect the relitive positions 
of the stars, hut only shifts the cncks of lefeicuce The piopei motion changes 10 
relit ire positions 01 the appaient cmli'/nnition of the stais 
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878. To reduce a stars mean place from one epoch to another , when 
the proper motion is given . — Let a, 0, be tlie given place for 1800 + U 
ancl let the given annual proper motion in right ascension and 
declination, referred to the equinox of this date, be denoted by 
da and dd. To reduce to the date 1800 + t\ we ^ ie 

whole proper motion in the interval, by the formulae 

Aa = do* (f — f) Ad = do (t' t) 

Then, putting 

(a) = a -p Aa ($) = $ -p Ad 

we compute the precession by the formulae of Arts. 371 to 374, 
employing in these formulae (a) and (8) for a and o. 

If the proper motion (ao/, a8') had been given for the epoch 
1800 + t f , we should iirst have computed the precession with the 
given values a and o, and, having applied it, if (a') and ( o f ) were 
the resulting values, we should have finally a 1 = (a') + Aa', 
V = (S') + a 8'. 


379. To reduce the proper motion in right ascension and declination 
from one epoch to another . — If, in Fig. 56, P and P ’ are the poles 
of the equator for the epochs 1800 -p t and 1800 + t' respectively, 
and we suppose the star S to vary its position, the present problem 
requires us to deduce the relations between the variations of the 
parts of the triangle SPP ', the side PP' being the only constant 
part. Observing the notation of Art. 371, we have (since z, 
z', do not depend upon the star’s place) 


d(SPP') = d(a + z + 8) = da 
» d(SP'P) = < 2 ( 180 ° _ a' + z' — #') = — do! 

d(SP ) = — dd 
d(SP') = — dd' 

and hence, by the formulae (47) and (46), putting y for the angle 

’ cos i’.dJ= do. cos 3 cos y dS sin y } (665) 

dS'= — da cos 5 sin y + dd cos y ) 

in which _ . , , , , Q , N 

sin © sin (a + z + #) _ sm 0 sm ~ s + 11 
sm r ~ ‘ 

cos 0 — sin d sin d' 

cos Y = 7 77 

COS d COS d 
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In computing these, it will usually suffice to find / 1)) its sme 
alone, since cos Y will always be positive except in the iaio case 
where the star is so neai the pole that cos 0 < sin 8 sin o , 

The formulae (665) are equally applicable whetliei da, do, da , 
dd' denote the annual piopei motion 01 the whole pioper motion 
m the given interval 

Example —The mean place of Polaris for 1755 was 

a = 10° 55' 44" 955 = 87° 59' 41" 12 

* 

and, hy the application of the precession, this place reduced to 
1820 was found, on page 616, to be 

(a') = 14° 13' 56" 85 («') = 88° 20' 54" 11 

But the mean place for 1820, denved fiom obseivation, was, 
accoiding to Bessel m the Tabulos Begiomontance , 

a' = 14° 15' 22" 575 «' = 88° 20' 54" 27 

Hence, the proper motion fiom 1755 to 1820, refeired to the 
mean equinox of 1820, was 

Aft' = 4- 85" 725 A3' = + o" 16 

or the annual motion 

da ' = + 1" 31885 dd' = + 0" 00246 

How, to reduce this piopei motion to the year 1755, we may 
employ the foimulse (665), by exchanging da with da' and ho 
with do 1 , and taking y with the negative sign, since 0 is nega i\ e 
foi the intei val fiom 1820 to 1755 , oi we may avoid the change 
of notation and of sign by deducing fiom (665) the following 

COS d da — da COS d' cos y — dd' sin y 
dd = da cos d' sm y -j- dd' cos y 

Fiom the example on page 616, we find 

log sm 0 = 7 800851 a + z + * = 11° 20' 41" 57 

with which and 8' = 88° 20' 54" 27 we find 

log sin r = 8 634966 log cos y = 9 999596 
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and lienee for 1755 we find 


da = + 1". 08228 d8 = + 0".004098 

If, now, there had been given both the mean place and the 
proper motion for 1755, namely, 

a = 10° 55' 44". 955 8 = 87° 59' 41".12 

da = + 1".08228 dS — + 0".004098 


to find the mean place for 1820, we should first take 


(a) = 10° 55' 44".955 + 1".08228 X 65 = 10° 56' 55".30 
(g) = 87 59 41 .12 + 0 .004098 X 65 = 87 59 41 .39 


and employing these values, instead of a and d, in (659) and (660), 
we should find 

a + 2 + # = A = 11° 21' 51".92 
log p = 9.256691 
A'— A = 2° 28' 33" .45 


whence 


i(8'-S) = 
a' = 14° 15' 22". 57 


10' 36".44 

g' = 88° 20' 54". 27 


as given above. 

380. The proper motion on a great circle . — If we denote this by 
g, and the angle which the great circle makes with the ciicle o 
declination of the star by jr, reckoning the angle from the noith 
towards the east, we have 


p sin / — Aa cos 8 p cos x — 

Thus, we find, in the preceding example, for Polaris in 1755, 


P = 0".03809 

and in 1820. 

p = 0".03809 


x = 88° 49'.4 

/= 86° ir.8 


where the accent of x' is used for the second epoch, but p is 
necessarily the same for both epochs. 

It is evident, moreover, that we have x' = X anc enc f’ 
if p and i have been found for one epoch, it is only necessary o 
compute y to obtain the reduction to anothei epochs ioi we 
have, by (665), 
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381 By the lum-solar precession, combined with the diminu- 
tion of the obliquity of the ecliptic, the mean pole of the equator 
is earned aiound the pole of the ecliptic, but gradually approach- 
ing it But the tiue pole of the equator has at the same time a 
small subordinate motion aiound the mean pole, which is called 
nutation This motion, if it existed alone, would be nearly m an 
ellipse v hose major axis would be 18" 5 and minor axis 16 .7, 
the major axis being directed towaids the pole of the ecliptic, 
and a i evolution of the tiue aiound the mean pole would be 
completed in a period of abont nineteen yeais This peuod is 
the time of a complete levolution of the moon’s ascending noc e 
on the ecliptic, upon the position of which the principal terms 
of the nutation depend 

This pei iodic nutation of the pole involves a corresponding 
nutation of the obliquity of the ecliptic = as, and a nutation of e 
equinox in longitude , or, bnefly, a nutation in longitude — & ? w 1C 
aie expiessed by the following foimulte* for the year 180 . 

Ac = 9" 2231 cos 0" 0897 cos2& + 0" 0886 cos 2 £ 

+ 0" 5510cos2O + 0" 0093 cos (O + r ) 

A X = — 17" 2405 sm £^+0" 2073 sm2££ — 0"2041sm2C + 0" 0077 sm (C I ) 

1" 2694sm20 +°" 1279sm(0 — r)—0" 0213sin(O-H ) 

m which 

& = the longitude of the ascending node of the moon’s orbit, 
lefeired to the mean equinox, 

C == the moon’s true longitude, 

O = the sun’s tiue longitude, 
r = the true longitude of the sun’s pengee, 

I'' — the true longitude of the moon’s perigee 

The quantity a/I is also called the equation of the equinoxes 

The coefficient of cos ft m the formulae foi as is called the 
constant of nutation The coefficient of sin ft m the foimula tor 
aA is equal to this constant multiplied by — 2 cot 2e 0 ,m which 

* Peters, Humerus Constant Nutationu, p 46 Some exceedingly small terms, and 
others of short period, are here omitted, as, even if they are not altogether insensi e 
m a single observation, their effect disappears in the mean of a number of observa- 
tions 



NUTATION 


025 


s 0 = 23° 27' 54" 2 Those coefficients, however, aie not absolutely 
constant so that, according to Peters, the formulae for 1900 will he 

As — 9" 2240 cos — 0" 0890 cos 2 -|- 0" 0885 cos2(f 

+ 0" 5507 cos 2 O + 0" 0092 cos (O + F) 

(667) 

AX = — 1 7" 2577 sm & + 0" 2073 sin 2 £ — 0" 2041 sin2(T + 0" 0677 sin ( £ — /") 

— 1" 2695 sin 2 O + 0" 1 275 sin (O — T 1 ) — 0" 0213 sin(0 + -7’) 

Since the attractions of the sun and moon upon the earth do not 
distuih the position of the ecliptic, but only that of the equator 
and its intersection with the ecliptic, the nutation does not aftect 
the latitudes of stars, and its effect upon their longitudes is 
simply to increase them all by the same quantity aA 

382 To find the nutation m right ascension and declination for a 
given star at a given time — Let a and 8 denote the mean right 
ascension and decimation of the stai at the given time , a/ and 8' 
the true light ascension and decimation at this time, or the mean 
place corrected foi the nutation Let the coefficients of the 
formulae for a e and aA be found for the given year by interpola- 
tion between the values for 1800 and 1900, and then, taking 
&,(L, O, F and F f fiom the Ephemens for the given date (the 
day of the year, and, for the greatest piecision, the hour of the 
day), we can compute the values of as and aA We can then 
have either a ngoious or an approximate solution of our problem 
A rigorous solution may be obtained by employing the for- 
mulae (656), (658), and (659), substituting s + J as, as, aA, cl -j- z, 
and a' — z f for J (s/ + s L ), s/ — s 1? A and respectively 

Another ngoious solution is obtained by first computing the 
mean longitude A and latitude /?, from the given a and 8 , and 
the mean obliquity e, by Art 23 Then, with the true longitude 
A -f aA, the true latitude /9, and the true obliquity £ + as, we can 
compute the true right ascension a ' and decimation 8 f by Art. 26 
But, since as and aA are very small, an approximate solution 
by means of differential foimulae will be sufficiently accurate, 
and practically more convenient The effect of varying A and 
e by aA and as, while (3 is constant, is, by the equations (53), 

a' — a =; AA CQS ^ CQ9 ff _ A£ COS a tan d 
COS d 

d f — <5 = aA . sm 7} cos g + Ae sm a 
m which /] is the position angle at the star, as defined m Art 25 

Vol X— 40 
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Substituting the values of cosmos /? and Bin 7 cos/9 tbeie given, 
we have 

a' — a = aA (cos £ + Sin £ Sin a tan 5) — A£ cos a tan d 
6' — d = aA Sin £ COS a -f Ac bin a 

Hence, substituting the values of aA and as for 1800, with 
e = 23° 27' 54", and also the values foi 1900 with s — 23 27 7 , 
we find 

_ (15" 8148 + 6" 8650 sm a tan 6) sin Q — 9" 2231 cos a tan d cos Q, 

15 " 8321 6 " 8682 9 " 2240 

4. ( 0" 1902 + 0" 0825 sm a tan <S) sm 2££ + 0" 0897 cos a tan 6 cos 2££ 

— ( 0" 1872 + 0" 0813 sm a tan (5) sm 2<£ — 0" 0886 cos a tan 6 cos 2<£ 

4- ( 0" 0621 -1- 0" 0270 sm a tan 6) sin (C — **"') 

— ( 1" 1644 + 0" 5055 sm a tan (5) sm 2 O — 9" 5510 cos a tan ^ cos 2 0 
4- ( 0" 1173 + 0" 0509 sm a tan 6) sin (O — r ) 

^ ( 0" 0195 + 0" 0085 sm a tan 6) sm (O + r ) — °" 0093 cos a tan d cos (O 

6' — 6 = — 6" 8650 cos a sm & + 9" 2231 sm a cos 

6 " 8682 9 " 2240 
+ 0" 0825 cos a sm 2 £ — 0" 0897 sm a cos 2 ft 

— 0" 0813 cos a sm 2 (£ + 0" 0886 sm « cos 2C 
-)- 0" 0270 cos a sm ( (T — r') 

_ 0" 5055 cos a sm 2 O + 0" 5510 sm a cos 2 O 
+ 0" 0509 cos a sm (O — r ) 

— 0" 0085 cos a sm (O + r ) + °" 0093 sm a 003 (O + ^ 

The values of the coefficients which sensibly change dm mg the 
century are given foi 1900 m small figuies below the values tor 

1800 * . . 

Previous to the investigations of Peters, the only terms 
retained m the nutation formula were those depending on 
ft, 2ft, 2 cl , and 20 Of the additional terms added by him, 1 
have retained only those which can have any sensible effect in 
the actual state of the art of astronomical observation 

383 General tables for the nutation m right ascension and declina- 
t %on _Of the various tables proposed for facilitating the compu- 

* If we take mto account the squares of AX and A e and their product in the develop- 
ment of o' a and <5' — • dm series, some of the coefficients are changed, hut only by 

two or three units in the last decimal place Compare the formulae of tlie text with 
those given by Peters m the Numerm Oomtans, and by Snort e in the Astionom 
Hack , No 486 
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tation of the nutation formulae, tlie most compendious are those 
computed by Nicolai, according to the form suggested by Gauss, 
and included m Warnstoree’s edition of Schumacher’s Hulfs - 
tafeln In these tables the new constants are adopted from 
Peters, as m the preceding formulae, and the epoch is 1850 
Foi the lunar nutation m right ascension, the first table gives, 
With the argument £3 , the quantity 

— 15" 8235 sin £3 = c 

The two remaining teims m the first line of our formula are 
reduced to a single teim by assuming auxilianes b and J5, also 
given m the tables with the aigument £3, determined by the 
conditions 

b 8m (£3 + B) = 6" 8666 sin £3 
b cos (£3 + -8) = 9" 2235 cos £3 

Thus, the first line of the formula, containing the principal terms 
of the lunar nutation m right ascension, becomes 

c — b cos (£3 + B — a) tan d 

By the use of the same auxiliaries, the first two terms of the 
lunar nutation m decimation are reduced to the following 

— b sm (£3 + B — a ) 

For the solar nutation, the second table gives, with the argu- 
ment 20, the quantity 

— 1" 1644 sm20 =9 

and the two remaining terms involving 20 are reduced to a 
single one by the auxiliaries /and F. \ given m the table, which 
are determined by the conditions 

/ sm (2 0 + F) — 0" 5055 sin 20 
/ cos (20 + F) = 0" 5510 cos 20 

so that the solar nutation m right ascension is 
g — / cos (2 O + F — a) tan 5 
and the solar nutation m decimation is 

— / sm (2 O + F — a) 

Almost all the remaining teims of the formulae may also be 
found by means of the table for the solar nutation The coeffi- 
cients of the terms m 2 £3 and 2 a are about one-sixth part of 
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those of tlie terms in 20, wlnle the signs of the terms in 2& 
aie the opposite to those m 20 hence, to tind the value of 
these teims, we can entei the table first with the aigument 
2&+ 180° (= 2& + VI*), and then with 2C, and, computing the 
nutation m each case by the above forms for the solar nutation, 
take i, or more exactly of the sum of the results The terms 
in o + Tare obtained by entering the table with the aigument 
O + r and taking ^ 0 f the lesults The teims mO—T will 
be found m the most simple manner by multiplying the annua 
piecession [given by (668), and usually computed in connection 
with the nutation] by ^ sin (O — Z 1 ) , and the terms m C — 
by multiplying the annual precession by -fa sin ( C — - T f ) 

The computation even with the aid of these tables is su 
eiently tedious Their chief recommendation is their brevity , 
but where the nutation is to be computed very frequently, moie 
extended tables aie lequned, such, foi example, as are given 
in the 3d vol of the Washington Observations , Appendix C, by 
Professois Hubbard, Coeein, and Keith 
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384 The apparent dnection of a star from the earth is detei- 
nuned by the direction of the telescope through which it is ob- 
seived But this appaient direction differs from the tine one in 
consequence of the motion of the eaith combined with the pio- 
giessive motion of light, foi the telescope, pai taking of the 
movement of the earth, is changing its position while the light 
is descending through its axis 

Let us distinguish between the two instants t and V when the 
lay of light from the star ai lives respectively at the object-end 
and at the eye-end of the axis of the telescope 
Let A, B (Fig 57) be the position of the object 
and eye end of the telescope at the instant t; 
A\ B', their positions at the instant t f , the 

motion of the eaith m the intei val V — m 
which the ray SAB' from the stai is describing 
the line AB' Then it is evident that, while B r A 
is the true dnection of the star, B r A r is the ap- 
parent dnection as given by the telescope * 


Eig 57 



B b 


*0\uss Theoria Motzis Corporum Coelestium, p 68 
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so small an interval to be rectilinear and uniform, and the 
• motion of light to be uniform, the lines BA and B'A' are 
parallel, and the ray of light during its progress from A to B', 
is constantly in the axis of the telescope ; for instance, when the 
telescope is in the position ba, the ray will have reached the 
point a, and we have 

Aa : Bb = AB': BB' 

The difference of apparent direction thus caused hy the 
motion of the earth combined with that of light is called the 
aberration of the fixed stars. When we also take into account the 
motion of the luminous body, as in the case of the planets, 
another species of aberration occurs, which will be considered 
hereafter, under the name of the planetary aberration. 

The whole displacement of the star produced by aberration is 
in the plane passed through the star and the line of the observer s 
motion, and the star appears to be thrown forward in this plane 
in the direction of that motion. Thus, in the figure the who e 
aberration is the angle SB' A ' ; and, if we conceive the plane of 
the lines SB' and BB' to be produced to the celestial sphere, 
this plane will be that of a great circle drawn through the place 
of the star and the points of the sphere in which the line 
meets it. The displacement of the star will be the arc of this 
circle subtending the angle SB' A' and measured from the star 
towards that point of the sphere towards which the observer is 
moving. 

885. To find the aberration of a star in the direction of the observer s 
motion. — Let 

# _ AB’B l = the true direction of the star referred to the 

line B’B , ... , 

= the arc of a great circle of the sphere joining the star s 
true place and the point from which the observer is 

fp — the^ap parent direction of the star referred to the same 

line, = ABB V 
T— the velocity of light, 
v = the velocity of the observer ; 

then the aberration in the plane of motion is the angle A' B'A 
=•= B’AB = &' — &, and the triangle ABB gives 

sin (.»'-*) _ BB’ _ 
sin & AB’ V 
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As d* — d- is veiy small, 
we then also put 

we may put the arc foi the sine 

and it 


k- V 

Fsm 1" 

(669) 

we shall have 

— & = h sin 

(670) 


where the constant k may be legal ded as known fiom the velo- 
cities of light and of the observer. 

386 The motion of the obseiver on the surface of the eaith is 
the resultant of the motion of the eaith in its orbit and its lota- 
tion on its axis , that is, of its annual and dim nal motions These 
may be separately considered 

The annual aberration is that part of the total abenation which 
results from the earth’s annual motion It may be called the 
aberration for the earth’s centre 

The diurnal aberration is that part of the total abenation which 
results from the earth’s diurnal motion It obviously vanes 
with the position of the observer on the eaith’s surface, and 
vanishes for an observer at the poles 

387 To find the annual aberration of a star m longitude and lati- 
tude — Let 

A, j3 = the true longitude and latitude of the stai, 

X'j /?' = the apparent longitude and latitude (affected by 
aberration), 

O = the true longitude of the sun 

The point of the spheie from which the eaith appeals to be 
moving is a point m the ecliptic whose longitude is 90° + O 
(the eccentricity of the earth’s orbit being here neglected), and 
the mean velocity of the earth m its oibit 
s 58 may be supposed to be substituted m (669) 

E so that k is known 

I s' If, then, BE (Fig 58) is an arc of the 

bL ecliptic, .EJthe point fiom which the earth 

is moving, S the true place of the star, and if SB is drawn pei" 
pendicular to BE, we have, in the right triangle SBE, 


SB = fi, 


BE= 90° + O — 


SE = *> 
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and hence, if we denote the angle E by 7, we have 

sin # sin y = sin p 
sin # cos 7 = cos p cos (0 — A) 
cos # = — cos /3 sin (0 — A) 

The apparent place of the star is on the great circle ES at the 
distance from S: so that, if we now suppose S to be the 
apparent place, the angle y is not changed, and we have 

sin#' sin y= sin /S' 1 

sin #' cos y = cos /S' cos (0 — A') V (672) 
cos #' = — cos /S' sin (© — A') J 

If, then, the true place of the star is given, the equations (671) 
may be used to determine y and # ; then #' will be found from 
(670), and, finally, A' and 0' will be found from (672). This is 
the direct and rigorous solution of the problem; but a more 
convenient solution is obtained by eliminating # and y as follows. 
We find, from the equations (671) and (672), 

sin #' cos # cos y = — cos /S cos /S' sin (O — A) cos (© — A') 
sin # cos #' cos y = — cos /3 cos /S' cos (O — A) sin (O — A') 

the difference of which is 

sin ( #' — #) cos y = — cos p cos /S' sin (A' — A) 

whence 

(#' — #) cos 7 A sin #' cos 7 

cos /9 cos /S' cos £ cos /?' 

or 

A' — A = — ft C ° S (0 ~ ^ (673) 

COS P 

Again, we find, from our equations, 

cot 7 = cot p' cos (© — A') = cot p cos (© — A) 

by which / V can be found from /? after A' has been found by (673), 
or we may find the difference between /?' and /? thus : 

n Tcos (© — A') — cos (© — A)1 

tan /S' — tan p = tan p —rz rpr I 

L cos (Q — A ) J 

2 8 i n i a' — A) sin [0 — i fA '+A)] sin /S' cos p 

sin (/?' - ft = cos (O -TO 

whence, taking 2 sin *(*' - l) = sin (k f - A), we obtain, by means 

of (678), ^ _ _ k sin [o _ i (A' + A)] sin /S' (674) 
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The equations ((5755) and (f574) are almost rigorously exact, hut, 
since the value of A is only about 20", a Huiheiont degree of 
accuracy will he obtained if m tin 1 second mem hero we put 
A and ft for X' and ft' The formula* tor the annual aberration in 
longitude and latitude thus become 


A' — A — A COM ( O A ) HOC ft 
ft' — ft - - A sin (O - A) mn ,5 


m which the value of the constant, according to Bhu.ve,* is 


k --- 20" Hal 


These last formula? maybe directly deduced by ditleientiating 
the equations (671). 

If we retain terms of tho second order in developing (673) 
and (674), we shall find that the following quantities will be 
added to the second membeis of ((57f>) • 

— I A 2 sin 1" bin 2 (O — A) hoc 2 ft 
and — -J A 2 sm l"tnn ft — ’ A’sm 1" cos 2(0 /) tan ft 

But the term — | A 2 sm 1" tan ft being constant may be omitted, 
since it will be included m the expression of the star’s mean 
place, which (Art 361) involves the non-periodic elements of 
. the star’s position Retaining, therefore, only the periodic terms 
—namely, those involving O— the more complete formula' will be 

A' — A = — 20" 4451 cos (O — A) sec ft — 0" 001011115 mn 2(0 — A)sco 2 d 1 
ft'—ft= — 20" 4461 sin (Q — A) sm ft — 0" 0006007 cos 2 (O A) Inn ft 1 P J 

The last terms will be sensible only for stars very near the pole 
Terms of the second older not multiplied by tan/9 or see/? are 
wholly insensible, and have been disiegaided in the deduction 
of the above formuloe 


388 It is easy to prove, fiom the equations (675), that the 
effect of the abeiration is the same as if the star actually moved 
in a circle paiallel to the plane of the ecliptic , the diameter of 
the circle being equal to the distance of the star multiplied by 
sm k This cncle will be seen projected upon a plane tangent 
to the sphere at the mean place of the star, as an ellipse whose 
major axis is sin A and minor axis sin A sm ft, the radius of the 


* Asti on Nach , No 484 
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sphere being unity. The period in which a star appears to 
describe this ellipse is a sidereal year. 

389. To find the annual aberration in right ascension and declina- 
tion . — Let 

A, D = the right ascension and declination of the point E 
( from which the earth is moving) 3 

then, in the triangle formed by the point E , the star, and the 
pole of the equator, the sides are 90° — D, 90° — d, and # ; and 
the angle opposite to $ is A — cc. If then we suppose the side 
& to vary, the corresponding variations of the angle A a and 
the side 90° — 3 may be directly deduced by the differential 
formulae of Art. 34. The angle at E and the side 90° E being 
constant, we find 

cos 8 . da = — do sin 0 
dd = — dO cos G 


where C denotes the angle at the star. For determining (7, our 
triangle gives 

sin 0 sin C = cos D sin ( A — a) 

sin 0 cos G = cos 8 sin D — sin 8 cosD cos (A — a) 

In (670) we may employ sin # for sin : so that, putting oc/ a 
and — # for da and d&, we find 


a ' — a = — k sec 8 cos D sin (A — a) 

S' — 8 = — k [cos 8 sinD — sin 8 cos D cos ( A — a)] 



The quantities A and D are found from the right triangle 
formed by the equator, the ecliptic, and the declination circle 
drawn through E, by the formulae, 


cosD cos A = — sin 0 
cosD sin A— cos 0 cos & 
sin D — cos O sin e 


(677) 


If we substitute these values in the formula; for a' — a and 
S' — d, after developing sin (A — a) and cos (A — a), we obtain 


— k sec <5 (cos 0 COS £ COS a 4- sh* 0 s * n °0 1 

: — k cos 0 (sin £ cos 8 — cos £ sin 8 sin a) > (678) 

— ^ sin O sin 8 cos a J 
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If we retain the terms of the second order, (omitting, however, 
those which do not involve 0, or the non-periodic terms), we 
find that the aberration in right ascension obtains the additional 

terms 

i sin l"(l -f cos 2 e) cos 2 O sin 2 a sec 2 8 

+ sin 1" cos e sin 20 cos 2 a sec 2 8 

and the aberration m declination the terms 

-f P 2 sin 1" [sm 2 e — (1 + cos 2 e) cos 2 O cos 2 a,] tan 8 
— i A 2 sm 1" cos e sm 2 0 sin 2 a tan 8 

Substituting the value of k m these terms, together with 
e — 23° 27' 30" (for 1850), and omitting insensible quantities, 
the corrections of the formulae (678) will be 

in (»' — a), — 0" 000931 sm 2 (O — ») sec 2 8 1 (678*) 

m ($' _ 8), — 0" 000466 cos 2 (O — *) tan 8 j 

Example 1 —The mean longitude and latitude of Spica for 
January 10, 1860, are 

X = 201° 53' 22" 33 P — — 2° 2' 36" 29 

and the sun’s longitude is 

O = 289° 30' 

Hence, we find, by (675), the aberration in longitude and latitude, 

X' — *1 = — 0" 85 P’ — P = +0" 73 

The corresponding mean right ascension and declination are 

a = 13* 17“ 49* 62 8 — — 10° 25' 44" 9 

whence, by (678), taking e = 23° 27' 4, we find the aberration in 
right ascension and declination, 

a ' _ a = — 0" 53 = — 0* 035 8’ — 8 = + 0" 99 

Example 2 — The mean place of Polaris for 1820 0 was 

a = 0* 57“ 1* 505 = 14° 15' 22" 57 
8 == 88° 20' 54" 27 

and for this date, 

O = 280° 0' e = 23° 27' 8 
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with which the aberration in right ascension and decimation is 
found, by (678), to be 

a = + 62" 51 = + 4*167 S' — a= + 20"27 

The additional terms of (678*) are in this case 0" 158 — 
- 0 s 011 and + 0" 016, and the more conect values aie, there- 

^ o' — = + 4* 156 S' — 5 = + 20" 29 


390 Gauss’s Tables for computing the aberration in right ascension 
and decimation — If we determine a and A by the conditions 

a sm (O + A) = k sin O 
a cos lo + A) — k cos O cos e 

the formulae (678) may be expressed as follows 

o' — a = — a sec 8 eos(C> + A — ») 

S' — d = — a sin <5 sin (O -f- A — a) — k cos O cos S sin e 

= — a sm d sin (O + A — a) — ik sm e cos (O + s ) 

— Jisine cos (O — S) 

The first of the tables proposed by Gauss* gives A and log a 
with the argument sun’s longitude, and with these quantities we 
leadily compute the aberration m light ascension and the hist 
part of the abenation in decimation The second and thud 
parts of the abeiration m declination are taken directly from 
the second table with the arguments O + o and 0 — 8 The 
tables have been recomputed by NTcolai with the constant 
k = 20" 4451, and are given in 'W'arnstoref’s edition of bcHU- 
macher’s Hulfstafeln 

The value of e for 1850 is employed in computing these 
tables The rate of change of e is so slow that the tables will 
answer for the whole of the present century, unless more than 
usual precision is desired 

391 In the preceding investigation of the abenation formulae 
we have, for greater simplicity, assumed the earth’s orbit to be a 
cncle and its motion in the orbit uniform Let us now inquire 
what correction these formulae will require when the true ellip- 
tical motion is employed 


* Monatliche Correspondent, XVII p 312 



G36 


ABERRATION 


If u is the true anomaly of the earth in the oibit, leckoned 
fiom the perihelion, at the time t fiom the perihelion passage, 
r the radius vectoi, a the mean distance of the earth from the 
sun, or the semi-major axis of the ellipse, we have 

a (1 — e 2 ) 

r — — - — 

1 -|- e cos u 

The true dnection of the eaith’s motion at any time is not, as 
in the cncular oibit, at light angles to the dnection of the sun, 
hut m that of the tangent to the cuive If we denote the angle 
which the tangent makes with the radius vector hy 90° — ^, we 
have, by the theory of curves, 

1 dr 

cot (90° — 2) = - — 
r du 

whence, by the above equation of the ellipse, 

e sin u 

tan i = 

1 + e cos u 

and the true direction of the earth’s motion will be taken into 
account m our foimulse (675), if for O we substitute O ~~ 1 
If v x denotes the true velocity of the earth m its orbit at the 
time t , we have 

du 

v . = 7 sec i — 77 
1 dt 

and if f is the area described by the radius vector m the time t 5, 
F the whole area of the ellipse described m the period T \ we 
have, by Kepler’ s first law, 

f_ = F 
t t 
or 

df_ F 

dt t 

We also have, by the theoiy of the ellipse, 

F=7zd 2 -/(l — e 1 ) 

df r 2 du 

dt 2 dt 

du 2iza 2 -|/(1 — e 2 ) 

dt Tr 2 


and hence 
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Of 

J I 


which, substituted in the above value of r,, togethei with the 
vafue of r, gives 

CL 2 7T 

v = — (1 4- e cos u) sec i 

1 t/ci-o T k ^ 


The mean value of this velocity is that value which it would 
have if the small penodic terms depending on u and % were 
omitted (Art 361) , thus, denoting the mean velocity hy r, we 
have 


a 27: 

1 /( 1 T 


(679) 


v l = v (1 -f e cos u) sec i 


(680) 


If. then, V is the velocity of light, .and we put 


L = Hi — = A (1 4- e cos u) sec i 

1 Fsm 1" ^ ^ ' 

we can at once adapt our equations (675) to the case of the 
elliptical orbit, by mtioducmg h x for k and O ~ ~ ^ t* 01 O? so that 
we have 

X! — X = — A (1 + e cos u) cos (O — A — i) sec % sec p 
p f — p = — A (1 + e cos u) sin (O — 1 — 0 sec % sin p 

Developing the sine and cosine of (O — fy— h we h ave 

cos (O — 1 — i) sec i = cos (O — 1) + sm (O — 1) tan i 
sm (o — 1 — %) sec i = sin (O — D — cos (O — 1) tan 1 

and substituting the value of tan 2, we find 

X f — A = — A cos (O — A) sec p — ke cos (O — u — A) sec p 
P' — P = — A sm (O — A) sm p — he sin (O — u — 

The longitude of the sun’s perigee is 

r= o — u 

by the introduction of which we have, finally, 

X f — X — — A cos (O — A) sec p — he cos (T — ■ A) sec p 1 
p r — p— — A sin (O — A) sm p — he sm (T— A) sin p J 

These foimulw diffei fiom (675) only hy the second terms, 
which therefore are the collections for the eccentricity of t e 
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orbit. But we observe that these terms involve only quantities 
which for a fixed star are very nearly constant, so that for the 
same star they will have, sensibly, the same values for very long 
periods : the corrections themselves being exceedingly small, 
since e = 0.01677, and hence he = 0".3429. They may, there- 
fore, be regarded either as constant corrections, or as corrections 
having only a slow secular change ; and in either case they will 
be combined with the mean place of the star, and may be 
altogether disregarded in the correction for the annual aberra- 
tion.* The formulae (675), derived from the circular orbit, will 
therefore be considered as complete (for the fixed stars), and, 
consequently, also (678), which are derived from the same hypo- 
thesis. 

892. The sun's aberration . — Since /? is less than 1", there is no 
sensible aberration in latitude. The aberration in longitude 
must be found by the complete formula (681), for in the case ot 
the sun X is variable. Hence, writing © for X, the aberration of 
the sun is found by the formula 

©'— © = — 20" .4451 — 0".3429 cos (T— ©) (682) 

in which for this century we may employ F — 280° without an 
error of 0".01. 

We could derive, from this, formulae for the sun’s aberration in 
right ascension and declination ; but the practical method is to 
treat the sun as a planet, and to employ the planetary aberration 
which is given in a subsequent article. 

393. To find the diurnal aberration in right ascension and declina- 
tion— Let 


v r — the velocity of a point of the terrestrial equator, arising 
from the rotation of the earth, 


K = 


v f ^ v r 

V sin 1" v 


( 688 ) 


The diurnal aberration in the places of stars, as observed from a 
point on the equator, may be investigated in the same manner 
as the annual aberration, by substituting the equator for the 
ecliptic, and, consequently, right ascensions and declinations for 


* Bessel, Tabulae Regiomontanse , XIX. 
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i titudes and longitudes The nadir of the point of obseivation 
i** then to be substituted m the place of the sun * so that if we 
put 

0 == the right ascension of the zenith, oi the sidereal time, 

the formulae (675) are rendeied immediately applicable to the 
present case by putting 180° + ©, a, and ^ f° r O? h A an( l ^ > 
whence we have, for a point on the terrestnal equator , 


a! — a — k r COS (0 — a) Sec <5 
3' — d = k' sin (0 — a) sm 3 


Since every point on the surface of the earth moves m a plane 
parallel to the equator, and this plane is to he regaided as coin- 
cident with the plane of the celestial equator, the same formulae 
are applicable to eveiy point, piovided we introduce into the ex- 
pression of k! the actual velocity of the point This velocity 
varies directly with the circumfeience of the parallel of latitude, 
or with its radius , and this ladius foi the latitude <p is p cos <p , 
tp f being the geocentric latitude and p the ladius of the earth for 
that latitude Hence we have only to put v'p cos (p f foi t/, or 
k'p cos <p f for A/, and we obtain for the diurnal aberration m light 
ascension and decimation, for any point of the eaith s surface, 
the formulae 


o' — a = Up COS <p ' COS (0 — a) BeC 3 1 

S' — S z= k'p cos <p' sm (0 — a) sm 3 f 

It only remains to determine V For this puipose, we 
by (679), 

a 2r 

v ~VQ — *) T 


(684) 

have, 


which, if T is the length of the sidereal year m sideieal days, 
gives the value of v for one sidereal day The motion of a point 
on the earth’s equator m one sidereal day is equal to the eireum- 
ference of the equator so that, if a! is the equatonal radius, we 
have the value of v r referred to the same unit as o, by the 
formula 


v' == 2 7r a r 


* For the observer is moving directly from the west point of his homon which is 
90° of right ascension m advance of the nadir , and the point from which the earth 

in its annual revolution is moving is 90° of longitude in advance of the sun 
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whence 

vf_ _ Ta ' 1/1 ~~ 

V & 

But if we put 


v e have 


p = tlie sun’s mean honzontal parallax, 
0! 

sin p = — 
r a 


and hence we hnd 

K = AT sin p Vl — e 2 

or, taking Struve s value of k = 20" 4451, Bessel’s value of 
y- 866 d 25687, Encke’s value of p = 8" 57116, and the eccen 
tricity e = 0 01677, 

V = 0" 81112 


This quantity is so small that we may in (684) employ cos <p for 
p cos <p’ without sensible error, and hence the diurnal aberration 
may he found by the formulae 


a! — a. = 0" Sll cos <p cos (0 — ») sec S 
S ' — S = 0" 311 cos <p sm (0 — a) sin 8 



The quantity © — a is the hour angle of the star , whence it 
follows that the diurnal abenation m right ascension for a star 
on the meridian is + 0" 311 cos <p sec d = + 0 s 0207 cos <p sec 3 , 
and the diurnal aberration in declination is then zeio 


394 The illustration given in Art 388 applies also to the 
diurnal abenation In one sidereal day each stai appears to 
desenbe a small ellipse whose major axis is sin /./ cos <p, and 
minor axis sin l' cos <p sm 3, the ladius of the sphere being unity 
For an obseiver at the pole, wheie cos <p — 0, this ellipse becomes 
a point, and the diurnal abenation disappears 

395 The velocity of light — The constant It was determined by 
Struve by a companson of the apparent places of stais at difter- 
ent seasons of the year, and not from the known velocity of light 
We can, therefore, determine the velocity of light from this 
constant. ¥e have, from the preceding ai tides, 


A' sm 1" T smj) sin k -j/ (1 — e a ) 
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m wliicli, if we take v' = the velocity per second of a point ot 
the earth’s equatoi resulting fiom the diurnal rotation, k^wi, 

he the velocity of light per second If, then, we take v 1 — — 
we have the following formula for determining the velocity of 
light fiom the aberration constant 

y _ ( 686 ) 

nT amp sin ft -|/(1 — £ 2 ) 

This will give the velocity in one sidereal or one mean second, 
according as we take n = 86400 oi n = 86164, the numbei o 
seconds of either kind m a sideieal day With Bessel s va ue 
of the equatorial radius, Ait 80, and the values of P ? p, S an 
e, above employed, we find 

in one sid second, V — 191058 miles = 80/473000 meties, 
m one mean second, V — 191581 miles == 308S14000 meties 

The time required by light to traverse the mean distance of 
the earth from the sun is 


a n T sin k j /1 e* , ,g _ g™ jy* 78 mean time 

y ~~ 2 31 


Fig 59 


396 Planetai y abet ration —When the ohseived body is a planet, 
and, therefoie, 111 motion relatively to the eaith, the abenation 
above considered is not the complete aberration but we must 
further take into account the time lequired by ligh o come 
from the planet to the eaith , foi 111 this time the plane wi 
have sensibly changed its place Let us 
suppose that the ray of light which xeaches 
the telescope at the time t left the planet 
at the time T, let P (Fig 69) be the 
planet’s place in space at the time P, and 
p its place at the time t, A the place of 
the object-end of the telescope at the time 
P, a its place at the time t , ab the dnection 
of the axis of the telescope at the time t, , 

a r V the position of the axis at the time V w en e ig 
the eye-end of the telescope Then it is evi en a 

1st The straight line AT gives the true direction of the planet 

at the time T , 

Vol 1—41 
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2d The stiaight line ap gives the tine ducction at the lime / , 

.‘hi The stiaight line ha 01 b'a' i>ius the appaient duection at 
the time t or f (the diiUieiue between which may he ic- 
g aided as infinitely small), 

4th The stiaight line Va gives the appaient duection foi the 
time t, fieed fiom the abenation of the fixed stais 

Xow, the points P, a, b' he m a straight line, and the poitions 
Pa, ab' will be pioportional to the mteivals of time t — i, ^ U 
if the velocity of light is umtoim In consequence of the 
immense velocity of light, the interval V — Twill always he so 
small that dining this mteival we may suppose the motion ot 
the eaith to he nmfoim and lectilmeai , consequently, that A , a, 
o' also lie in a light line, and the poitions Aa , aa f aie also pxo- 
poitional to the mteivals t — 7) t ' — t Hence it follows that 
the lines AP and b'a f aie parallel, and, tlieiefore, that the tnst 
place is identical with the tlmd, that is, that the t) tie place at the 
tone T is identical with the apparent place at the time t 

The time t — T will he the pioduct of the distance Pa into 
497" 78, which is the time m which light descubes the mean 
distance of the eaith from the sun (Ait 895), this mean distance 
being taken as the unit In this computation we may take fox 
the distance eitliei Pa oi PA oi pa, without sensible difFei once 
m the lesulting value of t — T 

Floitl these pimciples theie anse thiee methods by hied i a 
planet’s (oi a comet’s) appaient place may be found from the 
tiue place foi a given time t 

I From the given time t we subtiact the time leqiuied 
by light to come fiom the planet to the eaith We thus 
obtain the i educed time I I * * * * * 7 foi which the tiue place is iden- 
tical with the appaient place foi t 

II The tiue place and the distance being known foi the 
time t, we compute the i eduction t — T Thus, by means 
of the diurnal motion of the planet (m longitude and lati- 
tude, oi m light ascension and decimation) we can reduce 

the tiue place from the time t to the time T , and the tiue 

place thus found is the appaient place at the time t 

III The true place of the planet at the time T as seen 

from the point m which the eaith is situated at the time t 

(or the direction aP) is computed, to which is applied the 
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aberiation of the fixed stars, and the result is the apparent 
place at the time t * 

897 If a and 8 are the true light ascension and decimation 
of a planet oi comet at a time t , a' and 8' the appaient values 
toi the same time, 7 ' its distance from the eaith, the mean dis- 
tance of the earth fiom the sun being unity, aoc, a<?, the motion 
of the planet m right ascension and decimation m one mean 
hour, we have, according to the method II of the preceding 
article, 

a! a = rT'Aa ) (687) 

d'—d= — r f k" Ad 5 K 

m which 

_ 49778 k „ 9 14073 

3600 ° 

These foimulae may also be used for computing the sun’s 
aberiation m light ascension and decimation, if we take for 
the radius vectoi of the earth 

HELIOCENTRIC OR ANNUAL PARALLAX OF THE FIXED STARS 

898 The heliocentric parallax of a star is the difference 
between its tiue places seen fiom the earth and from the sun 
If the orbit of the eaith were a circle with a radius equal to the 
mean dibtanee fiom the sun, the maximum difference between 
the heliocentiic and geocentric places of any star would occur 
when the ladius vector of the eaith was at light angles to the 
line drawn fiom the earth to the star This maximum cone- 
sponds, then, to the honzontal geocentnc parallax, and its effect 
upon the appaient places of stais might be investigated by the 
methods followed m Chapter IV , but we prefer to employ here 
the method just exhibited m the investigation of the aberration, 
on account of the analogy m the lesultmg foimulae 

We shall call the maximum angle subtended by the mean 
distance ot the eaith fiom the sun, at the distance of the star, 
the constant of annual pai allax of the stai , or, simply, its annual 
parallax If then we put 

* See Gauss, Theojia Motus Corporum Ccelesimm , Art /l, from which the above 
article is chiefly exti acted Also, for the application of method III , see the same 
WOik, Art 11 S et «eq 
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p — the annual paiallax, 

a = the mean distance of the earth from the sun, 
A = the distance of the star from the sun, 


we have 


sin p 


a 

: 7 


or, if we toko a = 1, according to the usual practice, we have, 
for so small a quantity, 

1 ( 688 ) 


A sm 1" 


399 To find the heliocentric parallax of a star in lon d 1 ^ ^ 
. . 7 , 4^0 nw'iinl 'YmrallaX bciV(J QlVCtl 


Fig 60 


na it it newoceruiw jjw ******' v 7 

latitude at a given time, the annual parallax being gw 
Let T (Fig 60) he the place of the earth m its orbit, 
H that of the sun Conceive a plane to he 
through the line HT and a stai S, the uifersection 
of this plane with the plane of the ecliptic is 
HT, which, produced to the celestial sphere , 

it m a point E of the ecliptic whose longitude isti 

eai th’s heliocentric longitude, or 180 +0 (P _ 
O for the geocentric longitude of the sun at 
■ given time) If then we also put 

r = the distance of the eaxth fiom the sun at the given time, 

# = the angle SHE, 

#' = “ “ STE, 



the triangle STIT gives 


or 


sin (f — #) = j sm E 
& — &=pi sm 


(689) 


This formula corresponds to the formula (670) for the a ^ Gl1 ^ 

tion leekoned to a d+tror, fim a pent (*) <* «“> 
only m the present case this point is in longitude 180 + O, 

while m the case of the abeiiation it was m longitude 9+0 
The foimulse for the aberration may therefore he immedi y 
applied to the parallax if we put pr for k and 180 + O 
90° + O, or 90° + O for O We thus find, by (675), 


A' A = — pr sin (A — O) sec P 

p r —ft = — pr cos (A — O) sm P 


} ( 690 ) 
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400. To find the heliocentric parallax ofi a star in right ascension 
and declination , the annual parallax being given .— By (678), putting 
pr for k, and 90° + O for ©, we have, at once, 


a — — pr sec S (cos © sin » — sin © cos c cos a) 

. $ — pr sin © (cos e sin S sin a — sin e cos S') 

- pr cos © s i n ^ cos a 


(691) 


401. It can he shown from (690) that, neglecting the small 
variations produced by the ellipticity of the eaith s or i , ie 
effect of the annual parallax,, considered alone, is to cause 
star to appear to describe a small ellipse about its mean place 
in one sidereal year ; an effect entirely analogous to ia o 
annual aberration, Art. 388. But the maximum and minimum 
of parallax occur when the earth is 90° from the poin s a _w 
the maximum and minimum of aberration occur: so that « 
major axes of the parallax and aberration ellipses are at ngi 
angles to each other. The combined effect of both aberration 
and parallax is still to cause the star to describe an e ipse,, 
major axis of which is equal to the hypothenuse °fa ngiit 
triangle, of which the two legs are respectively equal to me 
major axes of the two ellipses. Bor this combinec e ec 
pressed by the following formulae (taking r or a 

° ll)lt ' ) ‘ (A' _ A) = - [* cos (© - A) - p sin (© - 8ec P 
(p' — 0) = — [A sin (© — A) +p cos(© — A)J sin p 

which, if we assume c and y to be determined by the condition 

c gin y = k sin A — p cos A 
c cos y = k cos A + p sin A 


or 


become 


c sin (A ■ 
c cos (A 


•r)=P 
-r) = * 


(j! A) = — c cos (© — r) s ®° P 

p) c sin (© — r ) siu P 

... -i //7.2 i r a\ This form for the total effect 

m which we have e = y(fi + P )■ 1 ms . . 

is entirely analogous to that for the aberration alone. 

mean and apparent places of stars. 

402. The formulae above given enable us to der1 ^ *® 
ent from tile moan place, or the mean from the apparent place , 



646 


REDUCTION OF STARS’ PLACES 


but m their present form their computation is exceedingly tiouble 
some ¥e owe to Bessel a vei} simple anangement bj which 
then application is facilitated 

In all catalogues of stais the mean places only can be given, 
and these only for a ceitam epoch Foi each stai theie is given 
also the annual piece&sion m light ascension and decimation so 
that the mean place foi any time aftei or befoie the epoch of the 
catalogue is leadily obtained, as m the example of Ait 374 
But, since the annual piecession is variable, theie is geneialh 
added its secular variation , which is the vanation of the piecession 
m one bundled yeais Finally, there is given the stai’s piopei 
motion 

If the epoch of the catalogue is t 0 , and the mean place is in- 
quired for the time t and we denote by 

p the piecession for the epoch f 0 , 
a p, its secular variation, 
fi y the proper motion, 

then, since in computing the whole precession for the intei val 
t — i 0 we must employ the annual piecession for the middle of 
the mteival, the leduction of the mean place to the time t 
v ill be 

b> + m (< " 0 + ^ ^ 

This form applies both to the light ascension and the declination * 
In this way the mean place is bi ought up to the beginning of 
any given year If then we wish the appaient place foi a time r 
fiom the beginning of the yeai, r being evpiessed m fi actional 
paits of the yeai, we have fust to obtain the mean place foi the 
given date by adding the piecession and piopei motion foi the 
mteival r, and then the appaient place, by furthei adding the 
nutation and abenation Hence, denoting the mean light ascen- 
sion and decimation at the beginning of the yeai by a and d, the 
appaient right ascension and decimation for the given time r by 

* The annual pioper motions being also variable (Ait 379), it would seem that then 
values given for the epoch of the catalogue could not be earned foiward to anotbei 
time without correction But, to avoid the necessity foi this separate conection, it 
may be included m the seculai vanation of the precession, as is done by Aiigilw- 
PER m his catalogue, “ DLX Still at inn Tunium Positioner ineunte anno 18o0 
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a f and tne annual proper motions in right ascension and de- 
clination by fi and //, we have, by (663), (668), and (678), 

(Precession and proper motion.) 


i cti — |— t (m 4 n sin a tan d) 4 Tfi 

— (15".8148 + 0".865O sin a tan d) sin 

15 .8321 6 .8082 

4 ( 0 .1902 + 0 .0825 sin a tan d) sin 2 Q 

— ( 0 .1872 + 0 .0813 sin a tan d) sin 2 £ 

+ ( 0 .0621 4- 0 .0270 sin a tan d) sin ( £ — r') 

— ( 1 .1644 4 - 0 .5055 sin a tan d) sin 2Q 

4 ( 0 .1173 -j- 0 .0509 sin a tan d) sin (© — r) 

— ( 0 .0195 4 - 0 .0085 sin a tan d) sin (Q -f 7 1 ) 

— 9 ,/ .2231 cos a tan d cos 
9 .2240 

4 - 0 .0897 cos a tan d cos 2 

— 0 .0886 cos a tan d cos 2 <£ 

— 0 .5510 cos a tan d cos 2 Q 

- . 0 .0093 cos a tan d cos (© 4“ r ) 

— 20".4451 cos e cos 0 cos a. sec d 

— 20 .4451 sin 0 sin a sec d 


for 1800 
1900 


(Nutation.) 


1800 

1900 


| (Aberration. > 


d ' = d 4 ~ r . n cos a 4 T/u' 

— 6".8650 cos a sin & 4- 9".2231 sin a cos £> 

6 .8682 9 .2240 

4 . 0 .0825 cos a sin 2 Q — 0 .0897 sin a cos 2 & 

— 0 .0813 cos a sin 2 ^ 4 * 0 .0886 sin a cos 2 £ 

4 0 .0270 cos a sin (C — r ') 

— 0 .5055 cos a sin 20 4 ^ .5510 sin a cos 2 0 
4 0 .0509 cos a sin (0 — r) 

— 0 .0085 cos a sin (© 4 r) 4 0 .0093 sin a cos (© 4 r ) 


(Precession and proper motion.) 

for 1800 
1900 


- 20".4451 cos e cos © (tan e cos d - 

- 20 .4451 sin © cos a, sin d 


- sin a sin d) 


(Nutation.) 


| (Aberration.) 


Kow, it is to be remarked that tlie two numerical coefficients of 
sin & , sin 2 & , sin 2 3, &c. in the formula for a ' are in each 
case very nearly in the ratio of m to n ;* and hence, if, accor ing 
to the method of Bessel, we put 

: mi 


6".8650 = ni 
6 .8682 

0 .0825 = ni’ 

0 .0813 = ni" 
0 .0270 = ni'" 
0 .5055 = ni ir 
0 .0509 = ni' 
0 .0085 ; 


: ni 


,'Vi 


15".8148 

15 .8321 

0 .1902 = mi 
0 .1872 = mi" 

0 .0621 = mi"' 

1 .1644 = mi' 
0 .1173 = mi' 
0 .0195 = mi Ti 


+ h 

+ Ji 
+ h" 
+ ti" 
-f li' 

-M T 

+ h« 


* This relation is not accidental, hut results from the general theory °" tioll > 
which, the student will remember, is only the periodical part of the ptecess on. 
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we shall have 

*'= o + [t — * sin ££ + i'sm 2gJ — t"sm 2(T -(- i'" sm (<T — r') 

— i iv sm 2 O + & sm (Q — r) — i vi sm (Q +/’)] [m + n sm a tan 6] 

— [9" 2231 cos & — 0" 0897 cos 2 & + 0" 0886 cos 2<£ 

9 2240 

4- 0" 5510 cos 2 Q + 0" 0093 cos (Q JT)] cos a tan 6 

— 20" 4451 cos e cos O cos a sec $ 

— 20 4451 sm O sin a sec 3 

+ rfi 

— h sin £1 + b! sm 2 £1 — h " sm 2C+ h m sm(([ — r' ) 

— A 1V sm 2 O + sm (Q — r) — sm (Q + r) 

and 

i' = o - 1- [r — i sm + l> 8111 2 ££ — t"sm2([-(- i"' sm ( (£ — JH') 

— i lv sm 2 O + i v sm (O — r) — i 71 sm (O -f E)~\ n cos a 

+ [9" 2231 cos Q — 0" 0897 cos 2 £1 + 0" 0886 cos 2(£ 

9 2240 

+ 0" 5510 cos 20 + 0" 0093 cos (O + r )] sm a 

— 20" 4451 cos e cos Q (tan e cos 6 — sm a sm 6) 

— 20 4451 sm O cos a sm <J 

+ r/ 

Putting then, m accoi dance with Bessel’s onginal notation, 
as employed m the Amenean Ephemens foi 1865 and subse- 
quent years, 

A = r — i sm £1 + i ' sm 2Q -i"sm 2([ + i'"sm ((£— I*) 

— i lv sm 2 O + i v sm (O — r) - a' 1 sin ( O + r) 

B — _ 9" 2231 cos -|- 0" 0897 cos 2£l — 0" 0886 cos 2(T 
9 2240 

— 0" 5510 cos 2 0 — 0" 0093 cos (Q + r) 

O — — 20' 4451 cos e cos 0 
T) = — 20 4451 sm Q 

E — — - h sm £1 -f A' sm 2 — h” sm2([ + h ' ' sm ( C — 

— A 1V sm 2 O + sm (O — r ) — & VI sm (O + r ) 

winch quantities are dependent on the time, and aie wholly inde- 
pendent of the stai’s place , and also 

a = m + n sm a tan 3 a' = n cos a 

b == cos a tan d V = — sm a 

c == cos a sec 3 c f = tan e cos 3 — sm a sm 3 

d =. bin a sec 3 d r = cos sm 3 
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which depend on the star’s place, we have 

a '= a + Aa + Bb + Cc + Dd + E + w j (692) 
S' = S + Ao! + BV + Os' + JMf + Tpt J 

The logarithms of A, B, C, D are given in the Epliemem for 
every day of the year. The residual E never exceeds 0 .On, and 
may usually he omitted. The logarithms of a, b, c, d, a ,b , e , d 
are usually given in the catalogues, but where not given are 
readily computed by the above formulae. When the lig it ascen 
sion is expressed in time, the values of a, b, c, d, above given, 
are to be divided by 15. 

408. If we substitute the values of m and n, namely, 


for 1800, m = 46".062S 
1900, m = 46 .0908 


n — 20".0607 
n == 20 .0521 


we find the following values of i, i', &c. : 



i j 

i f | 

i” j 





1800 

1900 

0.34221 

0.34252 

0.00411 

| 0.00405 

0.00135 

0.02520 

0.02521 

0.00254 

0.00042 



h 

7i iT 

1800 ' 

+ 0".052 

+ 0".004 

1900 

+ 0 .045 

CO 

o 

© 

© 

+ 


and V, h", h"’, hJ, inappreciable. 


The terms in ? and t M in the expression of A may 


be combined 


in. a single term ; for, putting 


j cos J — (i'- f>) cos T 

j sin J = — 0' T '+ s ^ n ^ 

wa have 

i’ sin (O — T) — f' sin (O + =3 8in C® + ^ 

and taking for 1800, T= 279° 30' 8" ; and for 1900, r= 281* 
Y¥ 42", we find 



1 j 

J 

1800 

1900 

+ 

+ 



0.00294 

0.00293 

83° 10' 

81 55 
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Hence the values of A, B, and JE may be eN.pi essed as follow 3 


A—t 

b = 


— 0 34221 sin ft — 0 02520 an 2 O + 0 00294 Mn (O + 83 ° 10 9 for 1800 

0 3U52 , ”, ,5 “ 

+ 0 00411 sm 2ft — 0 00405 sin 2 (T + 0 00135 an (£ - r ) 

- 9" 2231 cos ft - 0" 5510 cos 2 0 - 0" 0093 cos ( 0 + 27 V 30') ‘ 1800 
9 2240 

+ 0 0897 cos 2 Q — 0 0S8G cos 2£ 


E = — 0" 052 sm Q, — 0" 004 sin 2 O 

0 045 0 00a 


“ 1800 
“ 1900 


These values agiee (witlim quantities piacticall} lnappiteialile 
with those given by Hi Parras ( Numcitt s Constat Nutation* , pp 
73, 70) ItV necessaiv to mn.uk that m the Butish A^oeui- 
turn Catalogue and the Hutisli AautR.il Almanac, the pi ecu m. 
values ot C and I) axe denoted be A and B, and me tn^t 
See p 94 


404 'When the catalogue does not give the logs of u, b, a, cU , 
anothei form of 1 eduction, also pioposed by BEbSEL, maj soine- 
times be piefened By putting 

f = mA + B i = (7 tan e 

g cos G = nA h cos II — B 

g sin Gr = B h sm H — G 

we find 

o'=o \-f -p rfj -f q sm ( G- -f a) tan ft + h sm ( «-) scc ' 5 1 (fi92*y 

8'=8 4~ xeos3 4" t/u. / — J- gr co& ( (r -p “1 4 - h cos (H + <*) sm S ) 

The values of/, log g, G, log /?, JET, log i, and log raic given m 
the Ephemens fox eveiy day of the ye-r 


405 A star’s appaient place may be i educed to its mean plat c 
and referred to the mean equinox of aivy given date by T xeveisxxig 
the signs of the i eductions as above determined By the 
apparent place of a stai we heie mean the apparent gcot cut) io pine o 
The observed place (that seen fiom the suiface of the oaith) clifieis 


*Tkis interchange of letters, most unnecessarily introduced by Baily m the British 
Association Catalogue, produces considerable inconvenience, as m most ol the Euro- 
pean catalogues of stars Bessel's notation is preseived, while m the English Almanac 
B ally’s notation is followed In the American Ephemens foi 1865 and subsequent 
years the notation of Bessel has been lestored an example which will doubtless be 
followed by the British Almanac at in eaily daj 
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from this by the diurnal aberration and the reti action, but the 
fust of these corrections depends on the latitude ol the obscivei 
and the star’s hour angle, and the second upon the stai s zenith 
distance so that neitliei of them can be bi ought into the com- 
putation of a stai’s position until the place of obseivation and 
the local time ai e given 


406 The fictitious year —In the pieceding investigations, we 
have used the expression “ beginning of the yeai,” vithout giving 
it a definite signification Foi the puipose of mtioducing 
umfoimity and accuiacy m the 1 eduction ot stars places, Bessel 
pioposed a fictitious yew, to begin at the instant when the sun s 
mean longitude is 280° This instant does not conespond to 
the beginning of the tiopieal yeai on the meiidian of Gieenw ic i , 
that is, the (mean) sun is not at this instant on the meiidian o 
Greenwich, but on a meiidian whose distance fiom that ot 
Greenwich can alwaj s be deteimined by allowing for the sun s 
mean motion This meiidian at which the fictitious year egins 
will vaiy in diffeient yeais, but, since the suns mean right 
ascension is equal to his mean longitude (Ait 41), the sic eiea 
time at this meiidian when the fictitious yeai begins is always 
18'* 40'" (= 280°) By the employment of this epoch, theiefore, 
the reckoning of sideieal time fiom the beginning of the yeai is 
simplified, and, accoiclmgly, it is now generally adoptee as e 
epoch of the catalogues of stais In the value of log , w nc i 
involves the fi action of a yeai (r), the same origin o _ tl ” ie _ n ™ b 
be used , and this is attended to in the computation of the Bp e- 
mendes, which now give not only the logarithms of A, ±f, O, 
and D, but also the value of r (oi its loganthm) leckoned from 
the beginning of the fictitious yeai and reduced to decima pai 
of the mean tropical year 

For all the purposes of reduction of modem obseiva ions, 
computer need not enter fuithei into this subject, anc m y 
depend upon the Ephemerid.es * But, as the su jec is 


* The reduction of observations made between 17 j 0 and 18 _ j0w ' 11 ^ e “ os ‘ 
jemently performed by the aid of the Talulx Regromntanx of B.sb» ^con^ 

Si^LT^ 

Yol IV p 142 The special and general tables foi the reduction ot stais places, 
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mately connected with that of time in general, I shall prosecute 
it a little further. 

407. The sun's mean motion , and the length of the year. — Accord- 
ing to Bessel,* the sun’s mean longitude at mean noon at Paris 
in 1800, January 0, is 

279° 54' 1" 36 

and the sun’s sidereal motion in 365.25 mean days is 

360° — 22".617656 

(By January 0 is denoted the noon of December 31 in the com- 
mon mode of expressing the date; and, consequently, Jan. 1, 2, 
&c. denote 1 day, 2 days, &c. from the epoch, while in the com- 
mon mode they mean the beginning of the 1st day, 2d day, &c.) 

The sidereal motion is referred to a fixed point of the ecliptic; 
but the mean longitude is referred to the moving vernal equinox. 
Hence the change of the mean longitude in any time is the 
sidereal motion in that time plus the general precession ; and 
therefore, adopting here Bessel’s precession constant,! in order 
to follow his computations, 

Sid. motion in 365*25 = 360° — 22". 617656 

General precession = -f- 50 .22350 + 0".00024436l£ 

Mean motion in 365*25 = 360° + 27 .605844 + 0 .000244361 1 

and, dividing by 365.25, 

Mean daily motion = 59' 8" 3302 + 0".0000006902£ 

ivhere t is the number of years after 1800. The secular change 
of the mean motion, expressed by the second term, brings with 
it a secular change of the length of the tropical year. This year 

given in the Washington Astronomical Observations , Vol. III., Appendix C, are also 
adapted to the new constants. 

For the reduction of observations from 1850 to 1880, the Tab . Reg. have been 
continued by Wolfers and Zech ( Tabulsc Reductionum Observationum Astronomiearwn 
Annis 1860 usque ad 1880 respondentes , auctore X Ph. Wolfers : Additse sunt , Tabulae 
Regiomontanse annis 1850 usque ad 1860 respondentes ab III. Zech continuatse . Berlin, 
1850). In the continuation by Zech, which extends from 1850 to 1860, all the 
constants are the same as those used by Bessel ; in the continuation by Wolfeus, 
trom 1860 to 1880, Bessel’s precession constant is retained, but Peters’s nutation 
constant is adopted. 

* Astron. yack., No. 133. 


f Ibid. 
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is tlie time in which the sun changes his mean longitude exactly 
360°, and is, theiefoie, found by dividing 360 by the mean daily 
motion thus, if we put 

Y = the length of the tiopical yeai m mean solai days, 
we find 


Y= 365* 242220027 — 0* 00000006886? 

where the value of the second term for£ = 100 is 0 s 595, which 
is the diminution of the length of the tropical year m a century 
The length of the sideieal year is mvanable, and is readily 
found by adding to 365 25 the time required by the sun to move 
through 22" 617656 at the late of his sideieal motion, oi, putting 

Y f = the length of the sideieal year, 

by the pioportion 

360° — 22" 617656 : 360° *= 365* 25 : T 


which gives 

Y' = 365 256374416 mean solar days, 

= 366 256374416 sideieal days 

408 The epoch of the sun's mean longitude — This term denotes* 
the instant at which the common jeai begins The value of the 
longitude itself at this instant is fiequently called “the epoch, ’ 
and is denoted by JE Its value foi Jammy 0 of any yeai, 
1800 + U 1S found by adding the motion m 365 days foi each 
yeai not a leap yeai, and the motion m 366 days foi each leap 
year The motion m 365 days is found fiom the above ^alue 
for 365 25 days by deducting one-fouith the mean daily motion, 
oi 14' 47" 083 so that, if / denotes the remainder aftei the 
division of t by 4, we have, for the epoch of 1800 + /, Jan 0, at 
Pans, 

JE — 279° 54' 1" 36 + 27" 605844? + 0" 0001221805? 2 

_ (14' 47" 083)/ (693) 

To extend this formula to years preceding 1800, we must put 
f — 4 in the place of f so that the multiplier of 14 47 083) 
will be, foi example, - 1, - 2, - 3, - 4, - 1, &c for the years 
1799, *98, ’97, ’96, ’95, &c But these rules for / will give the 
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mean longitude at tlie beginning of the leap years too great by 
Ihe motion m one day (since the additional day is not added until 
the end of Febiuaiy), and therefore the epoch foi these yeais 
is Januaiy 1 instead of January 0 A geneial table containing 
the mean longitude at mean noon foi eveiy day of the yeai, 
computed fiom the mean longitude foi Jan 0 by the foi inula, 
will be applicable to leap yeais if m the months of Januaiy and 
Febiuaiy we increase the aigument of the table by one day, as 
m Table VI of the Tab Reg 

409 To find the beginning of the fictitious year — Denoting the 
mean time from the beginning of the fictitious yeai to Jan 0 of 
any year by A, we have 

k = 

mean daily motion 

whence, taking the daily motion = 59' 8" 3302, we find, in deci- 
mals paits of a mean day, 

A = — 0 10107289 -f 0 0077799535 1 

— 1/ + 0000000034433 1* 

The quantity A is evidently equal to the east longitude fiom 
Pans of that terrestnal m endian on which the fictitious year 
begins (Art 406) 

410 In the Tabulce Regiomontance the argument is the rcdacect 
date as it would be leckoned at the mendian m the east longitude 
A, the beginning of the fictitious year being always denoted by 
Januaiy 0 If then d is the west longitude from Pans of any 
place, the instant of mean noon at this place coi responds to the 
instant A + d of the fictitious meridian, and thei efore A + d is 
the reduction to apply to the mean time at the place to obtain 
the aigument with which to entei those tables 

But, if the sideieal time at the place d is given, it is most ex- 
pedient to reckon the time at once m sidereal days fiom the 
beginning of the fictitious yeai Accoidmgly, in the tables con- 
taining the values of log A, log j B, &c foi the 1 eduction of stars, 
the aigument is the sidereal date at the fictitious meridian To 
obtain this date, it is to be obseived, first, that the tables ai e im- 
mediately available on the fictitious mendian foi the sidereal 
time 18 A 40 m , without any i eduction of the date Foi any otliei 
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mendian, at the sidereal time 18* lO m tlie argument of the table 
will be the ndmed dale , but at an> other sidereal time g the 
argument must be this 1 educed date mei eased by 

g — 18* 40" 1 
~~24* 

which must be alwaj s taken < 1 and positive , oi by the quantity 

. g + 5* 20 w 

( f = i 

J 24* 

omitting one whole day if g -f 5* 20 m > 24* Now, in ordei that 
the local date may eoi respond with that supposed m the tables, 
the day must be supposed to begin at the instant when that point 
is on the meridian whose light ascension is 18* 40 wl Therefoie, 
whenevei the light ascension ot the sun is as gieat as 18* 40 m , 
so that the point m question culminates before the sun, one day 
must be added to the common reckoning Hence the formula 
for picpaimg the aigument of the tables will be 

Argument == Eeduced date -|~ if -J- i, 

in which we must take i = 0 fiom the beginning of the year 
to the tune when the sun’s E A = g, and i = -f- 1 after this 
time 

The values of q ' aie given on p 16 of the Tab Reg foi given 
values of g The values of k aie given m Table I 

The values of log A, log B , log C ' log D aie also given in the 
Beihn Jahibueh foi the fictitious date , and the constants of pie- 
cession, nutation, and abenation aie the same as those employed 
by Bessel m the Tab Reg 

411 Conversion of mean into sidereal time , and itce versa — In the 
explanation of this subject m Chaptei II we said nothing of the 
effect of nutation, which we will now r consider Let us go back 
to the definitions and state them moie precise!) 

1st The fiist mean sun, which may be denoted by On moves 
uniformly m the ecliptic, letummg to the pengee with the true 
sun The longitude of this fictitious sun lefened to the mean 
equinox is called the sun's mean longitude 

2d The second mean sun, which ma\ be denoted by 0 2 > moves 
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unifoimfy m tlie equatoi, letuinmg to the mean equinox with the 
fust mean sun 

3d The sidereal day begins with the transit ot the true equi- 
nox , and the sideieal time is the hour angle of the ti tie equinox 
Hence it follow s that 

the mean ft A of 0 3 ~ the mean long of O l = the sun's 
mean longitude, 

and since when 0 2 1S 011 the mendian, its R A leckoned fiom 
the true equinox is also the houi angle of the tiue equinox, it 
also follows that 

T r 0 = the sidereal time at mean noon 
= true R A of Os 

= mean R A of 0 2 + nutation of the equinox m R A 
= sun's mean longitude -f- nutation of the equinox inR A 

The nutation of the equinox m R A is found fiom the fiist 
equation on p 626 by putting a = 0, d = 0, whence 

nutation of equinox m R A = aX cos £ 

which is the quantity given m the Nautical Almanac as the 
“equation of the equinoxes m light ascension ” 

Since the nutation is contained m the value of V 0 given m the 
Almanac foi each mean noon, no fuithei attention to it is needed 
when that woik is consulted, and the lules given m Chaptei II 
are theiefoie piactically complete 
Foi the conveision of time between 1750 and 1850, the Tab , 
Beg furnish the following facilities — Table VI gives the light 
ascension of the second mean sun, collected foi the solai nuta- 
tion of the equinox, foi every mean noon at the fictitious men- 
dian k Since the fictitious yeai c Iways begins with the same 
mean longitude of the sun (oi light ascension of 0 3 ), the num- 
bers of this table are general, and may be used foi eveiy yeai 
The number taken from this table foi any given date (which 
must be the reduced date above explained) aie then collected foi 
the lunai nutation of the equinox m light ascension, which is 
given m Table TV foi all dates between 1750 and 1850 We 
thus obtain the sidereal time at mean noon (= V Q ) at the fictitious 
m endian on the given day Any given mean time at another 
meridian is then converted into the eoiiespondmg sideieal time^ 
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or vice vc i <?r/, accoi cling to tlie rules in Chapter II , employing the 
V'Jj foi the fictitious moi ldian precisely as it was theie employed 
for the mendian of Greenwich — The longitude of the place to 
be used lieie is k + d 9 d being the west longitude of the place 
from Pans, and h the east longitude of the fictitious mendian 
from Pans given in Table I 

REDUCTION OF THE APPARENT PLACE OF A PLANET OR COMET 

412 The observed place of a planet (or comet) being freed 
from the effect of lefiaction, diurnal abei ration, and geocentnc 
paiallax, we have the appaient geocentric place, lefened to the 
true equatoi and equinox of the time of obseivation, and affected 
by the planetaiy abenation For the calculation of a planet’s 
orbit fiom thiee or moie obseivations at diffeient times, it is 
irecessaiy to lefei its places at these times to the same common 
fixed planes, which is most leadily effected by reducing all the 
places to the equinox of the beginning of the year m which the 
obseivations aie made, or, when the observations extend beyond 
one year, to the beginning of any assumed year To effect this, 
we must apply to each appaient geocentnc place — 1st The aber- 
ration (C87), with its sign leveised, m computing which the posi- 
tion of the observei on the sui face of the earth may be con- 
sideied by taking r f equal to the actual distance of the planet 
from the obseiver at the time of observation This distance is 
found from the geocentnc distance at the same time with the 
parallax, by the equation (137) 

2d The nutation foi the date of the observation, with its 
sign leversed 

3d The piecession from the date of the obseivation to the 
assumed epoch, which will be subtracted oi added according as 
tbc epoch piecedes oi follows the date 

Put the nutation and piecession aie most conveniently com- 
puted togethei by the aid of the constants A and B used for the 
fixed stais These constants being taken for the date, a, b 9 a f 9 
and b f aie to be computed as m Art 402, with the right ascen- 
sion and declination of the planet , and then to the <x and 0 , 
already corrected for aberration, we apply the corrections (Aa 
-f- Bb) and — (Aa! + Bb f ) respectively The place thus obtained 
Is the true 'place of the planet referred to the mean equinox of the 
beginning of the geai If the seveial observations are m diffeient 
Vol I — 42 
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ji'diH, tliej aic then to be 1 educed to the same epoch by simply 
applying the annual piecession, c being the annual precession in 
light ascension, and c' that m decimation 
When the distance of the planet is not known, the abei ration 
is taken into account by Method III ot Ait 39G , but the details 
of this subject belong to the computation of oibits, which is re- 
served for Physical A&tionomy, — See Gauss, Theoi Mot Corp * 
Cod , Ait 118 et $eq , 


CHAPTER XII 

DETERMINATION OF THE OBLIQUITY' OF THE ECLIPTIC AND THE 
ABSOLUTE RIGHT ASCENSIONS AND DECLINATIONS OF STARS B 1 
OBSERVATION 

413 The most obvious method of finding the obliquity of the 
ecliptic is to measuie the sun’s appaient decimation at either the 
noitliein oi the southern solstice, foi at these points, assuming 
the sun to be exactly m the ecliptic, the decimation is equal to 
the obliquity Indeed, without anj leieicnce to the sun s abso- 
lute decimation, a mde appioximatc value ot the obliquity is at 
once denved by taking one-half ot the cliff eience of the m endian 
altitudes of the sun on the 21st of June and the 21st of Decembei 
Ppon this principle the ancients succeeded m measmmg the 
obhquitj by obseivmg the greatest and least lengths of the 
m endian shadow of a gnomon 

414 In wliat follows, we suppose the sun’s decimation to be 
obseived This is obtained fiom the tiue m endian zenith dis- 
tance (£) of the sun’s centie, and the known latitude ot the place 
of obseivation (^), by the foimula* 

d = 0 — c 


llie sign of C is to lie changed when the sun is noith of the zenith of the 
ohs i\ei 
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415. Now, the sun’s declination is equal to the obliquity only 
when it has reached its maximum (northern or southern) limit, 
that is, precisely at the solstitial points. But, since the sun will, 
in general, not arrive at the solstice at the same time that it 
culminates at the particular meridian at which the observation is 
made, we cannot directly measure this maximum by meridian 
observations. But we can measure the declination at several 
successive transits near the solstice, and then by interpolation 
infer the maximum value. A simpler practical process (which 
we shall explain fully below) is to reduce each observation to the 
solstice ; but this requires us to know (at least approximately) 
the time when the sun arrives at the solstice, and this, again, 
supposes a knowledge of the position of the equinoctial points, 
which are 90° distant from the solstitial points. 

The position of the equinoctial points may be determined by 
observing the sun’s declination on several successive days near 
the time of the equinoxes, and, by interpolation, finding the time 
when the declination is zero. At the same time, a comparison 
must be made between the times of transit of the sun and some 
star, adopted as a fundamental star : so that the distance of the 
star from the equinoctial point, or its right ascension, is fixed. 
We may then regard the star as a fixed point of comparison by 
which the instants when the sun arrives at any given points (as 
the solstices) may be determined. But, instead of finding the 
equinoctial points by a direct interpolation, it is preferable in 
this case also to refer each observation to the equinox, which, as 
will be seen below, requires an approximate knowledge of the 
obliquity of the ecliptic. 

The determination of these two elements, the obliquity of the 
ecliptic and the position of the equinoctial points, is, therefore, 
effected by successive approximations ; but, in the actual state 
of astronomy, the approximations are already so far carried out 
that the remaining: error in either element can be treated as a 
differential which, by a judicious arrangement of the observations, 
produces only insensible errors of a higher order in the other 
element. I proceed to treat full}" of the precise practical 
methods. 

416. Determination of the obliquity of the ecliptic . — Let D be the 
sun’s apparent declination derived from an observation near the 
solstice ; A its apparent right ascension at the time of the obser- 
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valion, de lived fiom the solai tables, £ the apparent obliquity 
of the ecliptic foi the same time 11 the sun weie exactly m 
the ecliptic, we should have, b;y (84), 


sm A tan e = tan D 

hut accuracy icquires that the sun’s latitude, /?, should he taken 
into account We have, hy (29), 


can D — tan £ sm A = 
which, if we put 
becomes 

tan D — tan D' = 


sin 0 


cos D cos e 
tan D f = tan e sm A 

sm (D — D') ___ sm 0 


( 094 ^ 


cos D cos D' cos I) cos e 
whence, with sufficient accuracy, since /? novel exceeds 1 9 

D — D' = 0 sec e cos D C 09B ) 


Hence, if the correction [d sec < cos I) is subtiacted from the 
given decimation D, we shall obtain the v educed declination L 
from which, hy (694), we can deduce « It is evident that D' w 
the decimation of the point m which the ecliptic is mteisectoc 
by the decimation cncle drawn thiough the suns centie, aiu 
we may 'call the quantity /3 sec e cos D the i eduction to the cchpttc 
Hear the solstices, however, this 1 eduction does not sensibly 
diftei fiom j9, since cos s and cos D aic then very nearly equal 
We' shall, theiefoie, m the piesent problem, find the ledueei 
declination by the foimula I)' ~ D — [d , and then we have, by 
(694), 

tan e = tan D' cosee A (696) 

Instead of computing s from this equation directly, it is usual 
to employ its development m senes by which the diftei dice ot 
s and Jy is obtained Foi, since A neai the northern solstice is 
neatly 90°, if we put 

u — 90° — A 


u will be a small angle whose cosine and secant will not differ 
much fiom unity, and the equation (696), expiessed m the form 
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tan jD' = tan £ cos w, will be developed m the senes [PI Trig , 
Ait 254] 

D f — e = q sm 2 e -f- \ q* sin 4 e + i f sm 6 e + & c 
m which 

cos u — 1 , „ , 

q — — — tan 2 l u 

cos u + 1 

and the terms of the senes aie expiessed in aic Reducing to 
seconds, and putting 


or 


x = the i eduction to the solstice, 


tan 2 ] u 
sin 1" 


sin 2 e 


tan 4 i u A . p 
— sm 4 £ + &c 

2 sm 1' 


(697) 


we have, at the northern solstice , 

= + ^ ( 698 ) 

The reduction x can be tabulated, foi any assumed value of £, 
with the argument u The changes of the tabulai numbeis 
depending on a change of the obliquity may also be given m the 
table so that these numbeis may be leadily made to coi respond 
to any assumed obliquity 

Foi the southern solstice, we take m = 270° — A, and the 
equation (696) will give tan D f = — tan £ cos w, the development 
of which gives the algebraic sum D r + £ ? but we can avoid the 
use of two formulae by throwing this change of sign upon £, 
legal ding the obliquity obtained fiom the southern solstice as 
negative, during the computation This simply changes the sign 
of the induction x 

417 Let us now inquire what effect an erroi m the light 
ascensions taken from the tables, or m will pioduce m the 
computed value of £ Diffeientiatmg the equation (696) with 
leference to e and A = ± 90° — % we find 

da = J tan u sm du 

If we suppose the enor in the tabular light ascension of the 
sun to be m any case as gieat as one second of time (the actua 
piobable error, liowevei, being much less), and, therefore, su 
statute m this equation du — 15", s = 28° 2t' 5, we find 

ds = 5" 48 tan u 
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Foi n — 10°, this gives de — 0" 97 Tlie sun’s motion being 
about 1° per day, we shall have u < 10° for observations withir 
t.-n days of the solstice, and the enor m the computed obliquity 
less than 1", even if the etioi m the light ascensions is as gieal 
as 15" But this enoi will be wholly eliminated if observations 
equidistant from the solstice preceding and following it ai e com 
bmed, for then u, and consequently also de , will have equal 
numerical values with opposite signs, and the enois will destroy 
each other m the mean 

418 The mean of the values of the obliquity found from a 
number of obseivations, piecedmg and following the solstice 
and symmetncally disposed, will, therefore, be taken as the 
value of the obliquity at the time of the solstice, fiee fiom eirois 
in the light ascension, and affected only by the unavoidable 
enois of observation and by any enois that may exist m the 
lefi action and parallax oi m the latitude of the place of observa- 
tion The enor m the latitude is eliminated by taking the mean 
ot the values of the obliquity found at the noitliein and the 
southern solstices The eiroi of the left action tables will at the 
same time be partially eliminated, but not wholly, since these 
enois have piobably diffeient values at zenith distances difteung 
so much as 47° , but a sensible enoi m the mean resulting fiom 
any probable eiroi m the pi esent value of the solai paiallax is 
not to be feared 

Before taking the mean, liowevei, it is piopei to deduct fiom 
each value the nutation of the obliquity (as, Ait 381), foi the 
times of the two solstices respectively, whereby we obtain the 
mean obliquity , and then to i educe this to the same fixed epoch, 
as the beginning of the yeai, by allowing foi the annual decrease 
The value of this annual deciease adopted m (646) is 0" 4738, 
but this value was deduced by Peters fiom tlieoiy, while the 
value denved directly from observations at distant penods is, 
accoidmg to Bessel, 0" 457, and, according to Peters, 0" 4645 

In combining a numbei of determinations made at the same 
place m diffeient years, it is not indispensable that there should 
be observations at both solstices m every yeai, provided there 
aie m all as many determinations at the northern as at the 
southern solstice 

419 Example — Emd the obliquity of the ecliptic fiom the 
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following appaient decimations ot tlie sun’s centie, observed at 
the Washington Obseivatoiy by Professoi Coffin and Lieutenant 
Page, with the mural circle 


184b 

J) 

1846 | 

D 

June 16 

23° 21' 56" 02 

Decembei 14 

_ 23° 14' 17" 26 

« 19 

26 28 19 

“ 15 

17 33 82 

“ 20 

27 6 79 

« 16 1 

20 22 94 

“ 23 

26 39 92 

“ 18 

24 32 69 

“ 27 

20 17 84 

« 21 

27 20 43 



« 22 

j 27 19 64 



“ 23 

26 49 82 



« 29 

j 14 1 20 


Taking o' 1 8“ IP 2 as the longitude of Washington hom Green- 
wich, we find, foi apparent noon at aslungton, the following 
values of the sun’s light ascension and latitude fiom the Nautica 
Almanac 


1846 

A 

0 

1846 

A 

0 

June lb 

5* 38 m 37* 13 

+ 0" 18 

Decembei 14 

17* 2 b m 52' 73 

+ 0" 35 

“ 10 

5 51 5 77 

— 0 10 

« 15 

17 31 18 43 

+ 0 46 

“ 20 

5 55 15 44 

— 0 32 

“ 16 

17 35 44 38 

+ 0 57 

“ 23 

6 7 44 44 

— 0 63 

“ 18 

17 44 36 91 

+ 0 72 

“ 27 

6 24 22 00 

— 0 72 

21 

17 57 56 69 

+ 0 70 




“ 22 

18 2 23 39 

4-0 64 




“ 23 

18 6 50 09 

+ 0 50 




* 29 

18 33 28 11 

— 0 19 


Supposing no tables of the reduction at hand, let us fust 
i educe the observations at the summei solstice by the original 
equation (696) Subti acting /9 fiom the obseived values of 1), 
we then have 


June 16 

D' 

23° 2r 55" 84 

log tan J)' 

9 6355081 

log cosec A 

0 0018927 

log tan e 

9 b3 74008 

< 

23° 27' 23" 61 

“ 19 

26 28 38 

0370823 

03278 

4101 

25 22 

“ 20 

27 7 11 

0373050 

00930 

3986 

23 23 

“ 23 

26 40 55 

6371524 

02478 

4002 

23 51 

“ 27 

20 18 50 

0349452 

24592 

4044 

24 25 


Apparent obliquity = 

= 23 27 23 96 
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Foi the sake of eompanson, I add the results of the computa- 
tion by the senes (697), which, howevei, will be far less con- 
venient than the above dnect computation, unless a table of the 
reduction is used. 



u 

D 

Red to solstice 

Red for 
Out 

e 

June 16 

+ 27 m 22* 87 

23° 21' 5b" 02 

+ 5' 27" 77 

l 

o 

i—* 

00 

23° 27' 23" 61 

“ 19 

+8 54 23 

26 28 19 

0 56 84 

+ 0 19 

25 22 

“ 20 

-f 4 44 56 

27 6 79 

0 16 13 

+ 0 32 

23 24 

“ 23 

- 7 44 44 

26 39 92 

0 42 96 

+ 0 63 

23 51 

“ 27 

— 24 22 00 

20 17 84 

7 5 69 

+ 0 72 

24 25 


Apparent obliquity = 23 27 23 96 
Nutation* = + 8 24 


Reduction to Jan 0 1846 = 0" 4645 X 0 4G9 = + 0 22 

Mean obliquity 1846 0 = 23 27 32 42 

In the same manner, for the southern solstice we have 



u 

D 

Red to solstice 

Red for 

O lat 

. i 

Bee 

14 

+ 33 m 

7' 

27 

— 23° 14' 

17" 

26 

— 13' 

6' 

48 

— 0" 

35 

23° 27' 24" 

09 . 

u 

15 

+ 28 

41 

57 

17 

33 

82 

9 

50 

24 

— 0 

46 

24 

52 : 

it 

16 

+ 24 

15 

62 

20 

22 

94 

7 

1 

98 

— 0 

57 

25 

49 ' 

t( 

18 

+ 16 

23 

09 

24 

32 

69 

2 

49 

70 

— 0 

72 

23 

11 

t 

21 

+ 2 

3 

31 

27 

20 

43 

0 

3 

03 

-0 

70 

24 

1G 

it 

22 

— 2 

23 

39 

27 

19 

64 

0 

4 

09 

— 0 

64 

24 

37 

(l 

23 

— 6 

50 

09 

26 

49 

82 

0 

33 

49 

— 0 

50 

23 

81 

U 

29 

— 33 

28 

11 

14 

1 

20 

13 

23 

05 

+ 0 

19 

24 

06 | 


Appaient obliquity = 23 27 24 20 

Nutation = + 8 98 

Reduction to Jan 0 1846 = 0" 4645 X 0 971 = + 0 45 


Mean obliquity 1846 0 = 23 27 33 63 

The lesults from the two solstices being combined m order to 


* The nutation foi 1846 is found by the formula (Art 381) 

Ae = 9" 2235 cos & — 0" 0897 cos 2 + 0" 0886 cos 2<£ 

+ 0 5509 cos 20 + 0 0093 cos (O + F) 

For the northern solstice June 21, 9 A , I have taken = 214° 27 — 69°, Q — 90°, 

F = 280° 7 foi the southern solstice, Dec 21 16 A , =204° 45', <£ = 319°, Q — 270°, 

1 ~ 280° To proceed with tlieoietical ngoi, the nutation should be found for the 
tune of each observation 
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eliminate the enoi of tlie assumed latitude of Washington,* 
we have, finally, 

Mean obliquity foi 1846 0 fiom obseivation = 23° 27' 33" 03 
The same by Peters’s foimula (646) with \ tl a 
the annual decrease 0" 4645 J 


420 The seculai vanation of the obliquity is found by com- 
paring its values at veiy distant epochs The obseivations of 
Bradley fiom 1753 to 1760 gave foi 1757 295 the mean obliquity 
23° 28' 14" 055 The obseivations at the Doipat Obseivatoiy 
gave foi 1825 0 the mean obliquity 23° 27' 42" 607 Hence 

, . 31" 448 

Annual vai = — — — 0" 4645 

67 705 

Bessel found — 0" 457 by companng Bradley’s obseivations 
with his own 

The seculai variation is also found m Physical Astionomy, 
theoi etically The value thus obtained by Peters m his Nume- 
rus Constans Nutatioms is — 0" 4738, as given m the foimulae 
(646) 


421 Determination of the equinoctial points , and the absolute right 
ascension and declination of the fixed stays — The decimations of the 
fixed stars are eithei directly measiued by the fixed instruments 
of the obseivatoiy, or deduced immediately fiom then observed 
meridian zenith distances (collected foi refraction) by the foimula 
3 = <p - £ The practical details, which depend on the mstiu- 
ment employed, will be given m Yol n Here we have only 
to obseive that the immediate result of such a measuiement is 
the apparent declination at the time of obseivation, which must 
then be i educed to the mean declination foi some assumed 
epoch by the foimulse of the piecedmg chaptei 

The position of the equinoctial points is determined as soon 
as we have found the light ascension of one fixed star, and this 
is done by deducing fiom obseivation the difference between tie 


* The latitude employed in deducing the decimations was 38° 53' 39" 25 The 
latitude given by the culminations of Polaris is 38° 53 39 52 ( as mg on 
Ohs Vol I , App p 113) If we adopt thelattei value, the obliquity derive 
the noithern solstice will be mci eased by 0" 27, and that derived from the sou hern 
solstice will be diminished by the sime quantity , and the diffeience en lem 
"between the two results will be onlj 0" b7 
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sun’s riglit ascension and that of the stai at the time the sun is 
at the equinoctial points For this puipose a bright stai is 
selected, which can be oliseived m the da} time and at eitlioi 
equinox, and which is not tai iiom the equatoi On a day neni 
the equinox the times of tiansit of the sun and the stai aie 
noted by the sideieal clock , and at the tune of the sun s tiansit 
his decimation is also measured Let 

T — the clock time of the sun’s tiansit, 
t= u u u stai’s “ 

A, D, ft — the sun’s appaient light ascension, declination, 
and latitude at the time T, 

a -= the stai’s appaient light ascension at the tune t, 

« = the appai ent obliquity of the ecliptic at the 
time T y 

then, conectmg the sun’s declination by the foimula (695), 01 , 

D r = D — ft sec £ cos I) 

we have, by (694), 

sm A = tan D f cot £ (69 9 j 

Thus A becomes known, and hence, also, a by the foimula 

= a + (t — T) (TOO) 

m which t — T is the tiue sideieal mteival between the obsei va 
tions collected foi the clock late 

The observation is to be lepeated on a numbei of days pic- 
cedmg and following each equinox The stai’s appaient light 
ascension is in each case to be fieed fiorn the effects of aliena- 
tion, nutation, and pieeession (also piopei motion and annual 
paiallax, if known) Each observation thus furnishes a value ol 
the star’s mean light ascension at the epoch to which the ie 
duction is made In oidei to learn what combination of these 
values will best eliminate constant enois in the elements upon 
which A depends, let us examine the effects of these enois 
We speak only of constant enois, the accidental enois of obsei- 
vation being i educed to then minimum effect by taking the 
mean of a laige numbei of obsei vations 

The conection which the assumed value of the obliquity 
tequnes being denoted by ds y the eoiiesponclnig collection of A 
is found, by diffeientiatmg (699), to be 



EQUINOCTIAL POINTS 


667 


dA = — de 


2 tan A 
sin 


The collection of the declination D' is composed of the un- 
lections m the latitude <p, and the zenith distance f , smce ; 3 
the foimula D = <p — £, we have 

dD = dtp — d: 

But df is itself composed of the collections leqiuied m the le- 
fi action and the sun’s parallax and the collection foi any enoi 
pecuhai to the zenith distance f, which afiects the mendian 111 
stiument employed 111 the obseivation Denoting the collection 
of the lefi action by d ) , that of the suns paiallax by dp feinr, 
that of the nistiumcnt foi the zenith distance f h} /(C)? 


dD = dtp — [di — dp sin C + /(C)] 

The effect of this collection upon J. is found, by difieientiatmg 
(699) with lefercnce to D f (legal ding dD as equal to dD ), to e 


dA = dD 


2 tan A 
sin 2 D f 


If then a' denotes the collected mean light ascension o i tno 
stai, free fioni all constant enois, we have 

jp/ 2 tan A 7 2 tan A 
a' = a -|- — d? + dp C /(■»)] gin 22 )' * £ sin 2e 


This foimula shows that neaily all the enois will he eliminated 
by taking the mean between two obseivatious taken at the same 
zenith distance (oi the same declination), the one near the vema , 
the othoi neai the autumnal equinox Foi, the fiist observation 
being taken when the declination is D' and light ascension A 
at the second one the same declination TJ will give the righ 
ascension 180° -A, the tangent of which is the negative of that 
of A The tempeiatuie being geneially diffeient at the tw 
seasons of the yeai, we cannot assume that the enoi in 
refi action tables” will be the same at both obseivatious unless we 
can also assume that the law of collection of the lefiactvon foi 
temperatuie is perfectly known So, also, we must admit the 
possibility that such changes of temperatuie change the lnst 
mental collection, but the collections of tie a i mo mi 
paiallax will lemam the same Hence, if a, is the mean ug 1 
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ascension computed from the observation at the autumnal 
equinox, the corrected light ascension will be 

^ -.2 tan A 7 2 tan A 

0l - [df-dr, + dp am C -/.(C)] + * ^7 

m wdnch dr, and/j(£) denote the collections for the same zenith 
distance as before, but foi a different tempeiatuie The mean 
value of cl' obtained fiom the two obseivations is then 

•'=*(» + a,) + [dr, — dr + /j (0 -/(O] “^7 

This mean is thus freed entnely fiom the effects of the eirors of 
latitude and the assumed obliquity, and the remaining en 01 is com- 
posed merely of the difference of the enois of refi action and of the 
instrument arising from diffeiences of tempeiatuie The diffei- 
ence of tempeiatuie at the vernal and autumnal equinoxes, 
though considerable, is not so great but that we may assume the 
quantity dr, — dr to be evanescent m the piesent state of the 
refraction tables To eliminate the effects of temperature upon 
the mstiument, the only course is to make a special investigation 
of its enois at various tempeiatures 

It follows from this discussion that the absolute right ascen- 
sion of a stai can be accurately determined by means of observa- 
tions at both equinoxes so ai ranged that for eveiy observation 
near the vernal equinox at the light ascension A there will be a 
conespondmg one at the autumnal equinox at the light ascension 
180° — A This condition is satisfied neaily enough by regarding 
as conespondmg observations those which aie taken between 
the decimations 0° and + 2° after the vernal and befoie the 
autumnal equinox, between 0° and — 2° before the vernal and 
after the autumnal , between + 2° and + 4° , — 2° and — 4°, &c 
On account of the very complete elimination of errois, it is safe 
to extend the observations even as fai as + 14° and — 14° * 

Example — The following observations of the sun and y Pcgasi 
on the meridian weie taken at the Washington Obseivatory m 
the year 1846 f 

* Bessel Fundamenta Astronomix , pp 12, 14 

f The transits were taken with the “West Transit,” the decimations with the 
Muni Circle Both the first and second limbs of the sun were obseived on the seven 
tlneads of the tiansit mstiument, and the decimation of both the north and the south 
limbs with the muial 
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Feb. 23. D = — 9° 46' 15".85 
« « T— 22" 26“28*.ll 

“ “ t — 0 5 18 .91) 


Oct. 17. D - - 9° 17' 53". 12 
u « y_ 13* 28* 40*.01 

« 16. < = 0 5 22 .97 


The times of transit are corrected for the supposed error and 
rate of the clock. 

For the dates of the two observations, the apparent obliquity 
of the ecliptic and the sun’s latitude are as follows . 


Feb. 23. 

e 23° 27' 26".10 

p -j- 0 .33 

whence 

— [j sec e cos D — 9 .35 

D'— 9 46 16 .20 
log tan D' «9. 236063 
log cot e 0.362585 
log sin A »9. 598648 

A 22* 26“ 28 s .17 

A — T + 0.06 

t A — T — o. 0 5 19.05 

Seduction to 1850.0 + 12 .15 

Mean a for 1850.0 = 0 5 31 .20 


Oct. 17. 

23° 27' 24".35 
— 0 .13 

+ 0 .14 
- - 9 17 52 .98 
W9.214105 
0.362595 
?i9.576700 
13" 28“ 40“.14 
+ 0.13 

0 5 23.10 

+ 8.12 
0 5 31.22 


The reduction to 1850 is here used because it can be taken 
directly from the general tables for reducing the apparent places 
of stars to mean places, given in the volume of Washington 
Observations for 1847. Taking the mean of the two observations, 
we have, finally, 

Mean R. A. of y Pegasi for 1850.0 = 0" 5“ 31*.21 

422. When, by the combination of a great number of observa- 
tions the right ascension of a fundamental star is thus established, 
the right ascensions of all other stars follow from the differences 
of time between their several transits and that of the fundamental 
star. But, in the present state of the star catalogues, it will be 
preferable not to limit the object of these observations to deter- 
mining a single star. The constant use of the same fundamental 
stars as “ clock stars” (stars near the equator by which the clock 
correction and rate are found) gives to the relative right ascensions 
of these stars (as derived from all their observed transits during 
one or more years) a high degree of accuracy. Assuming, 
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theiefore, that tlie i dative uglit ascensions of the clock stars aie 
collect, the object of oui obsenations of the sun will be to 
dcteimme the common collection of the absolute light ascensions 
of all these stais Accoi dmgly, if we deduce the sun’s appaient 
nglit ascension dnectly from each obseivation by applying to the 
clock time of the tiansit of the sun’s centie the clock collection 
obtained fiom the fundamental stais, and compaic this with the 
appai ent light ascension computed fiom the obseived decimation, 
ue have the collection which the light ascensions of these stars 
lecpiue All that has been said above lespectmg the gioupmg 
of the obseivations at the two equinoxes, of course, applies 
equally well to this process 

Thus, m the piecedmg example, taking the clock times of the 
sun’s tiansits theie given as the directly observed light ascensions 
(since they have actually been collected foi the clock erroi 
obtained fiom a numbei of fundamental stais), we shall have 


Feb 23 

Observed E A of O, 22* 26™ 28 s 11 
Computed u “ “ 28 17 

Correction of clock stais, 6 06 

whence 


Oct 17 

18* 28™ 40 s 01 
“ “ 40 14 
+ 013 


Mean collection of the E A of the clock stars = -f 0* 10 
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CHAPTER XIII. 

DETERMINATION OF ASTRONOMICAL CONSTANTS BA OBSERVATION. 

423. I shall not attempt to enter into all tire detail*, of ' 

methods by which the various astronomical constants are - 

mined from observations, but shall confine mjbe . o a s 

their general principles, which will serve as an introduc ion t 
the special papers to he found in astronomical mernon 
other sources. 

THE CONSTANTS OF REFRACTION. 

424. The general refraction formula (191) involves the tuo 
constants a and /?, both of which may be found from them j bj 

formula (178) and (178). But, aa 

deduced from an hypothesis, it wao not entire 

theoretical values of a and /9 would give 

accordance with observation. The disci epancit , re _ 

exceedingly small: so small, indeed, that tie wit h- 

garde d as representing well enough feet it we have 

out resorting to any new hypothesis , ant whereby the 

only to give the constants slightly ament ec . ^ with those 
computed refractions are made to haimom ^ of a and ,9, 

deduced from observation. To deduce 0 re f rac tion (213), or 
we can employ the concise expression 

1 2 ~ 

(1 — a) r = sin 2 2 ® 

The factor 1 - a differs so r, £d, 

it as constant in determining 
therefore, by differentiating, we have 


(1 — a ) dr-- 


: sin- 




By (217) and (210) we have 
dQ ___ dQ. (lx 

da ~~ dx da. 


i- r --h-e' 

x Sin 1 r 


X 
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wheie Q f is known by (218), and, therefore, the coefficient of 

da can be computed Also, since ~~ is given by (220), and Q by 

(212), the coefficient of rf/3 is known We should, howevei,find 
the collection of the constant a 0 , oi that which conesponds to 
the normal tempeiatuie and baiometnc pressuie of the lefi ac- 
tion table By (205) we have 

da = P 

1 _|_ e (r — r 0 ) p 0 

As for dfa it is evidently the same as d[ 9 0 
But, since a 0 can lequire but a veiy small coirection, great pre* 
cibion in the coefficient of da 0 is not necessaiy, and, if we 
neglect the second and highei powers of a 0 , it is easily seen that 

this coefficient will be i educed to — , r being the lefraction com 

a o 

puted for the actual state of the an by the tables This amounts 
to assuming that r and dr vary directly in piopoition to a 0 and da Q , 
an assumption which is very neaily coriect, as can be seen from 
the approximate formula (159), in which we have very neaily 
2k8 0 = a 0 We may also m oui differential foimula put unity 
m the place of the factor 1 — a , and hence if we put 


A = ' 


sin 2 z 


1 2 / dQ 

2/3 ) 


we shall have 

dr = Ada 0 + Bdj3 0 (701) 

It only remains to show how this diffeiential formula is to be 
applied m deducing da 0 and d/ 3 0 The obseivations best suited 
to our puipose are those of the zenith distance of a cncumpolar 
star at its uppei and lower culminations Let 

z f J z 1 f = the obseived zenith distances above and below the 
pole respectively, 

z, z x = the tiue zenith distances obtained by employing the 
tabular left action, 

d, d l = the decimation of the star at the two culminations 
respectively, 

(p — the assumed latitude of the place of observation 
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The true zenith distances which would he obtained by a table 
of refractions founded on the corrected constants will be z 4’ dr 
and z L 4* dr x ; and, therefore, if d<p denotes the correction of the 
assumed latitude, we shall have 


90° — (jp 4 dcp) = z 4- dr 4- 90° — 8 
90° — Qp 4 dcp) = z x 4 dr x — (90° - 8 X ) 


whence, by taking the mean, 

90° — tp — dcp = i (z 4 O 4 * (A — *) + i(A r 4 d O 

The quantity 8 X — 8 is merely the very small change of the 
star’s declination between the two culminations, arising from 
precession and nutation, which is accurately known. If we sul> 
etitute the values of dr and dr x in terms of do c and dp, and t en 
put 

a = 4 AJ b = K- 5 4- A) 

n = \ (z 4 ^i) 4 £ 4 9 ~~~ ^0° 


we have the equation of condition 

dtp 4 a 4 bdp q 4 n = ^ 


(702) 


By employing a number of stars which culminate at various 
zenith distances, we shall obtain a number of such equations, in 
which the coefficients a and b will have different values . so a 
the solution of all these equations by the method ot leas 
squares will determine the three unknown quantities <p , a o> 
and d [ ? 0 . 


THE CONSTANT OF SOLAR PARALLAX. 

425. The constant of solar parallax is the sun’s mean 
horizontal parallax, or its horizontal parallax en 1 ® , 

from the earth is equal to the semi-major axis o e 
orbit. The constant of parallax of any planet is also its p 
when its distance from the earth is equal to t e semi m _ 
of the earth’s orbit: so that the constant of sol P 

belongs to the whole solar system. tnown 

The refoSm dimensions of the orbits of tlie planets - 
from the periodic times of their revolutions a on ’ 

by JUpJrt third law, the squares of their period he £ 
proportional to the cubes of their mean distance, from O* *»"• 

VOL. I. 
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that is, to the cubes of the semi-major axes of their orbits. The 
ratios of these distances are therefore known. 

Again, the form and position of each orbit are known from 
Physical Astronomy;* and therefore the ratio of the planet’s 
distance from the earth at any given time to the eaith s mean 
distance is also known. 

According to these principles, if the distance of any p 
from the earth can be found at any time, the dimensions ot all 
the orbits are also found: in other words, when we have fourm 
the parallax of one planet we have also found that of all t ic 
planets, as well as that of the sun. 

426. To find a planet's , or the sun's, parallax by meridian observa- 
tions . — Let the meridian zenith distance of the planet s centie 
be observed on the same day at two places nearly on the same 
meridian, but in very different latitudes. After correcting t ie 
observed quantities for refraction, let 

£', £/ = the apparent zenith distances at the north and south 
places of observation, respectively, 

= the true (geocentric) zenith distances, 
p } p 1 = the parallax for the zenith distances Z and Z v 
tt, 7Tj = the equatorial horizontal parallax at the respective 
times of observation, 

A , A 1 — the geocentric distances of the planet at these times. 
d, = the geocentric declination of the planet at the same 
times, 

tt 0 = the sun’s mean equatorial horizontal parallax, 

A 0 — 6i ££ “ distance from the earth, 

JR, = the earth’s equatorial radius. 

Also for the places of observation let 

<p j <p — the astronomical latitudes, 

<p\(p^z=z the reduced or geocentric latitudes, 

Pj p x = the i^adii of the terrestrial spheroid for these latitudes. 


W e have 



* They are found from three complete observations of the right ascension and 
declination of each planet at three different times (Gauss, Theoria Motas Corporum 
Ccelestium), and therefore from the observed directions of the planet, the absolute 


distance being unknown. 
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and therefore 

sin ic = — sin tt 0 sin — s * n 

A n i 

Tlie quantities A and A l are to be found from tlie planetaiy 
tables, or directly from tlie Nautical Almanac, whexe tiey axe 
expressed in terms of A 0 as tlie unit: so that tlieir \ alues t eie 

given are the values of the ratios — and — x . Hence we shall put 

A q — 1 in the preceding formulae, and also put the aics fox tlieh 
sines (since the greatest planetary parallax is only 35 ) . so ia 
we have 

7T ffl 

Then, by (114), 

p = p 7C sill [£' — (<P — <p'y] = s * n ^ ^ ^ 

Pi = p rc sin [;/ — (?! — ft')] = “■ sin Cu — — ^ 

J i 

But we also have 


r = v — d 


<!=*■ 


and hence 

C — fj = (£' — jp) — (?/ — Pi) = ? — p i — ~ ^ 

from which we obtain 

p - Pi = c' — :/ — O — ft) + C 5 — °V) 

As the small difference o — o\ will he accurate!} kno ^ 
observations being taken nearly on the same mei ’ 
quantities in the second member of this equation maj 
regarded as known. Hence, putting 


f ' — £/ — O — •Pi') + ( 5 — 'O 


a =^-sin [£' — (? — ?' 

L 3 


)] — sin [£/ — (^i — | 


( 703 ) 


we obtain the equation 


a* o = n 


( 704 ) 


which, determines tt 0 . 
vation are on opposite 


, zeniths of the two places ofobser- 
of the star (which is the most lavor- 
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able ease), flic zenith distance at the southern place must he 
taken with the negative sign m the above foimulie The coeffi- 
cient a then becomes an anthmetieal sum, and it is evident that 
the gi eater the value of a, the gi eater will he the degiee of accu- 
lacy m the deteimmation of tt 0 

But, in 01 dei to give this method all the pieeision necessan 
in finding so small a quantity as 7t w the quantity n must not 
depend upon the absolute zenith distances obseived (which 
involve the enois of divided cncles and the whole eirois of the 
lefiaction table at these zenith distances), noi upon the quantity 
tp — (p t (which involves the enois in the latitudes of the places), 
but upon miciomctnc measuics Foi this pin pose, the planet is 
compaied with a stai neaily in the same paiallel of decimation, 
and always with the same stai at both places of ob&ei cation, the com- 
panion stars being pieviously selected and agieed upon by the 
obseivers The star and planet should ditfei so little in declina- 
tion that they will both pass through the field ot the mendian 
telescope, the nistiument lemaining fiimly clamped between the 
tiansits of the two objects, and then the difference of apparent 
decimation of the planet and star will be dnectly measuied with 
the nnciometei This drffeienee is to be collected foi the dif- 
feience of lefiaction at the zenith distances of the planet and 
star, which diffeience of infraction, being veij small, can be 
computed v ith the greatest accuiacy * If then 

D == the decimation of the star, 
a.5, a 5, — the observed differences of declination of the stai 
and planet (conected foi lefiaction) at the two 
places of obseivation, 

the obseived apparent decimation of the planet at the noithem 
place is 

D + a5 = <p — C 


and at the southern place 


whence 


D 4 - ao l = <p l — 7,' 

A S — A = — (7' — O + (.9 — f»i) 


and the value of n in (70S) becomes 

n = <5 — 5, — (A<$ — a<\) (705) 


*Vol II Correction of micrometer observations for refraction 
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where ami *»', are in each case the planet's decimation »*« 
the star's decimation, and their signs are to be care u y 0 
For computing the coefficient a, the apparent zenith dista 

will be obtained by the formulae 


= <p — (D -j- a 5) 


t /=*— (■*>+ A, i) 


so that we have 


a = L sin y — CD if- A«)] - ^ sin fo' -(■*> + (706) 

and. then, as before, 

a- r 0 = « 

A great number of such corresponding observations will U 
necessary in order to determine tt 0 with accuracy , a 1 
equations of the form just given are to be con atoned by 
method of least squares. Thus, from the equa 1 


o. 


we obtain the final equation 


[eta] '„= [«»] 


a"a"+k c., and [an] = an + «'»' 


in which [aa] = aa + « V + «"*" + &C *’ ^ J 
b a"n" + &c. 

pfcmei.— The preceding process will ■ ^ of the planet and 

cation. The difference of apparent ^ 1 a micrometer 

a neighboring star is measured at both static corrected for 

attached to an equatorial tehscop^md ^ ^ ^ Th 
refraction. The quantity n vi 0 f the coefficients of 

coefficient a will now be the diff (148), aecord- 

parallax in declination, computed by the 
ins* to which, if we put 

tan <p f 

tan ^c^7c©=^) 


tan 

tan /, = 
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we shall have 

a _ p_ sin <p' Bin (j — 3) _ Pi sin y/ sm Q x — 3,) 

J sm /Ij sm y x 

m which @ and © x are the local sideieal times of the obseivations, 
a and a x the light ascensions, d and d, the decimations of the 
planet at these times The equation of condition from each pair 
of coiiespondmg observations of the same stai will then he, as 
before, a ;r 0 — n 

If several compai isons aie made at eithei place on the same 
day, these must hist he combined, and leduced, as it weie, to a 
single comparison Thus, if we put 

p sm cp' sm (/ — <5) 


we have, foi each compauson of the planet with the star, 

d = JD — j— At) — j- CtTq 

and if m such comparisons aie made, their mean will be 

1 -(o') 

(5 = D + — — 

r m m 

In like mannei, at the second place, we shall have foi n l obser- 
vations the equation 

l 2 (c 1 

s= D + ± 2^,\) + n 0 ^ii 
1 1 m, 1 

and, taking the diffeience of these equations, we shall put 


n — 8 — 5, 


2(*S) 


2(c x ) 


The equation of condition aiz a = n will then lepicsent all the 
obseivations on tbe same day at the two places 


428 The equations of condition will involve small ei numbers 
and be more easily solved if the unknown quantity is, not the 
whole paiallax, but the correction of some assumed ^aluc of the 
paiallax not gieatly m enor In this case we may collect each 
obseived difteience sd foi paiallax, employing the assumed \uluo 
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of :r 0 , and, proceeding as before, we shall have- the equation of 
condition a a^ 0 = n, m which att 0 is the required collection 0 

429 If but one limb of the planet is obseived at one^o^both 
the stations, it will be necessary to nitiocuce 1 tlien | )G 

the semidiametei As the semidumetei 1 se s .^ e f lom 
legarded as an unknown quantity, to he found 1 p 
the observations, its complete expression, m tom. of Otto* 
rections which the observations may lequue, is to 1 

Tins will be found m Aiticle 435 

4B0 The differ ences of right ascension of the as 

neighhonng stai may also be employed in « 3 ^! atioil being m 

the differences of decimation, the p aces o bave onlv - to mtro 
that case m widely different longituc es llg lit aseension 

dace into (T07) the eoeflc.oats of of 

computed by the fiist equation of ( )? 

n substitute ngbt ascensions foi dec ma ions 

431 The only phmets enough to the e.Hh to, 

this time the Bntish Nautical ma ‘ ‘ oppositions, 

of stars to he observed with the phme All of Mars 

howevei, aie not equally favoiaHe oi the o.hit 

fiom the snn hemg = 1 "-h Ma m = i and the ec- 

= 0 0933, while the mean ^ f()1 M oppesmon 

cerxtucity of its oibit -- 0 0 , le t p e eaitli is at its 

m winch Mars is at its peulie 1 be 0.365; but foi 

aphelion, the distance of the two ° 1 eai qh at its peri- 

one in which Mais is at its *P 6 1 Reformer case will 

lielion, then distance will he . 

be nearly twice as favoiable as t e a ^ of j a f e iior eonjunc- 
Yenus is neaiest to the eai be compared miciometnc- 

tion, but at that time can v y - ^ b<J m ade with the sun 

ally with stars, as the obseivatioi is ti of this planet 

hbive the her, son The most fevoi of tbe 

is at or near its stationary p fo re be accurately corn- 

planet’s place aie small and in no t too great.* 

putted, while the di S tancefrom&e_earth^ - 


f a 


liitLiNG, -htroii ATtte/t, No a* 1 * 
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The (Jmted States Astiononneal Expedition to Chili under 
Lieut J M Gilliss, m the yeais 1849-52, was set on foot for 
the puipose of detei mining the solai paiallax hy the above 
method That indefatigable and accurate observei collected a 
large mass of valuable material, a gieat pait ot which, however, 
could not be used in the manner ongmally intended, foi want 
of corresponding obseivations at noitliein obseivatones In the 
thorough discussion of this matenal by Di B A Gould* will 
be found a full exposition of the modifications which the method 
required in order to make use of all the obseivations 

The constant of solar paiallax is also found by the transits of 
Venus over the sun’s disc, Art 356 


THE CONSTANT OF LUNAR PARALLAX 

432 The constant of lunar parallax is the moon's mean equatorial 
horizontal parallax , oi the equatonal honzontal paiallax coire- 
spondmg to the moon’s mean distance fiom the eaith f 

To find the moon' s parallax by mcndian observations at two stations 
on the earth's surface 

The stations will be assumed to be in opposite hemispheres of 
the eaith so that at eveiy obseivation the moon will culminate 
south of the zenith of the noitliern station, and noith of the 
zenith of the southern station They will also be assumed to be 
nearly on the same meudian At each station, the appaient 
decimations of the moon’s blight limb at the instants ot tiansit 
aie to be obseived on the same day, and, consequently, since the 
meridians aie not i emote, at neaily the same time In older to 
eliminate constant eirois of the lefi action tables and mstiumental 
eirors, the difference of the moon’s decimation and that of a star 
neaily m the same paiallel is to be obseived, and the same com- 
panson stais should be used at both stations The observed 
diffeience of decimation is to be collected for the difteicnce of 
the refi action at the zenith distance of the moon and stai, and 
then applied to the assumed decimation of the star "We shall 
thus obtain the apparent decimation of the moon’s limb affected 
only by parallax Let 


* XT $ Naval Expedition to Chili , V ol III 

f The constant adopted m the lunar tables is foi the mean distance affected by the 
constant pait of the pertuibations of the ladius vector, 
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i, 3, = the apparent declinations of the limb observed at 

the north and south stations respectively, 

D ) x> 1 = the geocentric declinations of the moon’s centre a 
the respective times of observation, 

<p, (p = the geographical latitudes of the stations, 
r> r \ — the reductions of the latitudes for the earth s com- 
pression, , , 

fi , Pl = the distances of the stations from the earth s centre, 

the equatorial radius being unity, 

P, P l = the moon’s horizontal parallax at the times o 
observation, respectively; 

then, the apparent zenith distance of the limb and the S eoc ®^' ’ 
zenith distance of the centre of the moon being, 01 e noi 
station, 


and 


C = 9 - D 


= 9 — 5 
■we have, by (255), 

sin (P — 5) = [ p sin (?' — r) ^ *] sin P 

where k is the constant ratio of the radii of the moon anc 
earth, for which the value 0.272956 may he assumed; and the 
upper or lower sign of k is to be used according as p 
lower limb is observed. 

At the southern station we have 

c/^-ft ^ 

and hence, taking the reduction n as a positive quantity, 

sin (A - O = - Oi sin - r.) ± V sin 

where the sign of k is reversed, since the same hmb b e an 

upper limb at one station and a lower limb at the oth . 

brevity, put 

m = p sin (t ' — Y ) + * 

m^^sin^ — n) 

then, from the equations 

sin (D — «) = m sin P sin (A — ^ = _ Sin ^ 
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we denve, !< neglecting poweis of sm P above the thud, 


D — 


m smP 
sin 1" 


+ 1 


A" V 


m 3 sm 3 P 
sm 1" 
m* sm 3 Pj 
sm 1" 


If now the tunes of the two obseivations leckoned at the 
same fust mendian aie P and P 1? and foi the middle time 
i t = J (P+ P t ) we deduce fiom the lunai tables the hourly m- 

ciease of the moon’s decimation, or-^— , we shall have, with 

legal d to second difleiences, 

p,-z>=(r,-r)§ 

Again, if we denote the moon’s honzontal paiallax at the time 
t by p, and compute fiom the tables its houily mciease tor this 

time, oi we shall have 
dt 

dp 

sm P == sm p 4 cos p sm 1 "(P— f) 
sin P 1= = sm p + cos p sm 1" (2^ — f) ^ 


Taking the diffeience of the above values of D — d and D x — - d v 
we obtain, theiefoie, 

0 = [(2\ - T) ~ - (*, - 5)] sm 1" + (i»» + O S -^ 

4- cos sin 1" — [m (T — t) v\ {_T l — 0] 

+ (»i + wij) sm]) (708) 

The paiallax is sufficiently well known for the accuiate compu- 
tation of the teims in sm 3 p and so that the only unknown 
quantity m this equation is the last teim In this tenn we have 

m -|- m x = p sm (4 — y) 4 Pi sm (£/ — rO (709) 


* By the formula, [PI Trig (413)], 

x = sm x 4 1 sm 3 x 4 & c 

wlieie tlie second niembet ib to be i educed to ‘-econcls by drvidmg it hj sm V r 
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which is independent of k, and thus free from anj euoi' 
quantity. Small errors in k will not appreciably affect the oth 

terms of the equation. pmia - 

Thus every pair of corresponding observations g <1 

tion of the form ('710) 

0 = n + a sin p K 

from which the parallax p at the mean time of each t pair of 
observations could be derived. But, in oic ei ^ variable 
these equations, we must introduce in t e p ac p, e t 

p the constant mean parallax, which is effected as follows, i, 

, = the horizontal parallax taken from the lunar tables for 

the time t, , , 

tt o — the constant mean parallax of the tables, 

= the true value of this constant. 

The form of the moon’s orbit is well known: wS, 

given time the ratio of the radius vector to the ; ] . 

as employed in the tables, is to be regarded as correct , 

the ratio . 


(X : 


sin 7r 
sin 7T n 


derived from the fable, 

the trm paralta et the given time and the true conet,, 
we liave also 


sin p 
Bin p 0 


or 


sin p = t l s * n Po 


and the equation (710) becomes 


i n — 0 

a sm p Q + - — u 


(712) 


The quantities a , «, and p Twmg ^ n tbS of 'equations, 
spending observations, we j i » ‘ istant gi n p v which are then 
all involving the same unknown 
to he solved by the method of least square . 

. i. t ^ e coefficient 

433. The quantities p and y, e ” 0 f"the compression of the 
drill be computed for an assume ‘ thc compression, we 

earth. But, in Older 10 roc the 


w 

e 
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mar isolate the terms which involve it, as follows Neglecting 
tb£ fourth powers of the eccentricity e, we have, by (84) and (83), 

P — 1 — i e 1 am 2 <p 
_ e l sin 2 <p 
7 ~ 2 8m 1" 

But when we neglect the fourth powers of e, or the squaie of the 
compression c, we have, by (81), 

c = \ a 2 

by which we obtain the somewhat simplei forms, 

P — 1 — c sin 2 <p 
c sin 2 <p 

r= “liiTF - 

These values substituted m m give, by neglecting the square of 

m = (l-c sin 2 9 ) sin ( C' - — ±1-] =F k 
V sin 1 " I 

— (1 — c sm 2 ( Sin rt — c sm 2 y eos l 

= sm C' — c ,( sm> ^ 8111 £ ' + sin 2 cp cos C') =F A 
and, similaily, 

= sm £f/ — o (sm 2 sm C/ + sm 2 f i cos Cf) dr A 

The effect of the compression will be insensible m the terms 
involving sin 3 p, m which we may take 

m 3 = (sm V qz Kf ?n^ = (sm C/ dr A ) 5 

and the same approximation is allowable in the term in If 

(it 

then we make these substitutions in (7 08), we obtain the follow- 
ing expanded equation : 

0 = C( T 1 — T )~fa — ( 6 1 — h] sm 1"+ [(sm £) 3 -|- (sin q'± A) 3 ] S1 ” - 

■H cos ^ ^ 3111 1" [(sm f' =p A) [T — t) + (sm q'± A)(Ji — <)] 

-f ^ sm^ 0 (sm -f sm ;/) 

c^sin^ 0 [sm 2 ^sia £'-j- sm 2^ cos £'-j~sin 2 ^sinq'-f- sm 2^ cos 
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If tills equation lie divided by f, it may be expressed under tie 

f " m «=„+*(«-<*) < 71 « 

where the notation is as follows : 

sin 3 y | 


4. (Sin C'=F fc) s + C sin fi' ± *) s 3 

1 ri // L v 


6/x 

_L s ? j^r( 8 in c'rp ft) ( T — 0 + C sin J 008 f 

/I L . 

a — sin C' •+ s ^ n , 

b = sin 2 ? sin C' + sin 2 <p cos C 1 r + sin 2 r x sin Ci' + sin 2 ^ 008 

x = sin y 0 

It is here to be observed that we have taken y } as a P° s ^ 
quantity even for the southern station : so that sm - f x 

taken positively in computing b. -mimterof 

Let us now suppose we have obtained from a laige nnmliei 

such corresponding observations the equations 

0 = n + x (a — Ob') 

0 = n! + x la' — eV) 

0 = n" + x{a"—eb") 

&c. 

Multiplying these respectively by a, a.’, a", &e., and then forming 
their sum, we have 

0 = [an] [aa\ x — \af\ ex 

where [an] = an + «'«' + &c - M = aa + ^tt^neotx may 
last term is very small : so that an approximate value * J 

be found hy neglecting it, whence 

[an ] 

(r) = — [acC] 

, 4.1 u unloved with sufficient accuracy in 

which value may then he employee! ™ 

the term [abjex ; we thns find the complete value 

[ati] ,MW. C (714) 


dp 


■ [Ji] + [era] [a®] 
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Tliis is essentially the motliod Iby which Olufsen* lias dis- 
cussed the observations made by Lacaille in the years 1751, 
1752, and 1753, at the Cape of (rood Hope, and the correspond- 
ing observations made at Paris, Bologna, Berlin, and Greenwich, 
lie found from all the observations the final equation 

x = 0.01651233 + 0.02449201 c 

Consequently, if we take the most probable value of c = “ 299 T 528" 9 
there results 

x == sin j? 0 “ 0.01659420 

The parallax given by the lunar tables of B uric Kir ardt and 
Damoiseau is properly the sine of the parallax reduced to seconds. 
In order to compare this determination with the constants of 
these tables, we therefore take 


sin p 0 
sin 1" 


3422". 8 


The constant of Burckhardt’s tables is 8420 ;/ .5 ; that of 
Damoiseau’s, 3420 // .9 ; that of Hansen’s new tables, 3422 // .06. 
This last value, which is derived from theory, agrees remarkably 
with that which is derived from direct observation; for the 
determination hy Henderson from corresponding observations 
at Greenwich ancl the Cape of Groocl Hope isf 8421 // .8, and the 
mean between this and Oluesen’s value is 3422 // .3. 


434. The correction of the moon’s parallax may also be found 
from the observations of a solar eclipse at two places whose dif- 
ference of longitude is great, as is shown in the chapter on 
eclipses, p. 541. 

It is also possible to determine the moon’s parallax by com- 
paring the different zenith distances of the moon observed at one 
and the same place between her rising and setting, since the 
effect of so great a parallax is easily traced from its maximum 
when the moon is in the horizon to its minimum when at the 
least zenith distance. But this very obvious method, by which, 
in fact, Hipparchus discovered the moon’s parallax, depends too 
much upon the measurement of the absolute zenith distances to 
admit of any great degree of accuracy. 


* Astrmcmitsche X ’ uch ' iclden , No. 326. 


•f Ibid, No. 838. 
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the mean semidiameters oe the planets. 

435. The apparent equatorial melTaistence 

its distance from the eartli is equal. _ ^ ^orpnt semidiiimeter 

from the sun is the constant, from winch its app* 
at any other distance can he found hy the forum * 

_ *o (715) 

*— A 

i„ which is the mean semidi— 

of the planet from the earth the semi-n j ^ yalues 0 f 8 

orbit being unity. To find the va ue ° tQ take the mean 
observed at different times, we have thei y 
of all its values found by the formula 


$ n = s4 


( 716 ) 


taking d from the tables ~ 

But here it is to he remarked tnat, 11 value8 will he 

of the apparent diameter of a p dU ® ’ -qfterent instruments, 
obtained hy different o*arre»J arising from 

The spurious enlargement of tLie app hradmion resulting 

imperfect definition of the lim , or , will vary with 

from the vivid impression of ^ fo? the same telescope when 
the telescope, and may also vary qp e irradiation 

eye pieces of different Pf^Xone of which is constant, 
may he assumed to conBirt : of t*o \ . ■ ^ ^ Those errors 

and the other proportional to the ftls0 p e supposed to 

of the observer which aie no other proportional to 

consist of two parts one eons an ^ & faulty judgment of a 

the semichameter ; the fiis • * ? , q m p 0 f the planet, the 

contact of a micrometer depending on the 

second, from the variations m tin* J * ftl a]so upon any 
magnitude of the disc observed a . is for him not the 

peculiarity of his eye hy w nc 1 i errors proportional 

s 0 = (s + % + sy) J 

nf -ill the constant corrections which the 

■where x is the sum. o 
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observed value s requires, and sy is the sum of all those which 
aie piopoitioual to s Now, let 

s 1 = an assumed value of s 0? 
ds x = the unknown corioction of this value 
s o~ 5 ] +• ds x , 

then the above equation may be written 

0 — — — 5^ ~j— x A — 1~ sy A — • d& x 

Butsj/J will he sensibly the same as s^y. It will, tlierefoie, be 
constant, and will combine with ds r We shall, therefore, put z 
for syJ — ds v and then, putting 


n = sd — s, 

0111 equations of condition will he of the form 

xd -f 2 + n = 0 (H8) 

fiom all of which x and z may be found by the method of least 
squaies But it will be impossible to sepaiate the quantity ds, 
from 2 , we can only put 


(s 0 ) = s, — 2 

wheieas we have, for the tine value, 
or = e + s Q y 

s o=00 (1 +• */) (719) 

and then, if any independent means of finding y are discovered, 
the true value of s 0 can "be computed 


THE ABERRATION CONSTANT AND THE ANNUAL PARALLAX OP FIXED 

STARS 

436. The constant of aberration is found by (669) when we 
now the velocity of light and the mean velocity of the earth 111 
its 01 bit The piogressive motion of light was discovered by 
oemer, in the yeai 1675, fiom the disci epancies between the 
predicted and observed times of the eclipses of Jupiter s satellites 
e ounc tiat when the planet was nearest to the earth the 

JjT®! ™ em 'f UboUt 8 "* earliei tlian the predicted times, and 
n farthest fiom the earth about 8» later than the predicted 
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times The planet was nearei tlie earth m the hist P 0S1 ^ U 
m the second hj the diameter of the eaitli s oibi ; a 
Hoemer was led to the tine explanation of the discrepai y , 
namely, that light was progressive and traversed a chsta 4 ‘ 
to the diameter of the earth’s oibit in about lfi- Moie lecentl,, 
Deiambre, f 10111 a discussion of several thousand o 1 ^ 

eclipses, found 8- 13’ 2 foi the time in which light 
mean distance of the eaith fiom the sun Trom this <piant y, 

which is denoted hy Art 395, we obtain the aberration 
constant hy the formula 


a 


V n T sin 1" l/l— e l 


(720) 


lienee, with the values 
e = 0 01677, we find k 


± _ 493, 2, T = 366 256, n = 86164, 

e = 0 01677, we find H = 20".260 Delambre g™® 20 ' 2 * J ’’ 

which would lesult fiom the above foimula 1 w 

factor 1 /T=7, as was done hy Derambke 

On account of the uneeitainty of the ob; se. of ^tlecc 

eclipses (icsnltiiig from the gradual instead of the .nsttntaneon, 
extinction of the light leflected by the satelli e )’ of , h0 

is placet in the -value denied from dnee o 
apparent places of the fixed stars 

437 To find the aberration constant by 
Observations of the right ascension t p e e f ect 0 f the 

especially suitable foi tins purpose, ^ , more evident 

abei rati on upon the right ascension is ien the constant is 

by 

fat *iZ tZes dhng at U - «• £« “ 

time the aberration obtains all its a a * e ®> but two observa- 

to its greatest negative value. abeiration reaches its 

tions made at the two ^stants wien^ ^ tkese times being m 
maximum and its minimum, t he apparent 

opposite points of its o.W W from the effects of the 

right ascensions at l,,e y“" ‘“liirerol between the ohserva- 
nutation and the precession in the inter va 

tions), we shall have 


Void £—44 


Jl= *(•'-*") cos * 
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But, not to limit the observations to these two instants, let us 
take, foi any time, 

a = the assumed mean right ascension of the stai -f the 
nutation -j- piopei motion, 
a' = the obseived light ascension, 

and, fuithei, let 

Aa = the correction of the assumed mean light ascension, 
a A = the collection of the assumed abenation constant, 

then, by (678), we have 

* — a -f Aa — (A + ^A) (COS O COS £ COS a + Sin O Sin a) SCC d 

or, putting 

m sin M = sin a 
m cos M = cos a cos £ 

a=a-f Aa — (A -f- aA) m cos (O — if) sec d (721) 
Hence, collecting the known quantities, and putting 
a = — m cos (O — if) sec d 

71 = a — j— CtJi — o! 

we have the equation of condition 

a&k -j- Aa + n = 0 (722) 

Every obseivation thioughout the ycai being employed to foim 
such an equation, we can deduce fiom all the equations, by the 
method of least squares, the most piobable values of aA and Aa 
Those obseivations will have the gieatcst weight m determining 
aA, which are neai the positive and negative maxima of the 
abenation, wheie the coefficient a has its gieatest numeneal 
values These maxima oceiii foi cos(0— M) = — 1 and cos 
(O- if) = + 1, that is, foi o = 180° + if and 0 = M 
In this method it is assumed that the piecession and nutation 
aie so well known that the lelative values of a aie collect, or, 
m othei woids, that they aie in enoi only by some quantity 
common to them all and denoted by — Aa Since the abei ra- 
tion completes its penod m one year, the piobable enois of the 
present values of the picceSvSion and the nutation constants will 
not become sensible m the investigation of the abenation if the 
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observations of each year are separately discussed. a 

of the leading terms of the natation being only pi 

if we extend the observations for aberration over a ooeiduable 
portion of this period, it will be proper to mtrodn® > i * 
equations of condition a term involving the correction ot 
nutation constant, as will he seen hex eafter. 

438. The declinations may also be employed for determining 
the aberration. If we put 

<) = the assumed -mean declination -f the nutatio , 

= the correction of this value, 
y = the observed value, 

we have, hy (678), 

S' — s + — (A + AA) [(sin e cos 3 — cos £ em S sin ») cos 0 

_p siu 3 cos a sin 0] 

or, putting 

w! sin M! = sin 3 cos a 

m' cos M’ = cos 3 sin £ - sin 5 cos £ sm * 

and then ^ ^ 

d f — — m' cos (0 — di ) 

n t— 3 + a'k — V 


the equation of condition is 

a'*.k + A« + »' = ° 


(723) 


489. If the pole afar is employed, has a ^ 
parallax, or any star whose parallax is . (erm whick 

fte ,l0TO 

auxiliaries, 

par.inE.A.= + Pt»»”<®-"?“ C ' 
par. in dee. = + pr »■ »" ( e “ U > 

o .„ ir iition from the right aseension 
and hence the equation of 

■will be , „ _ o ( 72i ) 

a eJc -f bjp + Aa + n — v 


and, from the declination, 

a’ aA -+ b'p+ Ai + »'= 0 


(725) 
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111 win oh. 

b = ? m Bin (O — M) sec 8 
V — rm' sin (O — M r ) 

The solution of the equations will now determine, not only aA 
and either aoc or a <J, but also the parallax p 

440 It was by compaung the decimations deduced from the 
mendian zenith distances of stars, and moie especially of the 
stai y Draconis , that Bradley discoveied the abenation The 
constant deduced fiom Ins obseivations by Busch is 20" 2116 
Struve’s value of the constant was denved fiom the declina- 
tions of seven stais obseived with a tiansit liistiument m the 
pume vertical* The teim representing the parallax was le- 
tamed in the equations of condition, but meiely to show the 
effect of parallax should it exist This effect was m eveiy case 
small, and, moieovei, foi the diffeient stais had not always the 
same sign so that he found the mean value of the constant 
fiom all the stars would not be changed as much as 0" 006 by 
any probable paiallax On account of the extiaordmaiy pre- 
cision of this determination of the abenation, I heie quote the 
individual results and then piobable enors fiom the Astrono* 
misehe Nachnchten , Yol XXI p 58 



Aberration 

Probable 


Constant 

Error 

v Ursce Met] 

20" 4571 

0" 0808 

t Diacoms 

20 4792 

0 0224 

8 Cassiopeice 

20 4559 

0 0462 

o Draconis 

20 4089 

0 0229 

b Draconis 

20 5036 

0 0822 

P XIX 871 

20 3947 

0 0888 

p Cassiopeice 

20 4227 

0 0852 

whence, having regaid to the piobable 

eirois, the mean waB 


found 20" 4451 with the probable enor 0" 0111 = of a second 
of arc 

Other modem determinations of the constant of aberration 
agiee in giving a gieatei value than was found by Delambre 
fiom the eclipses of Jupitei’s satellites Thus, Lindenau found 


* See V ol II Determination of the decimations of stars by then transits over 
Jie Prime Vertical, 4rR IBS et 
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, , 7 on// 4.486 and the 

irom Che rigbt ascensions ofthe pole ^ ^ hundred 

annual parallax of the stai — 0 .1 > , ^o-ht ascen- 

and three equations of condition, formed p ® 1822 t( 

sions of the pole star, observed at Doipa 0".1724; 

1888, found * = 20".4255, with the ^ tio ns of 

Lundahl, from one hundred and vo o 1473; and 

this star, found k = 20".5508, and the parallax q£ 

Peters, from two hundred and sm en y ^ circle of the 

the same star, observed with tlm epso aud t he parallax 
P ulkova Observatory, found k -> • > 

— 0' / .067*. +1 . + i, e discrepancies 

The parallax is so small a quantity relat ively great: 

between these several values appear sma ll when 

nevertheless, we must considei tiem as upon observa- 

we remember that all these 'measures of 
tions of the absolute place of tli ‘ micr0 i nete r are susceptible 
the changes of a star s place wi ■ p pr0 ceed to give m 

of greater refinement. Such a meth P 

the next article. 

„ . him s tars by micrometrie 

441. To find the relatvce P“ ral ^ X ^ * lt was first suggested 
measures of their apparent angular distanc . Unear distances of 
by the elder Hbrschel that if the ‘ * were very unequal, 
two neighboring stars from our sola ^ ^ as seen from 
their apparent angular distance ^ ^ ^ changed its posi- 
the earth would necessan y 5 were so remote as to ha\e 
tion in its orbit. If one of th nt distance (provided 

no sensible parallax, changes r allax) might be ascribe 

they followed the known law of paralla ^ any case such 

solely to the parallax of t e relative parallax; that is, o 

changes might be ascn e t p e tw0 stars. , 

the difference of the parallax ^ ^ j ud iciously selected th 

For the trial of this meth J smaller stars (at di«- 

star 61 Cygni, near ^ Respectively),, and 

tances from it of abou itg an g U lar distance 

series of micrometric ™ ea8 ^ , d of roor e than a year, nam.fi>, 

A „,,-U extending: through a penon obtained the first 

each, external October 2, 18X, 00 sllbse qnent 

from August 18, 18 f ’ * of a fixed star-t A suosji 

clearly demonstrated paiallax^^— _____ 
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senea extending fiom Octobei 10, 1838, to Maich 23, 1840, 
fully confirmed the paiallax, only slightly mci easing its 
amount 55 ' The first senes gave the annual paiallax 0" 3136, 
the final result from both senes is 0" 37, with a piobable enor 
of ± 0" 01 

In the selection of this stai, it was piesumed, m accordance 
with the conception of Herschel, that 61 Cygm , being between 
the fifth and sixth magnitudes, was much neaiei than the com- 
panson stais, which weie both between the ninth and tenth 
magnitudes A still stronger piesumption m favor of its 
proximity was found m its gieat propel motion, which is among 
the gieatest yet obseived Moreovei, it is a double stai, and the 
distance of the middle point of the line joining its two compo- 
nents, fiom each of the companson stais, could be more accu- 
lately obseived with the heliometei than tlie distance of two 
simple stars f 

The following is Bessel’s method of 1 educing these observa- 
tions 

Let A be the stai (Fig 61) whose parallax is sought, 
(if a double stai, A will denote the middle point be- 
tween its components) , B the comparison stai , P the 
pole of the equatoi The obseivations will be i educed 
to some assumed epoch, as the beginning of one of the 
\eais over which the senes extends Foi this epoch let 

^ = the distance AB , 

P = the position angle ol the stai B at A = PAB, 
a, ^ == the mean right ascension and decimation of A , 
j) = the lelative annual paiallax of A and B 

If A f is the position of the stai at the time of an obseivation, 
as affected by paiallax, it is easily seen that the mciease of the 


Fig 61 


P 



i 


* Astron Nach , No 401 

f The observations were made with the great heliometei of the Komgsbeig Obser 
vatoij The distance of two simple stais is measuied with this instrument by 
bringing the image of one star, formed by one half of the object glass, into coinci- 
dence with the image ot the other star, formed by the other half of the object-glass 
When one of the stars is double, the image of the simple star is brought to the 
middle point of the lme joining the components of the double star This point of 
bisection can be more accurately judged of by the eye than the coincidence of two 
supei posed images, when the distance bisected is within certain limits In the 
present case it was 16" 



PABALLAY OP X IIXM> STAB- 


6D5 


distance AB 01 A'B-AB, vihicli vdl be denoted by as, is 
given by the diffeiential formula 




Att cos 6 sm P — • Ao? cos P 


where xa and a< 3 aie lespeetively the paiallax in nghl asee “ s 
and decimation, which aie given by (691) S ^ ltutl “ S , 
■values, and then assuming the anxilianes m and 31, sat i 

m cos 21 — sm a sm P -f <os a, sin 8 cos P 
m bin M = (- cos a sin P + mi * wn <> cos P) cos £ 

— COfe d COS Pbin e 

we liavc / 7 )Ai 

AS = cos (O — -#-0 ^ 

Tbo effect of tbe piopci motion of A upon tlio distance is 
found as follows Let 

/ = tlio angle which the gieat cucle in vlnch the sta 
moves makes with the decimation circle, 

P = the annual piopei motion on the gieat cucle, 

A'a x'o = the given proper motion m light ascension 

decimation, leduced to the assumed epoch (Ait 

379), 


then, as in Ait 880, we Aid p and z by tlie formulas 


p sm / = cofe ^ 
p cos / = 


| (727) 


Let r be the time of any obseivation 
epoch and expressed in ft actional paits of a yeu ^ 
dW-b rf now lepi-uts hie pioper the 

circle m the time r, then A A - p, ^ lg0 

proper mot, or, upon the distance « d®“»*f br B’ B n ves 

A'B = « + a'i, A'AB = -P- * tbe tn “*' e ^ P 
• cos Is + As) = cos Cv> «™ s + »" Cf) on 1 “* (P_/:) 

Developing this equation, and retaining only second powera of r/,, 

we find 


a's : 


(t/>V sin 3 (P — /) 
- TjO cos (P — *) + - 2s 
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m whio 1 r is the only variable Taking then foi the constants 

j t= — peoa(P — /) -) 

xt P 2 sm2 (-P — x) r ( 728 ^ 

J ~ 2s J 

the computation of the correction for each observation is readily 
made by the formula 

a f s =ft +/'rr 

The assumed propei motion may, however, he m error , and 
there may also be enors m the obseived distances which are 
pioportional to the time (such as any piogiessive change m the 
value of the micrometer screw, &c ) The collection for all such 
enors may be expressed by a single unknown correction y ot 
the coefficient/, so that we shall take 

a's = (/ + y) r + f TT C 729 ) 

The corrections of micrometric measures for the effects of 
aberration and refraction* are treated of in Yol II Chapter X 
We shall, theiefore, suppose these collections to have been 
applied, and shall take 

s' = the observed distance at the tune r, conected for differ- 
ential aberration and refraction, 

and then we shall have 


s' = S + AS + A's (730) 

This equation involves three unknown quantities, namely, the 
distance s, the parallax involved m as, and the conection y in- 
volved m a's Let s 0 be an assumed value of 5 neaily equal to 
the mean of the values of s ' , and put 

« = $0 + X 

The substitution of this m our equations of condition will in- 
ti oduce the small unknown quantity x m the place of the laiger 

* These effects are only differential, and so small that the errors m the total refrac- 
tion and aberration may safely be assumed to have no sensible influence It is also 
an advantage of this method of finding the parallax of a star, that it is free from 
the enors of the nutation and precession, which, being only changes id the position 
of the circles of reference, have no effect whatevei upon the apparent distance of 
two stars 
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When all the 

one s, and will thus facilitate the eompu • obtain the 

substitutions are made in the expression 
following equation : 

._„-, + A + /-" + . + * + r ~"<®- J0 

fo put this in the usual form, let us take 

n = s 0 -s'+/r+/'" 
c = rm cos (O — -®0 


then each observation gives the equation 

x + ry + cp + n = Q 


(731) 


~ •, i, v the method of least 

and from all these equations we fin , 7 ^ ^ 

squares, the most prohab e va ues » ^ ^ as p , it is neces- 

In the determination of so small 9 eates t possible 

sary to give to the micrometric measm * d tl f e effect; of tern- 
precision. It is particularly impoita tt ^ effect3 , depending 
perature upon the nncrometei sci , tbe parallax itself, 

on the season, have a period of o y ^ ^ ^ comp i e tely to 

and may in some cases so ^ At the time Bessel pu - 

defeat the object of the observe • QU 61 Qygni, he had no 
lished his discussion of Ins ob ® ei ^ e effect of temperature upon 
completed his investigations ^determinate quantity 

the screw, and therefore introduced an m^e^ upon the 

into his equations of condition, by account when the 

parallax might be subsequently t h ascer tained. to* 

correction for temperature was <1 ^ correction of* 

was don, - “Cj^erawe of the micrometer screw 
measured distance for the temp 

tote ^„ s o ".0003912 s(t 49 °- 2 ) 

in which < is the temperature bj’I'ahrenheifs^&cale,^^^^^^ 

tressed in revolutions of tin. sc . tisjations to 0 .000391 

x (1 + ft), each observed thsten ^ of condition wouW 

*"»■*. ‘»c ^“fjlegnations would take the form 

become ft — a s. A, an ^ ( 732 ) 


4- rtf + cj> 


. a"s - A + « 
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The quantity k being left mdeteimmate, z, y, and p weie found 
as functions of it The value of p \yas thus found to be 

— 0" 8488 — 0" 0583 k } with the mean eri oi ± 0" 0141 
The final result of his investigation of the nnciometei gives* 
k = — 0 4893 with the mean eiror dt 0 0903 
and hence the corrected value of the parallax 

= 0" 3744 with the mean enor ± 0" 0149 

If this lesult had been deduced by comparison with but one 
stai, it could only be received as the relative paiallax Bessel, 
howevei, employed two stais whose dnections fiom 61 Ojjgm 
were neaily at light angles to each other, and found neatly the 
same paiallax from both, whence it follows either that both 
these stais have the same sensible paiallax, oi, which is moie 
probable, that both are so distant as to exhibit no sensible 
paiallax This conclusion would be confirmed if a companson 
with other surrounding stais gave the same paiallax, especially 
if these were of different magnitudes , for it would be m the 
highest degiee improbable that all these stars w T eie at the same 
distance fiom our solar system 

THE NUTATION CONSTANT 

442 To find the constant of nutation fi om the observed right ascen- 
sions or decimations of a fixed star — In Ait 437 it -was assumed 
that the obseivations by which the abeiration constant was de^ 
tei mined extended over only a year or two so that the nutation 
affected all the observations by quantities which differed so little 
that any error m the total nutation would not sensibly affect the 
deteimmation When the obseivations are extended ovei a 
longer penod, we may introduce into the equations of condition 
an additional term for the correction of the nutation As before, 
let the mean right ascensions and decimations be reduced to 
their apparent values at the time of each obseivation by means 


* ^ ccord ™g to Peters m the Astron Each Erganznng^heft , p 
BlsssBL s AUrummuche Untersuehungen Vol I p 125 


55 , derived from 



the nutation constant 


cjy 


AJ.AJU 

f an assumed alienation and nutation, and denot 

ipparent values "by <x and 3, and pu 

the correction of the nutation ton “ tal ’ 
the obseived light ascension and deci 


hen 


Av : 
<*', 8' : 


;a + *0. + aU + bp + c* v 
_|_ A<5 + a ' + Vp + c * v 


(788) 


in which, as hefoie, acc and aS ^ wnltant, f the 
mean place, a/, the collection of the d* ^ ^ toeftcl ents 
stai’s annual paiallax, a an , a iema ins to expiess c 

found in Arts 487 , 488, and 439 It only 

and U in teims of known quantities ^ coeffi<aents of those 
In the physical tlieoiy, it is s io " v p ic p depend upon - 0» 
terms of the nutation foimul® (6 ) constant (the 

o - r, and o + r involve not only the^nu ? hlle a l) 

coefficient of cos Q), hut also 1 ®1^ t0 the coefficient o 
the otliei coefficients vaiy piopoitioi } 
cos ft If we put 


v = th e assumed nutation constant,^ 

y = the tiue 


: v + AV 


v' = ine u u-c 

and if we express the relation between v and ✓ hy the equa io 

v'=,(l + *) 

^ the true precession constant to he 
and, m like manner, suppose tl 

, __ 50" 8798 (1 + ») 

. to PKms ,* the termite (666), for » 3 

,arefo.«00, 

0 0 i. 0 ” 0886 cos 2£J 

n 0" 089 < COS -56 T r*yt 

», = (!+,) V ““ “ ® [0 . M10 «„ 5 0 + »" 00,5 ° 

, (i _ 2 162 * + 3 16 ' t- 1 L on __ <y- 2041 Bin -!i£ 

a ~ , ft" 1279 sin i O x \ 

+ (1 _ !M , + » IB {)[->■ 2694 *” ' !S to-i 0M«»(O + r, l __ 

. — ■ — — ‘ •liic’bt are 

______ onntted ®°“ e ‘"“leounuy et 

* ^trind Tins urn— «* ” Ut ^ 

inappreciable ^r^ifreryshoiM^ , 

the determination ot me 1 
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The efiect -which any provable collection of the precession 
constant can have upon the very small teims of these foimulse is 
not only itself very small, but must cntuely disappear when a 
gieat numbei of observations extending ovei a number of years 
aie combined, since the piincipal teims which are affected by 
the precession — namely, those m 2 0 — have a peiiod of only 
six months W e can, therefore, hcie assume £ 0^ In the 

foimulse for the nutation m light ascension and decimation (668), 
the terms m the first four lines will be multiplied by 1 + h and 
those m the last three lines by 1 — 2 162 1; so that, if we denote 
by ft the sum of the coirections in R A contained in the first 
four lines, by y the sum of the lemaming conections, and the 
coresponding corrections in dec by ft' and y', we shall have 

U utation in It A = (1 -f i) /3 + (1 — 2 162 1 ) y 
“ « Dec = (1 + i)/ 3 ' + C 1 — 2 162l )Z 

or 

Hutation in It A = /9 4- y + (^ — ^ l® 2 Y ) 1 
« “ Dec = ft'+ / + (/?'— 2162/)* 

in which ft -f 7 and ft' + y' express the nutation computcc 
accoiding to the assumed constant Hence we deuve 

c 6k\> = C vl = (fi — 2 16 
c'&v = c'vi = (Jl f — 2 16 

and, consequently, 

— 2 162 7 


ft'— 2162/ 

V 

which will be readily computed for each, observation if the hum 
nutation (j3, ft*) and tlie solar nutation (7, f) have been sepaiatel 
computed, as they usually aie All the equations of the foil 
(733), whether constructed upon the light ascensions or tl 
declinations, 01 both, will then be treated by the method c 
least squares, and the most piobable values of aoc, jp, and 1 
will he found 

In this manner Busch , 11 fiom Bhadley’s obseivations ol tl 
declinations of twenty-thiee stars, made 111 the years 1727 
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1747, ami embracing, tlieiefoic, a whole period of the nutation, 
found /. 20" 2116, v — 9" 2820. In this discussion the paiallax 

of the stars was not taken mto account. 

Hourly the same value of the nutation constant follows fiom 
the more recent obsei various at the Talkova Obseivatoiy Fiom 
the decimations of the pole stai observed between 1822 and 
1838, Lunda.hl found v - 9" 2164, and from the right aseensrons 
of the same star Peters found 9" 2361 The value 9" 2231, 
which Peters has adopted rn the Hi annua Constms Mtatwus, is 
the mean of the tin ec values found by Busch, Lundahl, and 
himself, having legal d to the weights of the several determina- 
tions as given by their probable enors 

THE precession constant 

443 Tf a 0 and a- d, are the mean light ascensions and 

ft. «»- TT+Omllbf 

Lcn.um a„a dccWrorr for the mean epoch 1ft + 0 


These gratis 

proper motron of the proper motto 

the time, it will be impossible 1 * * e slipp ose that 

„nt« the ... latv, ortho, 

the proper motions of the elm Elections, it will follow 

they take place mdisenmina e y in dePuce( ^ p, om S uch annual 
that the mean value of theprecess W1 p be fiee froin the 

variations of a wery large num iQ fact, so various 

effect of the proper motions. ^ s p owll , not entirely 

in direction, although, as wi eeding mus t lead at least to 

without law, that this moc p fbe truth According y» 

an approximation not very * eac h star, we derive the 

from the a and b, found as above tor 


m ^ — : ^e by «e H uau^ 

. _ f oua d from the right ascension 
* Roth m and » may te found 

of the form m + « sin o 0 tan 4 
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m + n sin a 0 tan <S 0 = 
n cos a 0 = 


: a 
= 6 


m which a 0 and 5 0 are taken for the mean epoch Kh+ **) 
from the m and n thus found we have, bj (661), 


} (736) 
And 


(]■ 4 1 

df 008 £l 




dt 


= m 


(78T) 


dt 


sm = ft 


in which 


city 


is the annual limi-solar piecession (or the precession 
dt Jft 

constant), and ^ the annual planetary precession But -r is 

' dt _ _ ,, , Inn, 1 


UUUOLOiAAl^} euxi vx , - JL " - ^ 

veiy accurately obtained theoretically by substituting the kru ^ 
masses of the planets m the general foimula deduced fio ■ 

^ , h . in01» 


theoiy of gravitation: so that a value of the piecession 

_ - nr- Irvr* +' 


(It 


may 


LL1CU Lj VJ JL gray • ~ u 

he derived both fiom m and from n In foimnlae the val uc 
of £l is to he employed as given by (646) foi the epoch 

Having thus obtained a piehminaiy value of the procession, 
the quantities m + n sma 0 tan d 0 and i\ cosa 0 , computed 1 

foi each stai, can be compaied with the a and b found by ( ^ >->), 
and the diffeienees which exceed the piobable eriors of observa- 
tion may be legal clecl as resulting fiom the pi oper motion of the 
stai Those stais which are found to have a veiy huge proper 
motion are then to he excluded from the investigation ; and irom 
the remaining ones a moie aceuiate value of the procession will 
be obtained 

In this way, Bessel, from 2300 stars whose places were deter- 
mined hy Bradley for 1755 and by Piazzi foi 1800, found the 
piecession constant foi the year 1750 to he 50".S7572, and for 
1800, 50". 36354 * In this investigation those stars were ex- 
cluded which m the piehminaiy computation exhibited annual 
propei motions exceeding 0".3. 

See also Article 445. 


* Fundamenta Asironomise, p 297, -wheie the value 50" 340499 is found; und 
Action JSfach , No 92, where the value is xnci eased to 50"' 37572 
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THE MOTION OF THE SUN IN SPACE 

444 "WVtli a knowledge of the precession we are enabled to 
iistmguish pioper motions m a Luge number ot stars Upon 
jompanng these piopei motions, Sn W Hersciiel was the hist 
;o obseivc that they weie not without law, that they did not 
)ccur indiscriminately m all duections, but that, in general, the 
itais were apparently moving toicards the same point ot the 
;pheie, oi J) om the diametrically opposite point The latter point 
le located near the stai X lie) cults This common apparent 
notion lie ascnbed to a leal motion of om solai by stem, a con- 
tusion which has since been fully confumed 

Nevertheless, theie aie many stars wdiose proper motions aie 
}\ceptions to this law these must be legal ded as motions com- 
manded of the ical motions of the stais themselves and that of 
d nr sun These leal motions must, doubtless, also be connected 
by some law which the futuie piogiess of astronomy may 
develop / but thus fai theypicsent themselves in so many direc- 
tions that (like the ivhole piopei motion m i elation to the 
[neeesbion) they may he provisionally- treated as accidental m 
i elation to tlie common motion Hence, foi the puipose of 
detei mining the common point horn which the stais appeal to 
be moving, and towaids which our sun is leally mo\mg, we may- 
employ all the obseived piopei motions, upon tlie presumption 
that the leal motions of the stais, having the characteristics of 
accidental enois of observation and combining with them, will 
be eliminated in the combination Nevertheless, in oidei that 
the enois ot observation may- not have too gieat an influence, it 
will be advisable to employ onty those piopei motions which aie 
huge m comparison with then piobable enois 

The direction m which a star appears to move m consequence of 
the sun’s motion lies m the great aide diawn through the star 
and the point towaids which the sun is moving Let this point 
be heie designated as the point 0 . If the gieat cncle m which 
each stai is obseived to move w T eie diawn upon an artificial globe, 

* The law winch we naturally expect to find is that of a revolution of all the stais 
of oui system aiound their common centre of gravity Madlfii, conceiving that 
our knowledge of the proper motions is already sufficient for the pmpose, his 
attempted to assign the position of tins centie He has fixed upon Alcyone, the 
puncipal star of the Pleiades, as the central sun Astron Nach , No 500 Die 
Eu/mbiwegiingen der Fixstei ne in ihrer Beziehung zum Gesammt system, von J H MadlIjR, 
Dorpat, 1856 
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all these cncles would interned in the same point 0, if the obser- 
\atious iveie peifect and the dais had no leal motion of their 
own But, the lattei conditions foiling, the intersections whien 
Mould actually occur would form a group of points whose matte- 
niati cal centre of granty would, according to the theory of proha- 
Inhties, he the point from which, or towards which, the common 
motions were directed Thus, an approximate first solution might 
be obtained hy a purely graphic process 
. let us then assume that an approximate solution las 

found, and put 

A, D = the assumed approximate right ascension and decli- 
nation of the point 0 

It is then requited to find a more exact solution by determining 
the collections a A and aZ) which A and D lequire 
let P (Big 62) be the pole of the equator, and 8 a 
star whose apparent motion resulting fiom the sun’s 
motion is m the gieat circle OSS' The angle PSS 
= which this great circle males with the decima- 
tion encle (reckoned in the usual maiinei fiom the 
north towards the east), is the supplement of the angle 
PSO Hence, if a and o are the right ascension and 
decimation of the star, and A the arc SO joining the 
star and the point 0, we have, m the triangle POS, 


Pig 62 



sin A sin y — sm (» — A) cos D 

sin A cos y = cos (a - A) ooaP sin 8 - am D cos 




(738) 


hy which A and -j_ aie found for each star 

The angle y thus computed will he equal to the observed angle 
which the path of the stai makes with the decimation cncle only 
when A and D are correctly assumed Let *' be the obsci ved 
angle, or that which results fiom the equations 

p sm / — & a cos 5 ( (739) 

p cos / = ) 

m which Att and aS are the observed proper motions m nght 
ascension and declination, aid p the proper motion m the great 
circle Then, when / ditfers from y, the difference / — % 1S . to 
be regarded as a function of the corrections a A and a D which 
the assumed values of A and Z> require The variations of the 
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angle ^ produced by tlie variations of A and D will be bound 
from the triangle POS by the first differential formulae (47) ; 
■whence 

, . . . / cos (a — A) COB s Bin D — sin 8 coa JD \ A icQ& D 

=<y-*)» nA =(- / 

sin (a — A ) cos i aJ) (740) 


AX smi: 


+ 


sin X 


Hence, we hare only to compute foi each, star the values of 
and sm A by (738), and of*' by (739), and then, putting 

« = Of — /) sm A 

eos ( a — A) cos <5 sm D — sin 8 cos D 

a = — inn - 

sm (a — A') cos 
° sml 

we form the equation of condition, 

a A A cosD -f- & -\- n = 0 

in which aA cos D and aZ> are the unknown quantities From 
all the equations thus formed the most probable values of aJ. 
and aZ) will he found by the method of least squares lhe 
Quantity (v-/)sm A is the distance between the great circle m 
which the star really moves and that drawn from the star to the 
noint 0, measured at this point 

P In this manner the posihon of the point 0 has been very closeiy 
determined The earlier determinations founded on a compare 
tely small number of well established proper motions are 

those of 

W Herschel, A = 245° 53' 
and Gauss, A = 259 10 


D — + 49° 38' 
D = -f- 30 50 


Of the more recent determinations, the first m the order of time 
Ot the more reu employed 390 stars, the proper 

is that of Ame comparing their positions as deter- 

motions of 7^® ' ’ (°" 30t „ tb tlose determined bj Bessel from 

fl 1755 1 He dmded these stars into 

l Fimdmenta Astronomic 
"VOL I — 4:5 
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three classes according to their proper motions, and found, foT 
the epoch 1792 5, 


From 

Whose annual proper motion 
was 

A = 

JD — 

28 stars 

greatei than 1" 0 

256° 25' 1 

4 38° 37' 2 

50 “ 

between 0" 5 and 1 0 

255 9 7 

-p 38 34 3 

319 “ 

“ 0 2“ 05 

261 10 7 

-f 30 58 1 


and, combining these results with regard to their respective 
weights, 

' A — 259° 51' 8 D = 4 32° 29' 1 


As supplementary to this computation, Lundahl compared 147 
of Bradley’s stars not contained m Argelander’s catalogue 
with Pond’s catalogue of 1112 stars for 1830, and found* 


A = 252° 24' 4 D — 4 14° 26' 1 

which Argelander combined with his foimei results and found, 
for 1800, 


A = 257° 54' 


X»= + 28° 49' 


Otto Struve, employing 400 stars, mostly identical, however, 
with Argelander’ s and Ltjndahl’s stars, and determining their 
proper motions fiom the Dorp at observations compaied with 
Bradley’s, found, for 1790, 

A = 261° 21' 8 D = 37° 86' 0 


Galloway, from the southern stars obseived by Johnson at St. 
Helena and Henderson at the Cape of Good Hope (for 1830), 
and by Dacaille at the Cape of Good Hope (foi 1750), found 

A — 200° r D = + 34° 23' 


Finally, Madler, recomputing the proper motions of a large 
number of stais, with the aid of the best modem observations, 
has found, for 1800, f 


From 

"Whose proper motion is 

A = 


227 stars 

greater than 0" 25 

262° 38' 8 

4 89° 25' 2 

668 “ 

between. 0".l and 0 25 

261 14 4 

4-37 53 6 

1273 “ 

“ 0 04 « 0 01 

261 32 2 

4 42 21 9 


* Astron Nach , No 398 j- Die Eigenbewegungen der Fixsterne , p 227 
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and "by combination, haying regard to the number of stars m 
each class, 

A = 261 ° 38 ' 8 D = + 390 53 ' 9 

445 It would at first sight seem that the existence of any 
law in the proper motions of the stais would vitiate the value 
of the precession constant found by Bessel according to the 
method of Ar t, 443 Accordingly, Otto Struve has attempted 
to determine both the precession constant and the motion of the 
solar system from equations of condition involving both In 
order to accomplish this it was necessary to mtioduce into the 
equations the magnitude as well as the direction of the pioper 
motions But since the apparent angular motion of a stai, so 
fai as it depends upon the motion of oui sun, is a function of the 
star’s distance from us, it became necessaiy also to make an 
hypothesis as to the relative distances of the stars of different 
orders of magnitude Thus, the new value of the precession 
constant given by him, and which we have (provisionally) adopted 
on page 606, is also exposed to the objection that it rests upon 
an hypothesis. 

Astionomers have, therefore, been led to re-examine the 
grounds upon which Bessel’s determination rests. It is to be 
observed that the method which he employed would give a re- 
sult entirely free from the effects of the sun’s motion, if the stars 
employed were uniformly distributed over the spheie, and if the 
average distance of these stars in all directions from the sun were 
the same Madler, m the work above quoted, has shown that 
for 2139 stais distnbuted with tolerable uniformity, Bessel’s 
constant gives proper motions in ngnt ascension the mean of 
which is only — 0" 0003 If now this quantity were applied to 
Bessel’s value of m and the proper motions again computed, 
their mean would come out exactly zeio Hence he concludes 
that these stais fully confirm Bessel’s constant, since the eorrec- 
tlon _ 0" 0003 is insignificant It appears, however, that, m 
drawing this infeienee without reservation, he has left out of 
mew the second conclusion above stated, that the average dis- 
tance of the stars on all sides of us should be the same. For, if 
the sun’s motion produces greater apparent motions m stars near 
to us than m those more remote, a want of umfoimity m the dis- 
tances, notwithstanding the equal distiibution of the stars, would 
produce a greater avionnt of proper motion m one hemisphere 
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than m the other , and the aggregate of all the proper motions, 
having regard to their signs, would not be zeio 

Since it is probable that the average distance of stars of the 
same magnitude is the same on all sides of ns (although there are 
not a few individual exceptions of small stais with large pioper 
motions and laige stais with small ones), a moie satisfactoiy 
determination of the piecession constant may resu It from fatnre 
investigations in which not only all the stars employed shall be 
umfoimly distributed, but those of each oidei of appai ent magn - 
tude shall he so distributed It will be impossible to secure dh is 
condition if the larger stars are retained , for their distubutio 
too unequal By confining the investigation to the small st. 
there will also be obtained the additional advan ag « 
amount of the pioper motions themselves will prohah lj 'be i y 

small, and thus have very little influence upon the P re «* 8 ° 
constant, even if they aie not wholly eliminated The formation 
of accurate catalogues of the small stars is therefore essential 
the future progress of astronomy in this direction 
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